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3d F, % 100 kg 3R 3%k F, % 80 kg; =Aa9 Je4 = Rs 1000

(D)
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A Ut W N

11.

T 12 ¥ fafaer gonaet

. 40 Ufwe AP S 15 Uik g Q oF; foreifi A w1 stfursham wem = 285

EEAE

PR % 3 91 3R Q WhR & 6 &ct; faL0 o1 =qa@ ged = Rs 1950
g0 1 AT eI Rs 112 (959 X 01 2 kg @21 99 Y &1 4 kg).

g oft 40 feshe qen wemer 9o & 160 feshe; sifsran @ = Rs 136000.
A : 10, 50 SR 40 AL B F : 50, 0 3R 0 TohEaT 9: D, E SRF o1 i St
@ e a9 ged = Rs 510

A ¥ :500, 3000 3R 3500 ftex; B |: 4000, 0 31K 0 &feX It %590: D, E 3R Foh!
ISt St € 9 =IFaE 9o d = Rs 4400

. PUHR o 40 9 3R Q WK o 100 &et; G 1 =8 | = 470 kg.

PR o 140 9t 3R Q WohR o 50 Siet; e2ior w1 Afeehan #1 = 595 kg.

. ATHR & 800 TfeAr 3R B YR &I 400 TfEal, tfuehad @19 = Rs 16000

| vttt 13.1]
P(EIF)= 2, P(FE) = - 5. p(aB)=12
3’ 3 ’ 25
. G) 032 Gi) 0.64 (i) 0.98

1
26

4 L4 L2
) 11 (ii) . (iii) 3
S .3 .6
) 5 (ii) - (iii) -
®» 1 G 0
1 9. 1 10 Iyl
< : NOENOE:
y 41 o L2 31
M 73 73 7
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12.

14.

11.

12.

14.
17.

13.

STAHTAT 625

1 1 ]
L 15. 0 16. C 17. D
3 i ) )

| vroamaett 13.2 |
3 5 25 3 44
25 © 102 " 91
A 31X B TR @ad B 5. A 3R B TER @ad 7@l
E 3R F &R @03 18 &
. p_i . p_l
M P=15 () P=g
G 0.12 (i) 0.58 Gii) 0.3 (iv) 04
3 N
3 10. A 3R B WER @3 T& 2l
G 0.8 (i) 0.12 (i) 072 (iv) 028
7 1620 40
5 ) gy ) 57 D)
2L IS B I |
() 5 (i) 5 SNONG) L @50 5.©
D 18. B

| woeTeeft 13.3 |
I 5 2 5. 2 .. 12
2 "3 13 13
22 6 4 - 1 3 I
133 "9 ) T4
2 0. 2 n > T
9 1 © 34 " 50
A 14. C
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| wyTaeR 13.4]
1. (i), (iii) 3R (iv) 2. X=0,1,2,8 3. X=6,4,2,0
4. O xXJT o] 1] 2
N R R
XN 2| 2| 3
@l X[ o] 1] 2 3
N
(X) 8 8 8 8
Gi)[ X[ o t | 2] 3 [ 4
R
(X) 16 4 8 4 16
s, x] o 1] 2
Y
(X) 9 9 9
| x| of 1
P(X é E
) 36 36
6 X 0 1 2 3 4
S 256| 256 96 16 1
(X) 625| 625 625| 625 625
7 X 2
P —| —| =
(X) 16 16| 16
. 1 . 3 17
8. () k=— i) P(X<3)=— 1) P(X>6)=—
(@) 0 (i) X<3)=15 (i) P( )100

. 3
(iv) P(O<X<3)_B
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9. (a) k:é (b) P(X<2):%,P(XSZ):LP(XEZ):%

10.
13.

14.

15.

wn

=)

o

10.

11.

14.

15 n L n 4
. -3 -3
Var(X) = 5.833, S.D = 2.415
X[ a5 w6 17] 18] 19] 20 21
e 2L 22 22 2L
NGB 6|5 6|5 6|15
e = 17.53, Var(X) = 4.78 3R S.D(X) = 2.19
E(X) = 0.7 3R Var (X) = 0.21 16. B 17. D
| womTeeht 135 |
3 7 63
-3 @ oq i)
N
216 “ 120\ 20
o 45 B ZE
O To2a @ 375 ) 1024
() (0.95) Gi) (0.95)x 1.2 Gii) 1-(0.95)x 1.2

@iv) 1-(0.95)

(&)

1
243

1_(2)50
(a) 100

7(5Y
12\ 6

C

20
7. Gj [20C,, + °Cy +...+ °Cyy |

199" 1_&(2)“9
® 5100 ©  "To0\ 100
> 35(5 4 22%93
© 1816 10"
15. A
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12.

15.
17.

6 R

L@ 1

20
21

e 13 U¥ fafaer gonaeit

Gi) 0
1
(i)

10
4. 1=-)"C.(0.9)7(0.1)*"

r=17
) 7[2J4 " 1_[2)6 864
@ 7lg) 5 ™) 3125
625 . 2
23328 "7
10. n>4 n =2
N 1 . 54
13 12 14 =
" 29 " 16
i) 0.05 16, %
@) O. © 3
18. C 19. B

— ... —

2022-23



ek qIad |t

-

A 7

7.6.3. I(px+q)\/ax2+bx+c dx.
TH 3R A 3R B39 ¥R I € &%
px+q = A %(ax2+bx+c) +B
AQRax +b)+B
T wall H x o TR SR TR ORI i qON hH W, BH W B g

2aA = p@RAb+B=q

T G F B I W, A 3 B % OH 9T &1 S 21 39 YRR, FHRS
T gRafda & S 2—

A (Rax+b)vax® +bx+cdx+B +vax® +bx+cdx

&

= AL+BI,, 5@

I, (2ax + byvax® +bx+c dx 21

ax® + bx + ¢ = t, Ul q4¥, (2ax + b)dx = dt 71

3

2 2
37, I Z(ax® +bx+¢)? +C,
3

E i Eqre I vJax? +bx+ c dx

qed T oF %S 328 W 7.6.2 H =i fhT T THRE g3 1 TART hich FA fhal
S
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T YER,  (pX+Qq)Vax® +bx+cdx 1 TF 3fad: I wT foran S e

JEEIOT 25 X1+ x—x>dx 1 Hifsa)
Tl W g ¢ fafy eroew gu, 7 faed g

d
x= A &(Hx—xz) +B

= A(-20)+B
T Tl o, x o ToTiehT 3R TR U i el i W, BH —2A =131 A+ B =09
B 2
31 GHIROT i B U W, BH A=—%33ﬁ'{ B=%WW%I3’HW,
g T § WEfdd 8 S e

XV1+Xx—=x*dx = —% (1—2x)x/1+x—x2dx+% V14 x—x*dx
1 1
= —EII+EIZ (1)

1 (1-2X)V1+ x = x*dx R fo=m =ifsm)
1 +Xx—x=tdEu 4, (1 - 2x)dx = dt 21

I

3

1
1 23
WU, [ = (1-2xV1+x-xdx = t2dt=§t2+Cl

3

2 > <
=§(1+X—X2)2+CI,GI%T C, ®¥E IR 2|

W, L= VI+x—x* dx W fa=r Fifm)
I8 gHIh A = 2—(x—l)2dx
~\4 2
1
x—o =t M) 9, dx = dt 21

2
3T, I, = [g} ~i'dt
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1 5 2x—1
— —(2X—=DV1+x—-x*>+=sin™! +C
= 4( ) 3 \/g 2,

STl C, FTE 3TN 2|
(1) ¥1, 3R, & 79 W@ W, 38 9 e o

1 21
XV1+Xx—x*dx = —5(1+x—x2)2+§(2x—l)\/1+x—x2

sint 22 e
G 7 i
C+C,

JyTaedt 7.7 ok 3ia U, Trefataa yo afmfea wifeg
12 x4+ % 13 (x+1DV2x* +3 14 (x+3)W3-4x-x

I

22X+ DVXE + X
8

12. %(x2+x)2— +iloglx+%+ x> +x1+C

16
2 3
X+ X+ =
2

X+2  (X+2)W3-4x-x
+ +C
J7 2

3
13. é(2x2+3)2+§\/2x2+3 +¥log +C

1 27
——(3-4x—-x*)?+—sin"
14. 3,( ) 5
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632 o

A 10

10.7 erfeer fire TUHwS
oM ST foh g, bR ¢ e dF @few g1 53R (b xg) o IIEw AR, i
a-(bxC) W & b3 ¢ 3 oA H rfar ek UES wed 214, b, 1 (N
[abc )R = fehan <l 81 36 YR, 6 Wi e—
[a b.c]=4-(bxc)

Tgrur
1. #ife (hxe)uw wiew 2, z@faw ap.c
4. (b x¢) U 31w W 7, 390 [, b. ¢ ]

Aﬂ
T e ufer B
2. At w9 9, e B e w1 |
o i el g, b @R ¢ U weiia e e"
qenetl ¥ o FHiR SEHAE 1 AEA |/ .
L L~

g 7 (3 fa 10.28)1

e, THI Tl o TR HT o O b c

oA T S B A b xc| # mpfa 10.28

b 3 ¢ 1 fafde = oel 7 W SAea o a5 JaT & HeRT SuE ®,
a.(Bx0)

S x ¢ RN H g FEE B eﬁ?ﬁﬂ?ﬁmél 3Td:, HHIAK TEheIsh

<l AT

-

1bx ¢l = \a.(iyx z)\

a-(bx2)
(bx¢)

3. ARa=aita,j+ak, b=b,i+b, j+bk 3R ¢ = cite,jresk, &, @
ik
bxé =|b b, b,

G 6 G
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T a1 |t 633

= (b,c, - bc) i+ (bc, —bcy) |+ (e, -be) Kk

ql sHifeT
a.(bx¢) = a,(byc,— byc,)+a,(bye,— be,)+a, (bc,— bye,)
a a 8,
- b1 bz b3
C C C

-

2 3

4. afg bR ¢ FE A wfew &, @
[a,b.¢] =[b,c.al=[c,a,b]
(T afeen o =oha shEea ¥ Sifew B oTe &AM o FiE giedq T g
1)
WA AT B G = aita, Jrak, b=Dbit+b, j+bk T ¢ = cjite, jik B
T, Sheel @I &, TH W el B

& & &
labcl= |2 B B
c ¢C C

1 2 3

a, (b,c, —bec)+a (bc -bc)+a,(bc,-bec)
b, (a,c, —ac,) + b, (ac,-ac) +b, (ac,-ac)

b1 bz b3
4 ¢ G G

8 & &
= [b,c,al
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5. efeer e UFRA &.(bxc) §, S (dot) AR SHIG (cross) 1 TER Sl Sl
ehal 8| e,

= b5.0=0. (FiifR @ xd=0)
femuit Iwde 7 9, fan R, A1 srer |fsen o feefaal o foreft +ff o8 o 81
w ot g R

10.7.1 < AfE9 et AHACECT

e 1 A W g, o ¢ e BN €, At ok e A 4. (D x¢) =0 € 8
suufv gdyem, 7 <ffe 7 5, iR ¢ gaacia 7

AR @R ¢ T i ¥, b xc= 0% #iv i (b x &) = 07
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T Ied areft 635
IR [ IR ¢ THR T2, @ x ¢ 99 5 T o9 e, Fifh g, R ¢ quaea <
m:,a’-(ﬁxé):o 2l
focima:, oM AT fF 5. (b x€) =0 21 9 7 3R x¢ ¥ & < 93w afewr &,
a1 &0 forehd frepterd ® o 4 3R 5@ @ @ik @few €19g b x & < afelt
R g W sl em:, d,b oiRC uE wwaa § feord 2R =R, svef 3 wHaea
1At =0T, @ 7 fr=t off < wfcwn, fovim €9 9 [ iR ¢, & Fwaea gom 3k
(b xT)=0%, d p 3R ¢ W& wfkw & qen gehfew &, b ik ¢ wHacha &,
ifer 1 o < wfker g9 Tk Huaet § g ¥, S s fuifa e ?, qen g @i,
S g S wieen § o frdt u wmieR g ®, o s6 wHae o feem e 2

fewott =R fogeT ®1 gHqeadr i ==, 9 | w1 FHdcadr & T S gL,
1 <1 T 2| Freee, 91 fig A, B, C 3iR D waeia 21 €, 3 §few AB, AC 3R AD
gqea Bl

SEETT26 d.(bx C) A PG, A G=2i+ j+3k, b=—1+2j+k 3R =30 + j+2k ¥

2 1 3
-1 2 1
31 2

7ol &8 U 8- a.(bx<)= =-10.

SETETUT 27 TG T W d=i —2)+3k, b=—2i+3j—4k AR =i -3]+5k
e 2

1 =2 3
7o B W B d.(bx&)=|-2 2 —4|=0.
1 =3 5

3Tq:, A9 1% IER 3, b sin ¢ g9 9w €

IEET0T 28 S WSl d=17 +3)+k, b=2i— ] —k M =Ai +7] +3k G &,
A T HH F1d SIS
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Tel Hifh §, [ IR ¢ 9Haea €, gafere d.b,¢ = 0,

1 3 1
lq, 2 -1 -1=0.
AT 03

= 1=3+7)=-306+M)+1(14+1)=0
= A=0.

SETETUT29 SRR f feafd TR 47 +5)+4,— (44,37 +9 ] +4k SR 4=+ ] +k)

ol Al =N fag A, B, C @R D ¥Haeld 2|

&1 9 S € T =R fig A, B, C el D wwaet 81 €, afs 9l |fker AB, AC 3T AD

A B €,

3747, AB,AC,AD=0 @I

36,  AB=—(j+k)—(4] +5]+k)=—4i-6] -2k
AC= (31 +9j+4k)— (4 +5j+k)=—1+4]+3k

TAM AD=4(=i+ j+k)— (40 +5]+k)=—8] - j+3k

-4 -6 =2
TH Y%N, AB,AC,AD =|-1 4 3|=0.
-8 -1 3

3@:, A, B,C 3R D gqaciy
Sare T 30 fag wifSe % G+b.b+c.¢+a=2 a,b, ¢
T W W -

[}

G+b,b+¢,6+d = (@+b).((b+¢)x(¢+a))

2022-23
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T a1 |t 637

= (G+b).(bXT+bxd+¢xad)

(TR & xc =0 B1)

X3)+d.(Exad)+b.(bxT)+b.(bxad)+b.(Cxad)

Il
Q
~~
Sy
X
o
p—
+
Ql
—~
S

|
|
[}

= a,b,¢ + d4,ba+[d,cd|+b.b,c + bbha+ béa
=2la,b,cl (=)
satevor 31 fag fRfse fw la,b, ¢ +d] = [a, b, ¢1+[d,b,d] g 2
T B e B
la,b,¢+d] = G.(bx(C+d))
= a.(bxc+bxd)
= a.(bx&)+a.(bxd)
= d,b,¢ + a,b.d
[woaerett 10,5
1. AfRd=i-2j+3k,b=21-3j+k3Rc=3i+]-2k %, a labec] 3 wifm
(3T 24)

0. <uifew fk wR@d=i-2]j+3k.b=—2i+3j -4k SR ¢ = -3+ 5k guacha F|

3. A W — J+Kk,30 + ] +2k 3R [ +A] - 3k woaei €, @ A 1 | 1 ity
FWA=15)

4. T AT RRa=i+ j+kb=iFR = i+c,]+cik B T,
(a)Afkc =12Rc, =27, @ c, 9@ Fifse, fa@ &,b ik ¢ Fwacha & s

(W, =2)
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Tforq

(b)afkc,=—13Rc, =12, a <Y &% c, & ®E 79 §,psikc
HUqeATd el &A1 Fehdl 2

Twiizn fo ferfa Ol 41 +8§+12K, 21 +4]+6K, 30 +5]+4K 2TRS5{+8]+5K
ot =R g wuaetE €

Ifg =R f§g A (3,2, 1), B (4,%,5), C (4,2, -2) 3D (6, 5, -1) THaeld €, @ x
1 HF 14 hifedl EFMx=95)
A G+b, b +C NG +a 9T B, o TwiEC R @few é_’,Eaﬁ'{C’ HHAAT
g
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12082 — Ut ( 9T 2) ISBN 81-7450-668-3 (Part-I)
Fa 12 % foru eI ISBN 81-7450-731-0 (Part-II)

TIq GEhIoT
37T 2007 A9TE 1929

KEKCL
STEFRIER 2007 Ffd 1929

TR 2009 Fifdh 1931
fegaR 2010 3TIRTEVT 1932
ST 2012 G 1933
aret 2013 HIET 1934
TRERT 2014 AT 1935

waifaewr geiem

0 yFwrIE &1 gd oTgafd o fam 38 gEmE % fRE s
BIOA AT TSR], WA, Wiewfdfary, Reifen stern
foret o= fafy @ @ v wsfa W SHE WEew sieEn
JEROT A 2

Q 8 T 1 ok 50 9 o W w1 2 o g # g
oA % fo oE [ ST Hel SeRv el fes o
STl R 3 UHR ¥ AR 3N SUR W, [EREwg @
foram ® = < S, 7 S S

O 39 ThRE B HE YA 36 I8 W G 81 e e st
faus T o= (o) o1 fvdht e fafyr gro sifed i oft
i Hed Terd § qen e T e
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A, YA YA ;379 FHR TG
TG AR areEeh 80 SHUE.TH. R A HISh : vea 3T
W gisdl & A AR ST AR
. . TR Ja4sh . fafyT feam
TR FAT F Gferd, Tt e S = o
R grer WReg, 4t erfas @, TS : SEAICT '
T el 110 016 RT FHIA a= Wfors ST TR : R AR A
56, H-118, WA el &7, B, JATeRT, |eTr TE feorr
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AT

9

T qrea=at i TR (2005) AT 7 5 s=ai o hefl Sfe i & o Sio
Y Sigr i =fey) 78 fagia fraet 9 %1 39 favwa o fauda € fees gueeaw
THN S 37S Tk Tohel 3R ¥ o ot 3fadel ST gU €1 T U wredEat W
e WgFshH AR UeAqEeh 39 i faER W e i % T g1 59 qA
H e 979 1 Tk At <o @ R I R STHSM h T <A w1 g9 w1 forier gnfie
21 2N 2 fF 3 hew =W U foen Afq (1986) H affd srer-shfsd oeeen w1 feam
H ®hI R qF o S|

TH JIT 1 FHA 379 39 910 R 3R 2 % wpail & we SR st et
FT FHegie TfafafeEl iR et w1 9es ¥ 9Red iR Hi' % R 0 3Ted
W foIR T T TSR 3d €| B 98 WAl B ok AfE e, THE SR TSl € =Y
Al Ted el g Uil T GEA- A W gt 3R S[EehY AU M 1 Gor Y Hahd 2l
e o fafae weAl T Gidl 1 SFeE! T ST 1 9@ SN0 TEATHS i waT
1 THAT SR S H1 G 81 Gl IR Teet 1 faanfad e & fog s 2
B0 el S GiEd 1 Uik § g0 9riier 7 #IR A, 3= 9 w6 Freifa g
eeh AH BIS 3

3 v T A S T A P § A e ) i e S e
TEI-GRO | ey Sa & e ®, e At shelel o ome o g, feed
e o fau fad faf 1 9@ hied o9 "okl foewr SR oAk
fafeal «ft 38 a9 =1 7@ FT foF T8 TCTYETFR WFa § F=al o Sfed Sl HHEfdE 9
A S i SE G HT 9 I fohal gl g et €1 g i wwen
Y fae o folu SUce T 1 &AM TEd %1 Tedd | 3ifush d=d i &t 81 3
HIFTTET I 3R T & I § e NS He-TaaR IR fawm, 9wl o ar=ia
TS 98 IR TY W %1 WM awel aiatatiE s mefaenar 3@ 2

TLHEAR A, 36 Toh i To1 oh o0 5918 T Weagden Hior |ikfq o6 aRkem
o U ol e FA T U 3W URAYEF o TARHN TUE ok TeAE
JroheR S fao] Relie] 3R 39 T® o GellehR Whel e AR SH &1 foe
MR B 39 TSAGE o ot o ¢ frerhl 3 AneE o 59 AeE i Had o e
o T 9 3er grEEl o 9l 1 B9 o9 gt wEenel SN WSl o Wid hdl @
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v

g T T, el qen TEAfTE S g o o o 3eRargdd wean feam e,
foRie &9 & "t 6 Swaw e faum, aa saeA o waed g7 WL gond
ot oIk gy S.di. <eaie 1 steern o Tfed, Tg A wfufd gR wew Tgged
T U ANEE ok fAu e €1 SN GURl SR oo weheHl o e frem o
o gfd gafid TL.E.3.3R3. fewforl wa gemel &1 @ swan {9t genea o
TRE o ST ekl

T feweh Tfr e STTE
20 FFR 2006 3R gfdreror giteg
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AEATAT

T Hferss erEuH IR wftneror oftsg o fammerd fen @ wefua fafa= fawai o
eI o Toru, U uIeE wal S w1 geiten ¥q fawmert fen-2000 (TS,
TH$-2000) ok Aarta enfasia Hifaar iR fawe a5 o wuiawor, S fen et o &
T sfatifed 8, 57 U Td SHaig W) W fomner fen & faw 21 s 9el w5
T fohan 1 39 Wiy WYE A fommert fonan &7 o fafa= weqet W oo = #iR
T feoaforat 6t &1 gt o oy, 3 GHel gR1 1o Rarel o SR R T Ued
T TR@1-2005 i fowfaa feran

Tu feen-fden o efqfa & uda ek erqEem R ieror aftug = wer 11
3R 12 =1 7o foo =1 UgdsA AR a1 e qeaqEsh 4O S o faw T
I w1 A fRAN FHE 11 T UET-TF TEd O & T H T S 2005 § FRIIIG
HI S TgHT 2

T T TH TET (FHel 12) WA LR, Fohr, fogivg iR it sreamiehi
F1 I g TR FR feran ) deaveq fasraeier dm A fafu= dedh st 9% 59
&Y i qisha foman o

Y& o 39 YT 1 < o faf= arif o Seaat wreafies &R W T o STeardE
Y GG STEATI F1erehl 1 T 2 oh §H& T&qd fha o1l I4: 6T & TSR
A, g TR wrefeen ® weten it w1 wEirE gr R e genat v fewfort
&Y YEAS § AT Y o e faswrasita 3 o 9 € vfed tw dues
Hed A YSAYEIF o 39 W&y i ifad w9 3 @ fqd:, fagm ud i & seesi
WHWWWW W,WWWT@HWW(MOmtOﬁng
Committee) = $H TIEAYRIH TET i TTAIGT H |

foma &t gmiforeRal w1 3 ¥ e &l Y9Ifad i a1 HE SEvdsh el Fl
Sooi@ 3 21 3 faferednd e 59 e o gt arel | ufefia € weqd weayws
T 13 geA e ol < ufifvre Wi €1 e st frefofaa fog wmfea o 2:
o ofth : fawa & Hedyul fagsfl W a@; (@ ¥ 9@ U foug-aget &1 wWER

HaY; 1A § A Tl STEURNST 1 §R-®9 | foe=
o 31A™ H Wel I AHe W T YRONST SR STTURNST shT HISH|
o YRUTS / STAURNS i SHHRI i IUMEH S0 G, STl o T & FehT 3=

U HT T B
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Vi

o SUYT/AEE o Tt fagid SR SHANT S Uil W ot A g A difcher, Sgfad
oM, Sl il 3% ST i STl TEl, AT B

oSG gReeRIvl/HReaat o T Evas g W T T 2

o U SRS IR zEen Fe-foamdl Si¥: fomm wd wmiSe fomm 9@ o e
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@'HTEI'T*F[ Integrals)

o Just as a mountaineer climbs a mountain — because it is there, so
a good mathematics student studies new material because
it is there. — JAMES B. BRISTOL <%

7.1 95T (Introduction)

A TG STTFAS 1 Hheudl W higd &l Her o
amerEl o fere wqef Y@t 9Renfia s 1 99en 3|
YR i @Rl I JEUl T URehe HET Adhers! &
T & ATURYT o FHmehe T, Ferl o oo 9 il
&5 % Ok i URMG HH TS THh AR h
IRehe T % gEE 9 Ui 2

Ifz U oM f Rl il [ H steshor § arefq
1 o e S5 W o o 3ashorst £ w1 e ©, 99
T Tneifash 99 3ol ® T A 196 qeies fog W £
fen e ® d o &H el £ A Y Gehd 87 3 Gt o
59 &5 T e Soh STaehels o &Y U Wi g3l §, 36
e ok HfdsTashers (qeT) Feeld €1 31 9% I fad
3 qeft gfasTerhers! I Bid §, el o1 SAHR=d GHIheH e © SR gideraehers
@ FE H T8 YT AT HE Headl 21 39 YHR i GHEN 3 AERIMNER
uftfeerfert & end €1 Sereton: 4 ed frdt e W Rt o w1 arerfores 9 9§,
At T Yo g% S3d1 € T o ww fondht emor W 3@ owq w1 feurfd @ oY weRd
2?7 39 TSR $] 3 G U6 Ugidd TRIITEr ot 2, STl SHeher i Gima
ffed el 81 THReH T 1 TR fEfRad YR w1 THENS o g HH o
Al T gfqwe 2l

(a) I TH FoH &1 Aadhers A &, A SH Held il AT HLH HI THET,

(b) TAfe=a gfaaent o siaifa wem o oer@ @ ¥R &S &1 &5%a A w3

& GEHEI

G .W. Leibnitz
(1646-1716)
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TG I GHEE THERCH & 31 &6 i AR WA st €, e gaehe wd
T=Iq el 37 S 1 WiHfed &Y ke T el

A= qamher e iy gueher o 9 U Gau @ S S S Ry
O oF ®q § SN ST €1 U8 Yo fivea wumeher &l foame we sttt & fag
T AR SR & ®9 | qa) Sl 21 refers, fod wa wifdenar si9 fafa=r &
T 3HH YR i Tfaeht GEENRT 6l B i o foau o fHfv=ga gqehes &1 s9am
o S 2

39 1™, 9 3TUH AUkl A= wd = Il @ IHhed &l 9
fafue wfed 37er Rfe TUIedl o 1o & Hifaa W@

7.2 WUTHAT @l e o Iohd Wehd o w®d | ( Integration as the
Inverse Process of Differentiation )

Ther o kT WehH ol THISheH hed | [l e i sasher 1 S & M
T EH o 1 YFshorS A1 3N € R THeR1 qa Steifq ardfaesh Weld 9 i o
AU el T B| I ThH GHIHEH S1El Yid-STasher HEeld €

afrzn frefafed Seeen ) fommr Y,
Y W4 © T %(sin X)=cos x (D
i(x_sj —_ 2 2
ax\ 3 =X .. (2)
3R A (€") = e . (3)
dx

B9 Ufad o & fF St (1) § %ol cos x BT sin x 1 SgHers g1 34 81
9 YR ot Fed 7 1 cosx 1 URdaTashars (31¥@1 THREH) sin x 21 TH THR (2)

TE (3) ¥ 12 3R e ok WiasTeehorst (S1eEl FHHE) W%G‘ﬁ'{ ¢ B A: BH

e # € R et oft areafass @@ ¢, N9 $=R Weld 41 Sl €, w1 STdsherst
2, 3N sEfere g9 (1), (2) @R (3) = Fefofad &9 o for oo :

3

d
i(sinx+C):cosx, i(x—+C)=x23’iI—(ex+C):ex
dx dx 3 dx

T YN B @A B o SUda werl o gfaerashast sterel gamher tfgdi
TEY &1 oqd: 3 Wl § W Yele ol o STuRid Widstaehers €, e g9 arsdfesh
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Tl & g=d ¥ s 3R C hl HIE U YSH Hich Wa HT Tahd 21 TeT HROT
2 fF C ol YUOR @Wes =R ®ed 8| a&d: C UH W 8, f5eeh 7 = ufafdd
<eh &1 U gU W o fafir=T ufdereashorst =1 Qa1 Wid i &1 SATdhd: afg

T Her Fua @ fR %F(x)=f(x),vxel(amﬁﬁmaﬁaﬂm)aﬁw

WS 3R C, & fog %[F(X)+C]=f(X),er

38 YHR {F+ C,C e R}, f o Widstehersii o GHER i ok ol 8, &l C
TR 1 3T=R FHaaldl ¢l

ot GHM STaeherst alel el § Ueh 379 o1 3] BIdl ¢l S9! <9 o fore, 9
T ¢ 3R 4 U@ & e & ook eraeherst Siatel 16 q9H @
fX)=g @) —hx), vxe Ig7 aRATT HeH f = g — h W fo=R ifSC
ar %:f’:g’—h’ T =g @) -h(&) vxe o= 2l
JUA f(x) = 0, Vx € I (IRFeTT H)
i 9 x o |Uel f o URed Rl R YA B I AT £ TH IR B

Suer feuqult o SgER IE Frehy Feprer =meea @ f 9ReR (F+C, Ce R},
f o |l gfaeraehersii 1 9EM T 2l

39 B T ¢ Tl ¥ IR B € S fo gfestershorsii o QU 9RER <t fefud s

T8 Tl [ f(x) dx ¥, T8 x % W f B SAREG THEREH o w9 g W €|
wied: &9 [ f(x) dx=F (x) + C T 2

Honee fean gan € T %=f(x),aﬁ%ﬂy=ff(x)dxmﬁ%l

gfawn o fau ga fAfafeaa ydiel/agi/ameien & 3ok 1o dfeq Rl 7.1 o
IeaifEd wW o
urui 7.1
Welteh /qa /aTerteT arel

[ £ @)ax f o1 x o WU FHRH

[f@ax & £ FHH
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[ £ yax = x THIHS H1 =
HHRC HET AR T HEl
[T TETHEH Th e F fswes fom
F(x) =f(x)
TR Ffsha THIShoT AT hid hl TshH
TR Rl 3T HE ot grdfas 9@ 59 3R
e Fed T

T T8 ¥ € §gd ¥ YIW Herl o Taehels o G A 21 31 G o Fd v
AR o WHITOT T i q¥d fore Wehd €1 39 WO I ki g fefatea ©
T9®1 3TN 9 TR Hadl o G Fl A B H B3|

3dehetst Derivatives HHTeh T (vﬁm)
Integrals (Antiderivatives)
d xn+l X n+l
O =x" "dx = +C, n#-1
@ dx(n+l] J-x * n+1 "
fafere &7 & 79 3@d ©
d
E(x)_l fdx=x+C
d . .
(i) — (sin x)=cos x Icosxdx=sm x+C
dx
L d : ,
(i) — (- cos x)=sin x J‘smxdx=—cosx+C
dx
.d 2 2
(iv) — (tan x)=sec’x Isec xdx=tan x+C
dx
d 2 2
(v) — (=cot x)=cosec’x Icosec xdx=-cotx+C
dx
. d
(vi) o (sec x)=sec x tan x Isec x tan x dx=sec x+ C
x
.od
(vii) a’_ (— cosec x) =cosec x cot x Jcosec x cotx dx=—cosecx+C
x
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(vii) E(sm 1x): —
d _ 1
(ix) E( cos 1x): —
d _ 1
(0 o5 (™ )=
d _ 1
(xi) oy (—eot™ %)=
- i(sec_lx):;
i a5 e

(xiil) g

(xiv)

(xv)

(xvi)

X N |
d
E(e )=¢€"
d
5(10g|x|)——

d X
— =a
dx {Ioga}
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I dx =—cot" ' x+C

=sec” ! x+C

J~ dx
x«/xz -1

_[ dx
x«/xz -1

Jexdx =e*+C

=_cosec 'x+C

jldx:log|x|+C
X

X

Jaxdx= a +C
loga

T § B9 g SE el w1 ek T we fed fafes wem
qftefid & qenfy foret off faftre gea & ded o sue! off wam o we =y

7.2.1 HTv=a TEIHEAT kT AT YT (Geometrical interpretation of
indefinite integral)
A ST £ () = 20T [ £ () dx =27 +C TNCH fafer=1 7l % ferg & fafer=

FORER UM ?1 W SanudE gfte @ 4 @t gHehed @EH €1 3§ YR
y=x2+C, &I C T W@=s =1 B, THReH o Th UReR &1 fefud e 81 C, &l
fafs= 7 9gH e B9 ufEr o fafa= 9o oI %d &1 39 Hash ainferd &9
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A= TR 81 Teadl Yoish GHIsher Ush e oh] Teafid il & foden a1
y-3181 o IR 2
T C=0% fI 80 y= 2 T € W1 Uk UE W ¢ foreht vid et fofg
WEIC=1% fAUaH y=x>+ | Rae y = x> ] Teh THTE y-31&1 o 37 UTcHeh T
T TN 0 T Ww Bl 81 C=— 1,7 foQ, aF y=x2— | Waeld y=x> &l TH
THTE y-31871 o ST RO fEu # TMiaRd s W U gial €1 39 R C,
Y% ¥FHE A oh fau, 9RER
% YAS WIAd H Y y-3T& R H
¥R faen § @ 3 C oF Rl
Tl o fou s waeE &1 i
V-8 H HUTHS fewn H ¥l =
Raadl § 9 S I MR 7.1 H
9t T R
WWEW?WJC=61
SR Hfdeee W R i §1 eThfd 7.1
o g o> 0 foran 21 7 6 a <0
=D TFTQ I T %I afe W x=a
TETH y=x% y=22+1,y=x>+2, \
y=x2—1,y=x>— 2 ®al: fogsti  x A

0
P,P,P,P ,P TR W Hed & \
al g |l fage w D o 20

)

RS T N TR
N N\ N
N N SN N
3 3 3 3
N N N N

iy

. ‘. ‘. ‘.
“ - “ D
<) S gt <)
RN AN > 7O
Syl Sy o 3,
S S S
3 3 3
AN AN AN

dx
7% fafde wtar © for o7 aeft faget
maﬁﬁwﬂ‘%@ﬁw%l xX=a
39 ThI IZxdx=x2+C:Fc ) v’
(W fifSe) @ 9w g € T o TR 7.1

y=F.(x),Ce R,a?i'@sza,?;’lT[
Hiresed fageti W ol 1 Tl @l e € W8l a e R 3w fefefEa wmem
[ f() dx=F(x)+C=y (W wifom) =i & ufear i Frefaa w81 C o fafsr

Tl o 9d 89 39 IRER & fafi= 955 Urd 8 © ok 39 el | 9§ 89 fRe uh
TS o1 T o THR TR ieh UId T Heahd 2| A= Goeher sl S
freqn =8 71
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7.2.2 Iffy=rad qarehert & FY V\Z'UTSWC (Some properties of indefinite integrals)
Y 37 URee] H TH SMYad SHehe o & TUIEHl i = Sl

@®

(i)

frefefad afomdi & Gesf H stesher U GHeH o YehH Tk T o JohH ©:
d
&jf(x)dX:f(x)

iR jf’(x)dx = f(x) + C, 5Bl C T W=s =R 2
Suufa 7 AT fF F, £ 1 T gfaetadhost © stefq

% F) = £(x)

ar [ dx =F) +C
fer ijf(x)dx—i(F(xHC)
dx T dx
- LR =/
7dl YR B9 3Ed ® %

d
f(x) = I S

3R gy [T/ dx =f) + C

& C U Wws oR © f9 g 3R wed €

T 1 SAfYea FHeRe 5ok STeshorst W9 § dehi o U g1 IRaR 1 URd
F € 3R 3@ YRR THged €

SUUfT O AT f TE g TH & Wor ¢ T

d d
&If(x)dx =&Jg(x)dx

g [ Jrwa-[gwa]-o

a7: [redx—[g @) dy=C 5l C ws =t @& 1 (F?)

Agan Jf(x)dx:Jg(x)dx+C
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wufe = % R {[ (0 dx+C,, G eR}
TS {Jg(x)dx+C2,CzeR}W%|
39 JhR If(x)dxﬁ?[g(x)dxﬂﬂ@?ﬂ%l

| oot | wfemi {[ 100 dx+CoCe R} i {[g) dx+C,.C, eR}

TAged 1 WA [ f (x) dx = [ g(x) dx , ferae s o € o wree
Tl Tl B

i) [[£00)+g]de=[f(0dr+ [ g0 dx
suufa g (i) |

Jtrw+ gldr]= @+ g0 ()
= &6 9 € fR

%Uf(x) dx+_[g(x) dx}:%_[f(x) dx+%]g(x) dx = () +g(x) ... (2)

79 YR OEE (ii) o E®ed H (1) SR (2) ¥ ww g ¢ T
J(r@+ew)dr=[rode+ [ g dx

(iv) et aredfers sk, & faw [k f@) de=k [ £(x) dx

soufe e (i)gmdijkf(x)dFk ()
X

v <[k [0 x| =k [ Fedi=k £

TR T (i) BT SN B BT BH U € R [k f() dy=k [ £(x) dx

(v) WO (i) 3R (iv) T £, f,, ..., f, O BT FAR=a He iR et wemnstik
ky ..., k o foQ off sOwiRTe R 1w € st R e e mn R

[k fi@)+hofo () .4 K, f, ()] dx
= k[ G de+ o[ fo () dx+ ..+ k, [ f,() dx
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XU gu w1 gfastasherst 91 & o foU &0 iae 9 T8 %ol i @S &
& TSTerehT stesherst < gan o B 31 el &1 38 Wb ! @iw, S XU g %o
o Ui STaehels A i oh 1T w1 Sl €, sl RI&0T g SHIehe Hed &l 36 8H
F9 I H T T
zareror 1 Fieo fafy &1 ST i gu Fefatad sl s giaeteshast 9 S|

1
(i) cos 2x () 3x% + 4x3 (iii) PEE s 0

&
() B9 T U e H @Sl S Ged © e SaHes! cos 2x e

Y SFd ® T %(sian)chost

ld . i(lsin 2xj
AUl cos 2x = > (sin 2x) = e\ 2

1 .
U cos 2x 1 Tk GfqeTersmelst o sin 2x B
(i) B9 T UH Hor o1 @S K 96d © (9] sTahers 3x2 + 40 2l

3 %(x3+x4)=3x2+4x3

TATAT 342 + 4x° 1 GrasTahas 2 + x* 2l
(i) &9 S §
1

i(logx):l,x>03ﬁTi[log(—x)]:L(—l)z—,)Ko
dx X dx -X X
o A A e e T E = (loghf) = x %0

Wjidx=log|x| , S TR i&uﬁwﬁﬁ@w%
sarevr 2 frAfafed Tameredl &1 9 sifsg

RN 2 2 1
@ fxxz dx @) [ +1)dx (i) J(X3+26"—;)dx
T B9 UMW S B
3
jx _1dx=dex—Ix_2dx (‘lUTHﬁV@I)

2
X
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X
=—+C, - -C
=9 1 _ 2
2
=X—+1+Cl C
2 x
x2
=?+—+C ' C=C —C,Th 3= FHEE 3R 2|
X

Tt | S99 o N Shaw s SW ¥ ), TF gEee oR fadi

(i) =i

j(xi +1)dx= J.xi dx + jdx

(i) aﬁj(x;uex —%)dx=J.x; dx+j2ex dx—jidx
EN

X X
=3 —+2e —logx|+C

—+1
2
2 2
=5xi2e ~log|x+C
IETE0T 3 frAfafed el &l A9 Sy
(1) J.(sinx+cos x) dx (i) J.cosecx(cosecx+cot x) dx
—s1nx
(i) J‘cos X
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g
() =&l

I(sin X +Cos x) dx:Isin X dx + J-cos xdx

= —cosx+sin x+C
(i) =T

I(cosec x (cosec x + cot x) dx = Jcoseczx dx + Jcosec x cot x dx

= —cotx—cosecx+C
(i) =TT

ol

1 sin x
5 dx — J. 5 dx
coS“x oS x

:Jseczx dx — Jtan x sec x dx

=tan x —sec x +C

SARIUT 4 f(x) = 4x° — 6 G YRAT e £ 1 HfasTdshers F A0 shifsy Stel
F(0)=3%1

T f(x) 1 TH G SRS - 6x

<t %(x4—6x) = 4x% — 6, ZAfeIT YfqeTahers F,
F(x) = ¥ — 6x + C, 5 29 & & C 31 2|
fean gom € f F(0) = 3
TGY Y BT © 3=0-6x0+C
31eraT Cc=3

I A giastasme, F (x) = x* — 6x + 3 §1 YR Tk 3Afgdid %o 2 |
feugoit

() &4 2@d ® fF afe £ o1 gfastasherst F @ @ F+C, &l C T 3R 8, 9 £ &0
T iaeTeasheSt 81 39 WK A €W el £ o1 Uk Wiaetdehersl Fod @ dl e
F4 &g ot o= Siest £ o 31d Yfasterhers foa g © f5= F (x) +C,
Ce R% ®9 ¥ eifyeqed fopan <1 Gshel ©1 STganT & TMM=E: T St
Hiceiel i T T SAEYIH Bl © FTEd C o1 e feifyrse o e gren @ @i
reeh afomreasy U g wer &1 U SAfgdia gfasraesheast W e €|
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(i) FR-FHF Fhl yRAH Bor S8 fF TgU8, T, = S, BepohdE,
3R wfaem e, Ses o €9 § oifieued il ST599d ol ¢l s9fau

If(x)dx%WWﬁW%lWﬁ:ﬁﬂWﬁfﬂ@ je‘xzdxaﬁaﬁ
FHE SFHTS § Fifer A& § 76 U9 e 1d T8 % Gehd TSHeh] sfashers
e R
(i) A€ qHhe 1 =R x, & Afafe o1 HIE 8 df GHher & ol IeJaR SdRd
F foIu S €1 See:
4+1

4 y 1 s
dy= +C==y"+C
Jy YT 57

7.2.3 AHAT T GHIHAT ®l dctT (Comparision between differentiation and
integration)

1. < el ) gipard €

2. S Akl o TOTEH i G I © i

d d d
(i) E[klfl(X)+k2fz(X)]=klafl(X)+kzaf2(x)

@) [[k £ @ +k S @]d=k [ @) dxc+k, [ f, () dx
Tk, k, TR B

3. TH e § ¥ WA € T gt e sferherig e Bid 81 Sk gEt YR gt
o HEEhERTE il T Bid 81 BH Sasher 3R AR ol o fou
T Iog wanedl | AR FH|

4. =g et wer o feEhers w1 e € d 98 SAfgdid Bl @ Wg fRdl e
o G oh WY UHN el © qeify of feRdl Fe9 oteR ae Eiftd atfgdid B
¥ srufd frdl wold & 3 GHReA § gAY T 3=’ 1 ¥ Bl B

5. =fg fepdl SgUL Hel P ohl Sfeeho fehal Sl € dl IROMHE®Y Tsh THl 9gus
Tt @ fSet =1d 9gus Pl 1d 9@ U %7 2l 21 S« fohel 9gus wer P
HT G fomal ST © df IRUMHETEY TH U9 SgUs I el @ forgent =
9EUE Pl A W Wk At Bl 2

6. 9 TS HI T Tk g W Fd & WG GUHe Sl == Th g W e
Tl 2t g9 XU gY ®er o GHMRSH w1 W=l SH el W wW ® N9 W
AR R gl © Si|en g9 ufites] 7.7 | == sl
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Teh el oh STaehelsl i SAHdrg o1l off g € 519 for fXu 3¢ 9% o XU g
fog ™ Tl 3@ *T yaur, 39 foIg W wed o STahas] o A oF e gl
21 T TR T g Fer w1 AT THRCH Th S oh GHIR feord ot o
IRER i e s ©, 5o gaehe o = %1 eid w6 ol 318 %
ITele 3@ o gt Skl o gfdesed fagell ® wael @ gwieR g ?)

o Hifdes g A I | SFashers 1 STAN Bl © SSE0: fRE w1 g
forddt g H @ A E @ A 9@ R A Ry T oy o9 9 9| e o
HeThels Hed Bl 81 39 YhR fohelt wHg 1 afE o 3@ © @ Ry 7y wwa
¥ 99 g 9 F o AU Gaeher 1 STE g 2l

HeTheAS Uk U YA © e = o1 Wi weifed @ S S YER 1 9
FaEReE 9 off wwifed © foees a) o eq uiess 7.7 ® stemda i

Ihe T GHhCH o YohH T O oh Sfohd © oid foh iR 7.2.2 () H
<=t T ST g B

[ wroatet 7.1 |

frafafad sl o gfaetasmas (FHeRaR) e fafy grr 3@ sifsa

1. sin2x 2. cos 3x 3. e*

4. (ax + by 5. sin 2x — 4 &*
fr=fafeq Tamere &1 Ja Hife;

1
3x 2 1__ d 2
6. J@eenar 7 [PU-5)de 5 @ vhxvoydr

9.

12

15

17

19.

2
1 3 2_
I(2x2+ex)dx 10. J-(\/;—Tj dx 11. J.L;Hldx
X

X

3 32

x +3x+4 X —=x"+x-1

dex 13. dex 14. [ -x)Vx dx
J.\/;(3x2+2x+3)dx 16. I(Zx—3005x+ex)dx
J.(2x2—3sinx+5\/;)dx 18. Isecx(secx+tanx)dx

2
sec” x — 3si
J L dx 20. J‘Z SSlnxdx
cosec” x cos? x
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T3 21 TS 22 H G W T FIT Hifog:
1

21, | Vr+— | =1 wfrermas
Jx

P! 2 21
(A) 5x3+2x2+c (B) 5x3 +5x2+c

R 33 11
(©) §x2+2x2+C (D) 5x2+5x2+C

22. aﬁ:%f@)ﬂf—%ﬁuﬁ Q) =0T f(x)=:
X

4 129 3 129

(A) X'+ (B) X +—+——
8 8

C x4+i+g D x3+i_g
© X Hotg (D) ¥ +——g

7.3 HHThe <kt fafe@t (Methods of Integration)

frzet U=a] ¥ T U¥ UWhel i a9t Hi off, S @ Temi o Sashers 9
Teragde 9 T S geRd €1 78 R woenenfta fafer off, s 09 oM F et
ISl 1 Sl @ TSkt 1ahorst £ S99 £ o GHIhe i Wi et &1 qenfy friero
W i 78 fafyr o B 1 feefa o sga Sfea 7 21 ora: qeherl i g
w7 § gEfdd wd g€ 3= A A o fau g9 sifafea fafvmi fawfaa &0 =+t
eIl 81 3 qeA fafeml frefofeaa w enuifia 2:

1. YfqeA9" R HHheH

2. o7tk o= o fooisH g wHehe

3. @e9: HHhOA

7.3.1 Gfaeema= gRT TEIHeAT (Integration by substitution)
39 39 U= § 70 wfazerms fafy g oomee W foeR &3 @dd SR ox & °

aftafita BT % o x= g () wfmenfon S gy U T wEem [ f () dx e
wq H ufafda fean S g 21

1= [ £(x) dx R foram e
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1 = o) et Ao A S = (0

BH dx = g(1) dt T 2l

T YR 1= [f(x)dx=[f{g(O}g"(t) dt

ST 51 HaTsher o fag 78 =R 9fiedd 1 ¥ AR UE SUce U HEe Ul
T 1 STAFT R 1 BT SHRT SN TR 99T Teeyul 21 WIe=Id: B9 U

T o o fou gfaeeme &3 & et sashas o gaehed § wifad &, s fe
freferfiaa Sl gr1 o fehan T ©

IEEI0T 5 FAfafEd B &1 x oF 9Ue THRAT HIfST

tan4 X sec2 \/;

(1) sinmx (i) 2xsin (x> + 1) (iii)

Jx

. sin (tan™! x)
1V —_—
@) 1+ x2
'
() B9 SFA 2 T mx 1 SEFHAS m | 3Td: BH mx = ¢ IGEATH F B, 0

mdx = dt

) 1¢. 1 1
ELS 1Y Jsmmxdxz—_[smtdt =——cost+C =— —cosmx +C
m m m

(i) x>+ 1 % SFTRAS 2x 2l 3Td: BH &2+ | = + o UFACATTH 1 YA L & ek

2x dx = dt

WJszin(x2+l)dx=jsintdt = —cost+C =-cos(x*+ 1)+ C
lx_%_L%
(iii) \/}Emaqawaz 2 Ix | 37d: B°

Jr=i % e S w5 E At 21[dx=dr R de = 21 di
X

T el € |

J-tan4 x sec? Jx dr= J- tan*t sec’t 2¢ dt

Jx t

= 2J-tan4t sec’t dt
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R @ B0 SH AR tan 1 = u FA € @ sec? 1 dr = du

5

Bl 2J‘tan4t sec’t dt:2ju4 du = 2u?+C

[\

= Ztan’ 1+ C (Fifh u = tan 1)

l\)Ul

Z tan’ Jx + C (FifF 1 =+/x)

9}

4 2

3Ad: Jtan \/_\/S_CC \/_ —%tanS\/_+C
X

faereaa: tan J}:;uﬁwmﬁﬁrq

(iv) tan™'x T STFE | 2%|3ﬁ FH tan~! x = ¢ FTEITTT 1 STAN % © dleh

dx
1+ %2 = di
sin (tan™
WJI ( x) J-smtdt =—-cost+C =—cos (tan"'x) + C
1+ x°

I BH P He@yUl GHMCHl o d BrepiofidE el SR SR wHEieR
TR 1 YA gfaeeras fafy | feer mn ), W == 9 B

1 Jtan xdx= log|sec x| +C

sin x

T U %ﬁjtan xdx= -[cos . dx

cos x = ¢, gfazenfua ifST aife sin x dx = — dr
qd Itanxdx:—J.%:—logM+C:—log|cosx|+C
3ran Itan x dx =log|sec x| + C

(i) Icotxdx=log|sinx|+C

5 dx

g-qqﬁgﬁjlcotxdx I

sin x
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sin x = ¢ FfaEATTYd HIfST dIfeh cos x dx = drt
dt
ad Jcotxdx—IT
= log|t|+C
= log|sin x|+C
(ii1) Isecxdx:log|sec X+ tan x|+C

sec x (sec x + tan x) dx

=0 74 %ﬁ,jsecxdx:‘[

sec x + tan x = ¢ Yfawenfuq FH W sec x (tan x + sec x) dx = dt

Sec x +tan x

BRI Jsecxdx:_[%:log|t|+C=10g|secx+tan x|+C

@iv) jcosec x dx =log |cosec x — cot x| + C

cosec x(cosec x +cot x
g Ud 2 Icosecx dxzj ( )a’x
’ (cosec x +cot x)

cosec x + cot x = ¢ FfaLenfud shifsu

qifeh— cosec x (cot x + cosec x) dx = dt

BRIy Icosecx dx:—jﬁz—logltlz—loglcosecx+coth+C
t

|008602 X — COt2 x|
+C

= —log
| cosec x —cot x |

= log |cosec X —cot x| +C

1

. . 3 2 . " dx dx

(i) Ism xcos” xdx (i) Isin (c+a) (i) Il+tanx
&

@) B Isin3 x cos’x dx = Isinz x cos?x (sin x) dx

= I(l - coszx) cos’x (sin x) dx
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f = cos x UAEAYd SHiTSIT Mk df = — sin x dx
TfAY Isinzx cos’x (sin x) dx = —j(l — ) dt
35
t t
" —t)dt=—| ———|+C
[ -1 [3 5}
—lcos3x+lcossx+C
3 5

(i) x+a=r9faeenfia #H W dx=dr

sin x J-sm (t -

wafe |

sin (x+a) sin ¢

dt

Isintcosa—costsina

sin ¢

cos a jdt —sina jcot tdt

(cosa)t—(sina) [log |sin t| + C1]

= (cos a) (x+a) —(sin a) [log |sin (x+ a)| + C1]

xcosa+acosa-(sin a) log |sin (x+ a)| -C;sina

_[ sin x . )
d: sin (x + @) —xcosa—s1na10g|5ln (X+a)|+C
=k C=-C, sina+acosa, Th 3 WoF T 3

_[ _ _[ cos x dx
(iif) 1+ tan x COS X + sin x

1J-(cosx+sinx+cosx—sinx)dx
- COs X +sin x

_ lj‘dx_l_lj‘cosx—s%nxdx
2 COS X +sin x

x C, J-cosx—smx
2

= 2 - (1)

COoS x +SIn x
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1 937 9% o Y9 ° T el 1 GHIhe 1 shifsg|

12.

15.

18.

21.

Ad

I= jcosx Smxd R faER Fif |

€oS X +sin x

Ad

ESIS

I3 (1) § @& e 94 &

[ xS
l+tanx 2 2

*
22

C
og|cosx+sm x|+?+

1 : C,
+—log |cos X+ sin x| +—=
2 2

G
2

= E+llog|cosx+sin x|+C, C:&+
2 2 2

2x
1+ x°

. sin x sin (cos x)

. JJax+Db

c (Ax+2) X2 +x+1

1

=13 X°

X

9 — 4y’

et(m’lx

1+ x°

tan®> (2x — 3)

| et 7.2 |
2
1
5. (logx)’ 3.
X
5. sin (ax+b) cos (ax + b)
7. x/x+2 8.
1
10. x—\/; 11.
2
13. 2+320) 14.
16. o2v+3 17.
2X_1
19. N 20.
22. sec? (7 — 4x) 23.
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COS X + sin x = ¢ FfaLAfyd hifed Ak (=sin x + cos x) dx = dr

I=J.%=10g|t|+C2= log |cos x + sin x|+ C,

G
2




322 T

2cos x — 3sin x 1 cos\/;
24, —M8M8M 25. 5 5 6.
6cos x +4sin x cos“x (1 —tan x) \/;
COS X
27. \/sin 2x cos 2x 28. m 29. cotx log sin x
30, 0~ 3. — 32,
1+cos x (1+cosx) 1+ cot x
2
1 tan 1+log x
33. 34, NEIX 35, Utlogx)
1—tan x sin x cos x X
+D(x+1 2 x’sin (tan~'x*
36, GHD0xtloga)y o 'sin an”'')
X 1+

Y9 38 TH 39 § WEl W h1 I hIfS0:
10x° +10% log, dx

38. I = TR B
x +10
(A) 106=x""+C B) 10+ x°+C
(©) (0F=x""'+C (D) log (10" + x'% + C
dx
39 Jsin2 X C0S? X = ¥
(A) tanx+cotx+C (B) tanx—cotx + C
(C) tanxcotx+C (D) tan x —cot2x + C

7.3.2 fIwivrfudia @d-afuesrel & IUGNT gRT WHIkeT (Integration using

trigonometric identities)

S g H F9 Brerivfda wer ffed g €, df g9 areher 91 %3 % T 3w
A AR 1 YA i © w1 for Frefafad SEeLl o g SHerE T4 B

samgtor 7 fefafad & 3@ sifse
1) J-coszx dx (i) J-sin 2x cos 3x dx (iii) J-sin3x dx

&'
(i) TIEESRT cos 2x =2 cos? x — 1 Tl RO hifew fSad

cos’x =WWW%I
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BRIy Jcoszxdx:%_[(l+cos 2x) dx = %de+%jcos 2x dx

X .
+—sin2x+C

2

N

(i) T sin x cos y = %[sin(x+y)+sin(x—y)],aﬁwmaﬁﬁrq

GEl Jsin 2x cos 3xdx=%“sin 5x dx—jsinxdx]

l[—lc035x+cosx}+c
21 5

—icos5x+lcosx+C

(iii) FeHfHeRT sin 3x = 3 sin x — 4 sin’x ¥ 89 UQ ® R

. 3 3sin x—sin3x
sin"x=———"-
4

wfery  [sin’x dx:% [sin x dx —i‘[sin 3x dx

—%cos x+icos3x+C

ICETE LR Isin3x dx—jsinzx sin x dx = I(l—coszx) sin x dx
cos x =t W@ T — sin x dx = dt

BRIy Isin3xdx=—-[(1—t2)dt

3

—_[dt+_[t2 dt=—t+%+C

1
—cosx+§cos3x+C

feoguit frmrorfidta gd-afrshmsti s STAN w0 §Y e I <1 Tehal € Fof Sl ST
T B

| woraett 7.3 |
1922 TF & U9 § YIS e H1 UGS G i)
1. sin>(2x+5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos 6x
4. siP 2x+ 1) 5. sin’® x cos® x 6. sin x sin 2x sin 3x
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. . 1—cosx COS X
7. sin4x sin 8x 8. 1+ cos x 9. 1+ cos x
. sin® x
10. sin*x 11. cos* 2x 12.
1+ cos x
Cos 2x — cos 2¢¢ oS X —sin x
13. ——— 14. —1 2 15. tan® 2x sec 2x
COS X — COS & +sin Zx
sin® x + cos® x cos 2x + 2sin’x
16. tan*x 17. ——= > — 18, —————
sin“ x cos” x cos” x
1 cos 2x
. 3 . . 2 . sin !
19 in xcos'x 20 (cos x +sin x) 21 sin =" (cos x)
1
22.

cos (x—a)cos(x—b)
YT 23 WA 24 H WEI SW H 9T FHiwQ

2 2
sin® X —cos” X
———————dX SO %:
23 J sin? x cos? x
(A) tanx+cotx+C (B) tan x + cosec x + C
(C) —tanx+cotx+ C (D) tanx+secx + C
e*(1+x)
= =77 X R B:
24 Jcos2 (e*X)
(A) —cot (ex) + C (B) tan (xe¥) + C
(C) tan (&) + C (D) cot () + C

7.4 % fafyre weri o Turehe (Integrals of Some Particular Functions)
79 1] o 70 fefafed seaql gumhe T w1 SR F:3 $iX 9gd ¥ W
G WU FAEheH! Sl A i | ST TR S|

dx 1 dx 1

1 =—1lo +C 2 =—7Io
D sz—az s 2) J‘az—xz 2a £

X—a at+x

+C

a—x

X+‘VX2 —a2

X+a

+C

dx 1, x de  _
=—tan  —+C ———=r=log
) Ixz +a> a a @ J«/xz —a’
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=sin 1—+C x+Vx2+a*|+C

=log

d.
O e ﬁ (©) I—sz_%z

319 &9 Wi uRomEl o fag e 2

1 1
(1) &1 5 efF 5=

x*—a° (@x-a)(x+a)
i (x+a)—(x—a) _i{ 1 B 1 }
2a| (x—a)(x+a) " 2a|x-a x+a
g dx 1 dx
sz—az ZDX a_-[x+a}

:Z[log|(x—a)|—log|(x+a)|]+C

1y
" 2a g x+a

(2) W (1) o 9N &4 I ¢ f&%
I _1i@+tn+(a-x 1] 1 1
a’*—x* 2a| (a+x)(a—x) ZZ[a—x+a+x}

BRI Iazd_xzzih - +] dx}

X—a

+C

x° 2al|l'a-x ‘a+x
1
= Z[—log|a—x|+log|a+x|]+c

1
- —1lo
2a g

a+t+x
+C

a—x

(1) ¥ ST &1 T fafy # oren e 7.5 § #1 ST

(3) x=atan 0TI W dx =a sec’ 0 do

ufer J- dx _J- a sec’ 0 do

x> +a’ a® tan’0 + a*

- —jde=—e+c=ltan-1f+c
a a a a
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(4) "M TNT x = a secO T dx = a sec 6 tan 6 d

J- dx :J- asecOtan0 do
\/x2 —-a? \/a2 sec’0—a’

= Jsece do =1log [sech + tan6 |+C,

2

_ log ﬁ+‘/x—2—1
a a

= log| x+Vx*—a —log|a|+C1

= log| x+vx* —a’ +C,GI%'TC:C1—10g|a|

(5) O eifSef® x=asin 8T dx = a cos 6 do

dx____acos®dd _ _ax
B '[\/az—xz —J.\/ _Jd9—9+C_sm a+C

a® —a® sin%0

+C,

LS}

(6) T TifT ff x=atan 6 9 dx = a sec?® dO

a sec’0 do

a® tan’0 +a*

S o i

= jsec@ do = log |(sec@ + tan 6)| +C,
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= log R x_2+1
a a
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(7) Wj—aﬂmﬁéafwz%ﬂ

ax“ +bx+c’

2
ax> +bx+ ¢ = a[x2+2x+£}=c{[x+ij +[£——J]T\H@ﬁ %I
a a 2a a 4a*

¢ P ‘
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a
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c b’

[———Jéaﬁgmﬁﬁwaﬂﬁgqagmw I & ®9 T qiafdd

ﬁw%aﬁiwwmmaﬁmmm%
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T WHIT0Teh T3l o1 SUA hich HHIshe 1 fehal S ehell 2
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X
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M,%w&wmmmwéﬁmm(g)aﬁqﬁ
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(10 J‘\/axz+bx+c
M 9gd © 3R WHIERe I T W ® 6 9 gietdd s 2
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. o dx dx _l x—4
O ] o=l = gl 74
dx
(i) =
I2x x I,/l—(x—l)2
x—1=71T@EH Rdx =dt
d d
ERSIIGLY I\/z al - :I\/l ttz =sin"' (1)+C [7.4 (5) 9]
X—X —
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J i | dx IL
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&
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1
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3 3
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1 dx
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2022-23

G P



HHTh AT 329

13
CEE | x+€=tmﬁuzw=m

J dx _1 dt
3x* +13x-10 3t2[nj

+C, [7.4 (i) 9]

6x—4
6x+30

1 x 6 6 1
=—log|———={+C, = —lo
g 1= 17 g
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1 1
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1 1
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1
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1 I, (1Y
= —=log|t+ tz—(—j +C (7.4 (4) 9]
5 5
1 1 2x
- —log|x——+ [x* ===
5 5 5

IETET0T 10 TreAfafad gaeheri sl Fd hifsg

+C

J x+2 B I x+3
UN Pyerr W s —ar— 2
'

() G 7.4(9) 1 SYAT HT T A AWeTH HLd &
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A el T x ok Ol T SR HI HEH FHE WY UQ T

1 1
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LAY S
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= ZI‘+512 CIERSIIELY) (D
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1
I,=— j - tan~'2r +C, (7.4 (3) 9]

= tan_IZ(x+%]+C2 = tan"' (2x+3)+C, (3

(2) 3R (3) 13997 (1) § & WeH TQ ©
J x+2
2x* +6x+5
o C G,

S8l C—T'FZ

I8 G 7.4 (10) % €9 § 2| U 43 hl F=fciEad &9 § Afqered
F B

dx=ilog‘2x2 +6x+5‘+%tan_l(2x+3)+C,

x+3:Adi(5—4x—x2)+B “A(4-20)+B

X

A vell | x ok O] T TRl Sl WHH i W EH U ©
—2A=13R-4A+B=3,

arefiq :—% B =1

4— 2x dx

J.\/S dx—x° J.\/S 4x—x*

N

1
= -5 L +L, (D)

ILHS—dx—x*=1,TH W(-4-2x) dx=dt

4— 2x dx dt
e 1 = = i +C,
J.\/5 4x—x* J.

= 2\5-4x- x> +C e (2)

forem =ifsig

- I =_[ X =_[ dx
P s—an— oo (er2)
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dt .t
zafere Izzjﬁzsul 1§+C2 [7.4 (5) 9]
= sin‘1%2+c2 .. (3)

TR (2) TS (3) & (1) H yfaeenfia 9 W 89

J-L32=—4/5—4x—x2 +sin‘1%2+c W Y €, STl c=cz—%
V5—-4x—x

| vttt 7.4 |
YT 1 9 23 T o Hol 1 GHRAT hiToa)
3x2 1 ;
2. 3. 2
x®+1 VI+4x (2-x) +1
p——— 5, % PR ¥
T 9-25x2 1+2x* 1-x°
x—1 x2 sec’x
7. 8. — 9., T/——
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1 1 1
10. 11. ——— 12.
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13 (x-1)(x-2) 14 43— x 15 (x—a)(x-b)
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19. 20. 21.
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YT 24 TH 25 § TEl W HT 9I7 HIfST:

24. Jz—amar{ T
X+ 2X+2
(A) xtan'(x+1)+C B) tan' (x+ 1)+ C
C) x+Dtan'x +C (D) tan"'x + C
2. | X d
VOx—4x°
(A) lsinl(gx_8j+c (B) lsinl(gx_9]+c
9 8 2 9
o af9x-8 lsin_l(gx_gj+c
©) gsm ( ] j+C (D) > 9
7.5 31ifYreR =t gRT WuTeRe™ (Integration by Partial Fractions)
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T TARCT 1 RO GREF ol o IR & &9 H foa@n S 99a 21 39k 99
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Rl 7.2

R | URAT Wed o ® Y ifoTeR Rt @1 ®
Lo P sy A LB

' (x—a)(x-b)’ x—a x-b

, px+q A B .

i (x-a)’ X—d (x—a)

3 pxlgx+r A n B N C
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A pxE+qx+r A B €
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3ETguT 11 Im 1 HH A it
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: dx dx dx
J(x+1)(x+2) - -[x+1_Jx+2
= log|x+1|—log|x+2|+C = log i:; +C

froguit U TRl (1) Uk Geaiie © e1efq Tk TH e S x ok qeft Tl
eft AT o fIT 1 81 F® oiEe Hobd =1 SYAN J8 < ok g & ® T fean
TN HUA T TIHHH ¢ SR Hohd = 1 ST I8 T o foaw w § R famm gen
FHUA Teh THIH © 270iq 78 <9 o fow fom fan gen som x o fafvea oml & forg
T 2

X2 +1

IR 12 Imdxmmaﬁﬁﬁm
X —JX

2 +1

m@sﬁﬁwﬁﬁﬂwﬁéwgﬂxulaﬁ
X—5x+6% UM FW § AN EH UG ¢ fF

X2 +1 5x-5 5x-5
> =l+— =1+
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TA Tl T

5x-5 ___A B
R UE L R S S S
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T TR0 i B hiH W EH
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2 +1 5 10
1 +

3Ad: =1—
X2 -5x+6 x-2 x-3
2
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TgferT — = dx=|dx-5 dx+10
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(x+1)*(x+3)

WWEWWWIMM‘}H%{Q@QW@FWW%I 37d: BH

3-2 _ A B
x+D*(x+3) x+1 (x+1)* x+3

fored &
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4

4
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Tl el @y oh TUNshl TS SR UE) i ol il WEH Ud € A+ B =131
4A + B =0, foo@ urw gran €

A:—% aﬁT B=£

3
x? 1 4
S 2 2 =752 L2
x+DH " +4 3(x"+1) 3(x"+4)
f x2dx 1
J-(X2+1)(X2+4)= 7§J‘x +1 _‘Ix +4
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3 32 2
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SETEIT 15 j d¢ 1 9 A it
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Tl e1efie THTeher fefefaa &9 o 9w g 2
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4
2—sin ¢
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Eiigly P+x+1=A+1D)+Bx+C) (x+2)
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-1
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23, dx
) x(x2+1)

(A) 10g|x|—%10g(x2+1)+C (B) 10g|x|+%10g(x2+1)+C

1
(C) —log |x|+%log (x*+1)+C (D) 510g|x|+10g @+ +C

7.6 GSIT: WHTehe (Integration by Parts)
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o & ogaR B9 e € R
d dv  du
— () =u—+v—
dx dx  dx
AT Wl w1 R H W W W § R

uv:".u% dx+".v% dx

dv du
A u—dx=uv—|v—dx .. (1
I dx I dx M

M efifsg R u:f(x)?::ﬁ'{%=g(x)ﬂa
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SO 17 [xcos xdy 1 WA W i)
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ISR 18 jlogxdx [ Fifu

T U YA o T g9 TR el o1 M e ° sreme € fSweht stashers
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ISTEITT 21 je"sinxdx A FIfT)
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X
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fosheud: sin x H Yo HeH TF o 1 fgdia wed o W ot STdad e i
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JETET0T 22 Hd hifsg

. e 1 (P +De”

1 Je (tan x+1+x2 )dx (i) '[W dx
&

N e 1

= d
() el 1=[e"(tan ) d
3 £ (%) = tan'x, ST, 96 f(x) = 2
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a1a: T gan wHshed o [f(x) +f(x)] % ®9 H B

T I= _[ex (tan” 'x + 1+1x2 )dx =e¢* tan 'x + C
. (x? 1)e —1+1+1)

M St = d
@) J eyl (x T 0 E

2
=J'ex[x71+ 2 1 :je“‘[x—_1+ 2 | dx

x+1)>  (x+1)? x+1 (x+1)?

x—1 v 2
A ol 6 f () =" T =

a1a: T g3 wamed o [f(x) +£/(x)] % ®9 | B

x* +1 o d x—1

ERSIIG L dx = e +C
J(x+1)2 x+1
| woTareh 7.6 |
1 ¥ 22 T oF U9l o ol ol AR i
1. xsinx 2. xsin3x 3. x2ef 4. xlogx
5. xlog2x 6. x*log x 7. xsin'x 8. xtan' x
9. xcos!'x 10. (sin"'x)? 11. s x 12. x sec’x
V1—x?
13. tan™'x 14. x (log x)? 15. (2 +1)logx
) xe o 1+sin x
16. e (sinx + cosx) 17. (1+x)2 18. 1+ cos x
b e(Ld) kDL,
9. 2 0. x—1) . e¥sinx
22 sin_l( & j
’ 1+ x°
T 23 TE 24 H W IW H TIF i
23, [Xet dx TR E:
A 1 x3 C B lexz_i_c
(A) ge + (B) 3
C le"3+C D ! < 4C
© > (D) 26
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24. _[ex sec x (1+ tan x) dx SR 2:

(A) e*cosx+C (B) e*secx+C
(C) esinx+C (D) e“tanx +C

7.6.2 S 3T Yok & gurRT (Integrals of some more types)

TET B9 WEI: THIHEH (afe T T 5w faftre YR o e qamehet w1 ==
| 59

@) j\/xz—az dx (i) j\/x2+a2 dx (iii) j a*—x* dx

@) ma‘\ﬁqﬁl:j P —a® dx
ww1ﬁmwnﬂﬁ§qaﬁ?mzwm%ﬂqﬁ%

I= xvJx*—a —j x dx
X2 —

:xm—j ,—dx—XVX jx —a +a”

x\/xz—a2 —I\/xz —a® dx-a®

dx

J- dx
Vx? —a?

xVxt-d* —I—azj

e 2= x/x*—a’-a°

2 2
X —a

dx
J /X2 _ g2
SR I= J‘\Ixz—a2 dx=§\/x2—a2—élog‘x+\/x2—a2

T YR T I GGG § SR Wed 1 ! g W Wl Td @eul:
TR faf g ew aid ®

2
(i) j\/x2+a2dx=%x\]x2+a2+a?log
2
(iii) j az—xzdx=%x\/a2—x2 +%sin_lf+c
a

foesheud: wHMREA (i), (i) TF (i) § FHU: x = a sech, x = a tand I
X = a sin®, IETTT W W =F TERREH! w1 91 R ST 9l 2

+C

x+vVx*+a® |[+C
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ISTETUT 23 J‘w/x2+2x+5 dx F@ i)
T = e fw J‘w/x2+2x+5 dx=J.«/(x+1)2+4 dx

3« x+1=yT@H W dx=dy, 7@
J\/x2+2x+5 dx = J«/y2+22 dy

1 2 4
= +4+—1lo
2)’ y > g

= %(x+l) Vx® +2x+5+21log

yHyy +4 ‘+C [7.6.2 (ii)3 STaRT 9]

x+1+vVx2 +2x+5 ‘+C

FEET0T 24 |[V3-2x—x* dx F@ HIfSU
[V

T N AR ﬁj 3-2x—x° dx=J‘\/4—(x+1)2 dx
SiC x+1=yT@ W dx=dy
WIRR  [3-2x-x dx = [J4- ) dy

1 4
= 4=yt 4 sin 1%+C [7.6.2 (iii)e SwaiT 9]

- %(x+1)\/3—2x—x2 +2$in_1(x7+1j+c

| vt 7.7 |
1 99 Tk o Yl oh HoHl ol THIRC ohifold|
L 2. \1-4x7 3. X +4x+6
4o xP+4x+1 5. Jl1-4x—-x* 6. \/m
2
7. 1+3x-x* 8. V¥’ +3x 9. 1+%
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YT 10 TF 11 H &l ST h1 TI9 i)

10. I\/l+x2 dx TR 7

3

2 =
(A) §\/1+x2+%10g(x+\/1+x2)+C B) S(+x)2+C
3 2
©) %x(l+x2)2+C (D) %\/1+x2+%leog x+l+22 [+C

11. I\/x2—8x+7dx3ﬂ'[5l'{%
(A) %(x—4)\/x2—8x+7+910g x—4+\/x2—8x+7‘+C

(B) %(x+4)\/x2—8x+7+910g x+4+\/x2—8x+7‘+C
(©) %(x—4)\/x2—8x+7—3\/§10g x—4+\/x2—8x+7‘+C
(D) %(x—4)\/x2—8x+7—%10g x—4+\/x2—8x+7‘+C

7.7 Tafvoa @uteRe™ (Definite Integral)

et aftesel o end etfiiea gamherl o aR o e1eer e @ o oo fafire e
& el Gfed AT Taher %1 90 w6 H F9 i w® w=t w2
Tf=st | &9 fhdt wem o fafyaa gamres &1 steqaa w1 fafyaa aamees &1 @

HAfgdta o= B 81 T Tiv=a Saeher jjf(x)dx,@ﬁﬁgmméﬁﬁ

b, GHIREA 1 S0 GIH U1 o, R 1 = A seardt 81 Fivea gameher
9f= =, o1 A R W e w9 W S S g A¥El AfS S [a, b] H THR B
yfdsreherst F € df fFfvea g &1 A offam fogefi W Foh AMl & ofax ereffq
F(b) — F(a) & a0 BId1 8, & &9 § w1 S0 2| Fifved guehed o 39 91 ®i
I B -7 == w4

7.7.1 TR ® G @ ®Y 9 [iyed QUThcT (Definite integral as the limit
of a sum)

M ST fF T &€ SFaA [a, b] W Th Gad ®ed £ IRWIE g1 7 s fw
Fer & Feft O RO ¥ AT We &1 oo x-378 ¥ SR Th IF 2
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TH y=f(x), x=a,x=bTd x-31 ¥ R & &1 e=wa & ffvea gowe
j:f(x)dxélwWﬁmaﬁ&ﬁq,ww,x-aa@ﬁﬁﬁx:am

x=beh o9 R &% PRSQP &l ofifq (3merfa 7.2 <f@w) |
HAaUA  [a, b] EDl [x, x,1, [xl, X,] s [x. ,xl .. [x _,.x] ¥ fafde n e

Il H faufea wifsa \_ﬂﬁxoza,x1=a+h,x2=a+2h,...,xr=a+rhﬁ941

b—a

X, =b=a+nh3A¥AM n= 2 JST I n > o dl h— 0

afeq &5 PRSQP, n SU& 1 a1 8 &l Jeieh Sua susiauat [x_,x ], r=1,
2,3, ...,n T GRwE 2

R 7.2 9 &9 UM ® 6
3T (ABLC) &1 &% el < &3 (ABDCA) 1 &% d < 3Td (ABDM) &1 &% ... (1)

S

T A x —x_ —> 0 AU 7 —> 0, W FHHIT (1) | <MY T A ashet
Toh SO o @ WA € S B o1 gH Trefetad dmhel w1 i e €

n—1
s =h[fx) + ... +fie, )= f(x) e
r=0
R = RIf )+ f )+ [ )]=hY f(x,) .. (3

TeT s T S U [x_,x|r=1,2,3,...,n, R T HEN: T o€ v 3=
TGl & el o A i ffdw wRa €1 srfEe (1) % wed ¥ fHd wes 3w
SN [x xr]a?fﬂ'q%'qtl'lﬁ%ﬁ

s < & PRSQP I &5%dl < S C)

1°
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IR 1 —> o0, A TR THIT T FawTol BN = W 7 SR Tw WA foram S ©
& (2) 3R (3) o Hifqd 99 & G6E 2 qun s9atTs Hifid 5e & 9% o e
i ahe 2
rorfass o | &9 39 fefafEd geR fored

limS, = lim s, = &% PRSQP 1 &9%d = j:f(x)dx (5

n—eo n—eo

Y U8 Udl ordl ¢ foh 1 &% g o 9 o STdl Us g% o S &
Tl ok wiel o TRl ehe o HifHa A ot €1 gleen o Ty B9 ok Susiaue
% o1 fHTR W g 1 SAE ok SR SUE 916 STl i <l 3T: 79 (5) I AR
frfafad w9 o fored 21

J.jf(x)dx = }lin(l)h[f(a)+f(a+h)+...+f(a+(n—l)h]

A I:f(x)dx = (b—a)ii_l)g%[f(aﬂf(a+h)+...+f(a+(n—1)h] ... (6)

. b—a

STl h= S0TR’ n—o o

n

ST SR (6) AR H WA % w9 A fAfvEa G w1 IREl wEdn 2

fewuit fodt fafere e | U od o [ited THsad &1 99 $od T8 3iaa
W At FXA1 ¥ T THIRCH o 39 W W &l EH =51 70 WA = i el
FH & faT &W 21 A x F TIF W Ead 9 H ¢ AU ¢ 9 M fme S 2

q 9 g Iabf(x)dxéﬁ@mmWW J-bf(z)dz eﬁ%ﬂj:f(u)du
foraa €1 era: ffvea TamEer o fau gueher =R Th 9% =X HEdr B

ISTETUT 25 Waﬁﬁm%mﬁjju%l)dxaﬂmaﬁﬁml
ol QR o $TIER
be(x)dx =(b-a) liml[f(a)+f(a+h)+...+f(a+(n—l)h]
a n—o n

o b-a
EH h=

n

FWI|EWH a=0,b=2,f(X)=x>+1, h= =
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Z(n hy

[ dr = 2 im0+ SO+ SOt fEED)

n—soco 2

2 2 2
211m—[1+(2—+1)+(4 +1)+... [MHJ]
n

242
_211m—[(1+1+ +1)+—(2 +4% +..+(2n-2)%]

n—eo
n 9g

1 22 2 2 2
=2lim—[n+— (1 +2°+..+(n-1)7]
n

n—e pn

4 n-DHn2n- 1)]

= 211m— +—
n—se n[ n? 6
— 2 lim L 222D @Gr-D,
n—e n 3 n
4
=2 lim [1+ (1——) (2——)] e D [1+
n—o 3

IETETUT 26 AN KT W F €T H joe“‘dx %1 OF F1G B
ol R o STER

| 2 4 2n-2
J. e dx = (2-0)1im—|e’+e"+e" +..4e "

n—e

2
TUIRR it o 5 WSl o ANTHE o G 1 STAN Hd L & a=1, r=e" W UN
g f

2n

2
[Ce de= 20im [0 = 20im - £
n—e p n— pn ol
e”—l e"-1
2 -1 ("1
B N
fim | 5|2
n
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[ woaerett 7.8 |
AT Y o oh w9 ° frefafea e g =1 3 9@ wifsm
1. j:xdx 2, j;(x+1)dx 3 j;xzdx
4. j14(x2—X)dx 5. J-jlexdx 6. j:(x+e2x)dx

7.8 Te @t 3NURYA WHA (Fundamental Theorem of Calculus)

7.8.1 éﬁaﬂv_c'f %I (Area function)
Y

T J:f(X) dx 1 FH y = f(x), x-3&, @ N V=S
HIfeA x=adM x=b T R & & &GTFdA &
wq § uftifid foran 19 ST [a, b] § x 1 6

fig 2 q@ [ 7 (x) dx Ff 7.3 5 Tt BrifeRd

&9 F ST HI FEd w T (TR 98 oH <%
ferm T 2 % xe [a,0] & AT f0)>0%1 _
ﬁwﬁf&ammw:mwﬁémﬁﬁx‘oﬂ x X
W%é@@ﬂﬁ%%ﬂﬁéﬂ%xé?%ﬂ Y smhirs

AR 2

TR VIl W 39 Difehd &5 1 &kl x T Teh Hel g1 8H x o 39 Held hl A(x)
¥ fifde w1 €1 39 B A(x) FT H A e HEd © 3R 98 88 frEfated g
Y g B 2

A(x) = Iaxf(x)dx (1)

T YR T SR < SR T9F €1 927 €5 el W hael $h! SAreAn Sl
Hifeh T SUITT T TSAYEH HI GHT % R B

7.8.2 WA 1 WHIFHT TOTT &t TIT ST YT 99T (First fundamental theorem
of integral calculus)

M AT o o8 SFaUel [a, b] W £ Th Had B € 3 A (x) 8% %o 21 a9
qft x € [a, b] F TATA(x) = f (x)

7.8.3 AT TOTT i Tgata Tawygd 99T (Second fundamental theorem of
integral calculus)

&0 e Tk U8 Heequl §EE R oA S € et gemdr 9 g6 ufdstaskhars
ST d B e THeherl s WH F[ S g
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Tfora

THE 2 HA i o 5% e [a, b] W f Tk Ead ®er @ AR £ 1 gidsterehers

b
F21 7 [ f(x)de=[F(x)])=F () -F@)
fewuit

1.

2.

(@)

(i)

@

ﬂ@’fﬁ‘%ﬂqﬂazﬁwwmwﬁ%ﬁj:ﬂx)dx:(ﬁaqﬁmw
F &1 S=a §M| ph W 7F) — (36 9fd s&eherst 1 = 4 1 ¢ T/ 7F)1

TE YU IS ST € s Te TH AN 1 HiH T ey fon fafvea
G 1 T L i @ oy 9eH Lt 2

e FIf=a garehed 91 & § Sifee SR T U0 Tl &1 U i © ToeR
SRS G T WHRCT ¢l I8 STadhe 3R HHRH & dd HaY i 31

ST Yl B
j:f(x)dxff, [a, b] T &&H f 1 UG T Tad el SAavash €1 SEeivn:

1
= wameRer jix(xz—l)idx 1 == T gifaqersh @ e o9 sfaa
1
[£2,3] % 9 — 1 <x<1 @ faAU f(x) = x(x* 1) g0 e ®or f

TRt & 2 J.:f(x) dx Td & ok =01 (Steps for calculating '[: f(x)dx)

SR wHeR [ f(x) dx S BT WE AR T F(x) 81 HEhT SR
C I ©F &I STegashdl T8l © Hifeh afe 89 F(x) & M WEF(x) + C W fo=r
FE A Ud ® e

jb £ (x) dx =[F (x)+C]” =[F(b) + C] - [F(a) + C] = F(b) - F(a)

70 YR fAfeed Tahe %1 99 9 9 ° W 3R faqw @ S ?)
[F ()], = F(b) - F(a) 910 FfST, S fow j:’f(x) dx 1 T R

379 &9 P IIEN W fFER FW T
Sareur 28 Fefafed gaeRer @1 7 Fd wifsa)
3 9 \/_ d
J.zxzdx (i) L xé dx (i) If—( +;c)(x+2)
(30— x2)? AU

(iv)

TC
I04 sin® 27 cos2 ¢ dt
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() WM oS I=j;x2 dx & | it sz dx=%3=F(x)
ZHfery fgdta snemRyd 799 9 &9 € &%

I=F(3)—F(2)=2—37—§=?
(i) =M e fw I=_[49L3dx g 7Y TR S HdsTeherst Tid i ¢ |
(30— x2)?

3
2 2
30— x2 =tT@ﬁtR—%x/x dx =dr e N x a’x=—§dt

Jx 2¢dr 2[1] 2 1 |~
E'H‘EIT:FR J—dez—g-[t—2=3 P =§ é —F(.X)
(30 — x2)* (30 — x2)
AT e a1 f5dla Snumd 799 9 89 U €

9

I=F©O)-Fd)==—— | _2[ 1 1 _E[E_L}ZQ
N 30_x2)|  3LG0-27) 30-8]73[3 22] 99
4
(ii) msﬁ&lm:jf—“jx
(x+D(x+2)
if¥reh =1 1 ST a8 B9 W € T

X v 4 v 2
x+D)(x+2) x+1 x+2

X dx

J-(x+1) (x+2)

3Fd: Her 1 fgda smemeyd vig @ 79 @ € %
I=F(2)-F(1)=[-log3 + 2 logd] — [- log2 + 2 log3]

=—log| x+1|+210g| x+2|=F(X)

32
=—-31log3 +log2 + 2 log4 = log >
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T
(v) 9= <l EQ,I:J‘04sin32tc032tdt.33IEr ISithcosthtWﬁEﬂ'(ﬂﬁﬁE
) 1
sin 2t = u T W 2 cos 2t dt = du 1% cos 2t dt = 5 du
1
.3 _1rs
d: Jsm ZtCOStht—zju du

%[ ]=§sm 2t =F (¢) 9 &iifeig
AT Fed H fgdE SuRsa v 9

T 1 .4 . 4
I=F(—)-F0)=—[sin"——sin" 0] =—
(4) 0) 8[ 5 ]

| woamaett 7.9 |
1 920 9% o Y91 | fafy=a gqmesedl 1 99 A9 Sife|
2
1. jll(x+1)dx 2. jjldx 3.0 [C@x 52 +6x+9) ax
- X
T E 5 L
4. J:sin 2x dx 5. Jozcostdx 6. Lexdx 7. I;‘tanxdx
3 dx 1 dx 3 dx
8. | *cosec xdx 9. 11.
Jg Iom Iolﬂz Isz—l
I 3 xdx 12x+3 -
12. Izcos xdx  13. J.2x2+1 14. J‘05x2+ldx 15. J.Oxe dx
> 5x¢ : 2 3
16. —  17. | *(2sec’x+x" +2)dx
'[1 x> +4x+3 '[0
To.2X 2 X 26x+3
18. sin” — —cos” —) dx 19.
5. [, 2 Y on+4

20. jol(x ¢ +sin %) dx
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99 21 UE 22 H &l IW H TG99 HifeC

21. jﬁ dxzaw%:
I 1+x
o E 5 28 o o
()3 ()3 ()6 ()12
zabc
3 )

2. |, o T
N B) ~ 0 = D) X
()6 ()12 ()24 ()4

7.9 ufaeamaT grT Tfyem wneRert st W9 @@ e (Evaluation of Definite
Integrals by Substitution)

el ofessl | o fAfyed SHehed Wd s Wt oM fafudi w1 ==l #Y R
ARTEd Fuehed T F H Heagol fafua § ww fafa gfagems faf 2

uﬁwmﬁfa@j:f(x)dx,mmmWé?mwwﬁHﬁF@a%:

1. GueheH o aR H Hmel o fa feem Sty 3R y = £(x) SUEn x = g(y)
giceentya wifsre difeh fEan g3t I U 9 €9 § gRafda & s

2. U TR i ARl fhU fa1 U THhed &1 ¢ WX °oF WU THhA
EAIELY

3. 9T WX % T W A Jeid R SR S Rl 9 W % w9 § fafem)

4, =ROT (3) W W ST HT GHERSH HT < gg Gt W aH 1 Hifee iR Se
o a1l A § T @ 9l 99 1 Sfd A S it

| feontt | gu fafa =i dige oM & fo en fFrefofed v em og g )
=X (1) TS (2) & H o o8 =W (3) B HH 1 AEFhal T8l gl &l
YU i T =X oF ®9 H @1 Sl 2 AR FHIeRer 1 Saetl s 9 = o SER
qiEfdd X od ® i &9 Ee Afaq =wo w1 TR S weh|
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T 3U BH SN U TH €

IETETUT 29 J-j15x4\/x5 +1dx 1 99 91 HIf

TA =2+ 1, W@ W dr = 5x* dx

Tafe 5" x5+1dx=_[\/;dt=§t;=%(x5+l);
3d: J-15x4 x° +1dx =g_(xs+l);}1
. 3| .
_2 _(15 +1)% ~(1° +1);]
3_
=§ 23—031 =§(2\/§)=¥

foreTa: GaY9Y €9 T H B0 FW § SR 6 SUiaia GEemer &1 T
el & U’ 9 1 i B
I RGN t=x+1.99 dr =5 x* dx e Hifew fw

SEl x=—1@r=03AR 5 x=1dr=2
3d: S-S x, — 1 9 | 9% gRafdd giar @ 99-a9 ¢, 0 ¥ 2 a% uRafdd =i 21
o J-j15x4 x5+1dx=J.02\/;dt
2
2130225 ol 2, 5 42
=3{t ]0_3{2 0 ZE(ZJZ_)_T
mso]ltan_lzxdxaﬂmaﬁﬁﬁm

0 1+x

1 L4
Tl WM SfSIT £ = tan ~'x, T9 dt:l+x2 dx <9 x:O?ﬁt:O@ﬁ'{szl?ﬁt=Z

m:ﬁﬁ—éﬁx,oﬁlwﬁaﬁﬁm%aﬁ—é@aoﬁ%wvﬁaﬁﬁ%ﬁm%

I tan”' x % it 1| n? n
Ty Joem J; {2}0 2{16 32
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[wemaett 7.10]
1 9 8 T o UYl HHEhCH! 1 HM JRIEATTT 1 YA Hd gL A1G FifsT)

1. I;x2x+ldx 2 [2 Jsmq)cos 0do 3. [ sin ‘( jdx

2
4. [ xlx+2dx (x4 2 = pfam) 5. jo 1:””
cos” x
2 dx 1 dx 2(1 1 2
6. 7. - 8. ——— |e"dx
J‘0x+4—xz J‘*1x2+2x+5 J“(x 2x2j

Y9 9 T 10 H W&l ST 1 FI hifu)

1
1 (x— X)3

)C

91:11%—@?] dx 1 TH

3
(A) 6 B) 0 <G 3 (D) 4

10. 4R fx) = J';tsintdt,aa (%) &
(A) cosx+xsinx (B) xsinx (C) x cosx (D) sinx+ xcosx

7.10 THf¥ora AHTERel o E® TUTe (Some Properties of Definite Integrals)
e TamERerl & $® Heeyqul TorHE! w79 e geeg e &1 3 o o ffvea
GRSl 1 T STEET | 1 6§ START B

P,: j:f(x)dx=j:f(t) dt

P [ fode=—["f(x)dx fafermmn [ fx)dr=0

P, : j:f(x)dx=j:f(x)dx+jc"f(x)dx, 4, b, ¢ TEF Tt )
b b

P,: jaf(x)dx=jaf(a+b—x)dx

P, : J.:f(x)dxzj.oaf(a—x)dx (e DT 6 P, P, %1 Tk fofime feorf @)
2a a a

P, : jo f(x)dx=j0f(x)dx+j0f(2a—x)dx
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P: [ feodx=2]"f(vdx, 7R f2a—x) = £(x)
=0,3R fQa-x)=-f(x)
P: 3 jfaf(x)dx=2j:f(x)dx,aﬁf T T FeH § S AR £(—x) =f(x)

7

(ii) jfaf(x)dx=0,aﬁ;f w famg wer © @l Al f(x) = f ()

Teh-Teh h{ch &9 T TUEl 1 SqU e 2l
P, St UM x = ¢ FTweT F W HE W Bl
P, ot SUUf T ST & £ 1 wfasteekerst F 81 99 %o i {5 serea

YO Y B U © T I:f(x)dsz(b)—F(a)=—[F(a)—F(b)]=—j:f(x)dx,

Tl & W F € B AR a=bww [ f(X)dx=0
P, SUufy HM e % f 1 Sfaeraa F 8, @@

I:f(x) dx = F(b) - F(a) (D)
[*reax =) - F@ o)
&R [7£Codr = F) - Feo . 3)

(2) 3R (3) I et WA I © fH
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e I:f(x)dxﬁﬂWWA(x)ﬁﬁ'{aﬁHW%I ST e I

GheUl BH e 1 STURYD F99 1 iR Frefafed &9 & 9 et 2
¢ UUER U i YUW MYURYA YHA AF e R &he wed

A(x):j:f(x)dx, V x> q, §RI AR 2 W6l oM £ Sa0d [a, b] W Haad

T WA TR B AEA (x) = f(0) YV x € [a, b]
¢ GUIEHEH TUTE i T5da SaRYd woa
A AT fohet &% ST [a, b] R f, x 1 Hdd Herd € SR F Tk T Held

T et %F(x)zf(x),f o 9l o @4 x o fow €, q«

b b
[ f@) dx=[Fx)+C], =F (b)~F (a)

Tg R [a, b] T f o1 Y= Gaeher Hedl ¢ Sl q 9 b THhe
aﬁ@mmﬁ%aﬁm@mm%aﬁ?baﬁﬁﬁmm%

_.._
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¢ One should study Mathematics because it is only through Mathematics that
nature can be conceived in harmonious form. — BIRKHOFF

8.1 ‘ﬂﬁ'EBT (Introduction)
sfafa ®, g9 s ol Svde wqdst wd gat
gfga fafa= senfadia smepfaet o &s%a o ufthed
o foru g o1 eremed fohan 21 arafass Sfteq &1 e
gueet o fa i o STE ¥ 39 YRR o I qA
e &1 YR sfhfd o e 1 Werdal § g9 o
TNl STpfaal o &5hel &1 URehad HT Thd 2|
T 3 g3 Tkl g0 R &5 & afishem & fag
It & 3ok foly &8 HHTsho TG 1 o HehouHrsil
1 STEwFehal R

fuscl o1/ | g ArTHRA i | o ®9 ¥ fAfvea
AR 1 TR H qHI G y = f (), Fifear A.L. Cauchy
X=aXx=bTd x-31&7 ¥ R &% &I I FH H (1789-1857)
e e 81 39 1A § eH WIHRU deh ok 3faid, WXl {@net ue g, e,
Jen rergel (Shaet UM ®9) i =Tl ok e o1 &5l bl T A o fery Famehert
& TH fafere ST 1 1eaam i1 SR gl ° R gawa o1 ot Jd w3

8.2 WILWUT aehl oh fdiid &THeT (Area Under Simple Curves)

s T o 394, AMHA Hi 9T oF ®9 § Ff=a g9 @ ®ed & STHRd
O T STANT d U e WHeRe o1 UReher ohd feRar S, k1 ererEE femen
21 79 B GF y =f(X), x-3& T FIEA x=addq x=h ¥ R &%t 1 F@ HA
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I AGH TS 3ida 9 o fafy = w=i g ¥
21 Mepfd 8.1 W BH =k o Aavid &Ihel i y=f®
agd ©f dell T IrEfR §gd | ufeedt «
faffa am " €1 y S9E T dx =eE
el Th TS T W TR i, e dA Y
(IR T T &Rtk = ydx, STl y = f(X) §1 —b

T8 AR YRS &S HEedl © S X<g[ P i o X
fiF &9 & Wi fre O forfs W wnfm Y STeFfa 8.1

2 W adAq bk HeA x ok fopdl A @ fafafde 21 @k y=f (x), FfeA x=a,x=b
T x-314 ¥ o) &3 o el &9%d A Fl, &3 PQRSPH §+f qael dfeeai o a=ha
o ANTHS o YRUMH o ®9 § 2 Hehd ¢ Hiehidh

Y

a1 H €H 38 3H YR Sifiee #d y=d
A= I:dAzj:ydx=I:f(x)dx \
X
THEX=Q(y),y-dF @@ y=cy=da R & & \
1 eethel Frefafed g3 g7 ura feRen S 2 Zx=g@)
A= I: Xdy:jjg(y) dy e S=c .
. ‘O >
Tl B0 afas dfeedl W foeR wd € S fw V. smfrsn
aTrepfa 8.2 o <wifan T 2

feuuit afg afea o =1 feafa x-21e1 o == ®, @ St@n T emepfa 8.3 # <wien
TN, S8 x=a¥ x=bd®

f(x) <0 sfeT fU gU =%, X
X-378] WS hifedi x=a,x=b ¥

R & 1 &% FOMHS & /
W%,‘W@WW%W X~ 5 X
AT I kT & w i=a 74‘:”
21 zafer Az el o ™ ®

€ < &1 5ok FRue A, st v

U:f(x)dx‘ﬁ?ﬁ%l v

3TTeRfd 8.3
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THA: UH Bl Gohdl 8 T O 1 B WM x-3781 & U & q1 S AN x-398F H
= €, S foF emepfa 8.4 H <t M 1 FET A, <07 A, > 02, T T

y =f(x), x-31& T Hifeal x=aden x=bH R & 1 &=ha AGT A= |A |+A,
R 9T feran S ® 1

Y
A
A,
x=b
X ) >X
X=a
v A]
Y/

3TTeRfd 8.4
TEMEIOT 1 FA X2 + Y= a1 &ARA TG HISQ

Tel o 8.5 H KU 3w 9w ¥ R gU & 1 g &ewa
=4 (fsu gu 9%, x-2181 T Fifedi x=0dMx=a ¥ R & AOBA &1 &=l

[FfF Id x-31&4 T y-31& I ok v

ftd: wHfAd 2] B0, a)

= 4 ydx (wsaier wfeE < gw) ,

= 4'|':\/a2—x2 dx , X 1l A@o)
iR X2 + y2 = a2 ¥ y=2va’ - Xy g 2| o
S fom & AOBA WM =qufer o wimfed @
AT y 1 oFTES o S €1 eehe B
W feu gC g9 9 o ekl fefafed &9 Y’
T BT 3TTeRfa 8.5

2 a 2
- 4{§\/32—X2+%Sin15} - 4|:(gx0+%sin"l)—0:|

A
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foremeua: w1 T etepfa 8.6 o <witEn T € Y
&t ufeeal 1 == i g 99 gr R & & B|(0, a)
FA FARA
X
= 4I0axdy = 4_|‘a\/a2—y2 dy (FI17) dy
y y X A(a,O)\X
_ [ _ - 0
_4{2 a’—y’ + 2 5 al
- 4[(3x0+ a—zsin"l)—0:|
2 2
B v
s4y,Tm 3TeRTd 8.6
2 2
FaTeTr 2 e %+§=1@ﬁimw
&S A1 J1A TS
ol eTepfa 8.7 ® <idfgw W R & ABA’B’A &1 &5hdl
fRuguasm, x— 378, Hifedl x=0,Xx=agR JIq agIer g
iR &5 AOBA &1 &35T%eT
(Fiifer el x-2181 WS y-31e1 < o uRa: wufi )
- 4T ydx (3EfR w2feaicdgy)
0
2 2
313[:—+Z2 —1% y= +—x/a —® e g ¥, g & AOBA w9 wigeifer 4 &
Wywﬁmm%,w@mﬁ& &R y
= 4_[ aE\/az—xzdx 5l0. )

4b [2 a’ g
_?{5 o +2 s 1_} @ A/W\A X
co 0)!y(a’ !
2
4—bK—><O+—sm 1] O}
all2 2

B, (03_ b)

4_b3._ E rtab %| Y’

a 2 T 8.7
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Terereaa: e fon ammepfa 8.8 W <wiian e € difaet afeeai 1 == #d gu SEgw
EalERTS

= 4f 'xdy = 45\ = dy ()

Y

0, b)

B
_4_(1'_2 'bz_ 2+£sin711 b Am; A
b2 Y b X- X
| 0 Ca, 0)! (@, 0)
4(1— b b2 .1
=7 [Ex0+7sm 1J—0:| B’|(0,— b)
4a b? N
T
=22 Z_qab ? 3TTeRfd 8.8
b 2 2

8.2.1 U# o UF U I@r @ R &7 @1 &F% (The area of the region bounded
by a curve and a line)

70 SYUERT |, B9 U @l 3R U 99, Tk W@l 3R Toh W™, 91 T 3@l 3R T
<eiga 9 R & 1 &A% T T SUUS dfdd Sl oh THIHIUT Shedl YTHTU &9
o & steme fopy S iR 311 Tl drel TRl 1 SUART 30 ST oh STETIH
&7 ¥ TR T

TETET0T 3 9% y =) TWd W y=4 9 iR &3 &1 a%d @ it
ol Fifeh U gu ARl y = x2 g F&fua ae y-3181 o 9fd: 9ufhd T e
2 3UfeT T 8.9 ¥ &5 AOBA &1 a1sfie &irhel Fiefofad &9 § Ww il 2

4 .
2[ ‘xdy= 2 (fxw gy o, y o wd

e y=0deny=49 g, X
&% BOND 1 &=el) \ N /4
A B~
= 2f Jydy @) dy—
o] el X 5 X
SR R R
et Bt et afeeat ot € S e ot 8.9 Y
<9It T 2 3T 8.9
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focheua: &9 AOBA %1 &% U HT 2 Y

o forg g9 PQ St Sreafer ufeeal & wehd Q 4
T St foF arepfa 8.10 § <wifen T @1 sEen A N B’
foTe &0 THieon =y Ud y =4 &l & =2
2 9 x= 2T x =29« Bl 2 x=-2 ++dx

TH TR & AOBA S bl y =2,y =4 T il X
Fifedt x=-—23aa x =29 oy & gfenfer O,

fopa <1 ke B Y’

AT & AOBA &1 &F%d 3Tepfa 8.10

= Iiydx[y=<ﬁ§Qw y Frdass — fag p w1 y Fdeme) =4 %7

= 2_[02(4—x2)dx (1)

3 2
=2|:4x—x—:| :2|:4><2_§:l:2
3, 373

feoruit Sutie SEETON | I fend feherar @ foh TRl &5 o1 &srhel T & o oIy
&0 Seater storan afast afeeal & o Rt 1 oft o Tohd 1 T T T T <A ufeea
H o frdl T &1 == w1, SR ufeedl S aea: st meifiendr ST

SETET0T 4 JA9 Ige ¥ g9 X2 + y2 = 32, @l
y=X, To x-3F&1 | ToR &1 1 &shed 1 it
B

7o KU 5w # B/

Y

y =X ()

A e+ =32 () x
[HIHIOT (1) A (2) I T HH W & UM
% for foo 591 o TH A g Y T TR A e
=t § B(4, 4) W firerd & (STepf 8.11) 1 x-3181

% HW BM @/ d@ifau)

TfeTy, 31+l &hel = & OBMO 1 &%l
+ &5 BMAB &7 &9%d
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3a, &5 OBMO %1 &=[he
= [fyax=[ xax =2 [¢] = )
gq:&ﬁBMABw%W
= [ yox= [ P2 x

X a2
X 32 X+ — ><32><sml
{ 4J_}

2,

1 1 . 4 1 . 1
— | =42 x0+—%x32x%s 1[-]=+/32-16+—x%x32Xsin —
_(2 V2x0+ L x2xsin ) (2\/— Lesaxsi ﬁ)

=8n-8+4m)=4n -8 e (B
GHiRT0T (3) TS (4) 1 AMEHA A0 FH W ZH AR STFA A=4nId B |

2

Wmsaﬁqﬂa —lqaﬁ&?ﬁx 031 x = ae, ¥ R &5 *1 &% T
ﬁﬁq,a‘mbz:az(l—ez)qsf e<1®I

%ol & BOB’RFSB &1 1= &%l fXU gU 3r¥ga Ta @metl x = 0de x=ae ¥ &
3T B (3T 8.12) 1

oI AT 7 &5 BOB’RFSB &1 &5rhel Y

B -
ZI:ede = ZEjZeVaz—xzdx / S 7%
a
ae . Flae 0\
20 XJa? — 2 +a_2 sin 2 X O X
R

i—b[ae\/az—azez +a’ sin_le} B
a
ab [e\/I—e2 +sin”! e} ST 8.12

7
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| woTereRt 8.1 |

1. SRy’ =x @l x=1,x=4Td x-31a ¥ o & &1 YoM % H &Fhel 1 hiferd|
2. T Sgete B o y2=9x, x =2, Xx =4 Td x-3181 ¥ R &3 1 &%a T Hifu)
3. UUW WU Hxl=4y,y=2,y=4Td y-7g ¥ R &F F1 &% A SIS

4. m§+§=1@mmwmmﬁml

5. e XY 213 it e e
6. FH FGU W A +Y’ =4, 7@ X =/3 y T x-3H& 5 *R & 1 &shed Al
EAIEL

7. B%& @ X:%m‘q’ﬁ X2 +y2=a’h Bl 9N 1 &FhA A il

8. AR Thx=y T Wl x =49 o1 g30 &%t Wix=agR & SR 9 o
fafs eiar © @ a s |/ S Sifeg

9. WA y=x> T y=[x| | R & &1 &5%a 9 Hifem)

10. THX2=4yTF WM x=4y -2 R & FT &§a%a @ it

11. 9% y>=4xTd W@ x=39 R &F &1 &5wa Jd i

T 12 T 13 H Tl I F FF hIC;

12. oM wqeiel & 99 X +y> =4 Td W@iei x =0, x =29 R & %1 &kt 2

A B) = o = D) =
(A) (B) 5 ©) 3 ()4
13. o y?=4x, y-3181 Td @1 y =39 R & &1 e ¢
A) 2 B 2 o) 2 D) 2
(A) (B) 1 ()3 ()2

8.3 I ekl ok WISl ?3’3[ <Al @'EFW (Area Between Two Curves)

SIdTsT o1 <l Tel 3Tl 1 TeaTE o Thoraed fRdl &5 i YRS &5hd i 98q
e ¥ ufeedl wesht SR T YR &wel %1 ATES 910 HY, &AEd o Uiewe
1 foha THEREH Headl 1 heudl Hitey, 86 & @y =f (x) $Ry = g (x) &Y 8¢
& STl [a, bI® f(x)=g(x) St T emerfa 8.13 o <wiian w21 5 gu okl o wEfishtor
Y y 1 IHAMTS A wd gC 3 <A ol o Wideseeh fag x = ad4 x = b gRI <4 €l
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YU o g3 1 T G o faq IRfE &wa il HeaieR 9feedl o €9
H o giaursEe @1 SEn o emepfd 8.13 # wuifen @1 yRfe g2t w1 Srd
f(X) — g(x) Td =ISE dx €, gafa gRives &erha

){ y=f)
dx | _y=f(x)-g®

XX

X =a y=g®
x=b

X’ >X

Y’ 3TTeRfd 8.13
dA = [f(X) — g(x)] dx, T e &AFA A = f:[f(x)—g(x)]dx
Taehreaa:
A=[TF y="f(x),x-318 q WA x=a,x=b T R & F1 &7FA|
—[@% y=g (x), x-3T&T Td @eh x=a, x=bd R &7 &1 &)

= I: f(x)dx—j:g(x)dx =I:[f(x)—g(x)]dxaﬁ [a,b] ™ f(x)>g (X

Ifg [a, c] ™ f(x) =g (X) a2 [c, b] ® f(x)<g(x) el a<c<bsar fw
TepTa 8.14 | <o 7= €, q ol ¥ R &6l o1 el Freifeiaa wehR foran S
Hohdl ¢

ghel = & ACBDA &1 &9%d + &3 BPRQB 1 &F%a

= j:[ f(x)—g(x)] dx+jcb[g(x)— f (x)]dx

r=gx

Y’ T 8.14
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SETE0T 6 § WAy =2 W y2 = x 9 ol &
1 SR T R Y
e o foF sepfa 8.15 H swfen e 7, 5 A
el o Wiees fag 0(0,0) T A (1, 1)1 X< o >X
T y2=x e y = /x = f () I y = x2=g (x),

S [0, 1] H f(x) =g X Tl

TgfaT BMEfeRd &7 &1 31 eFwa A
= I;[f(x)—g(x)]dx 3TTeRfd 8.15
1 2 2 2 x31 2 1_1
= J‘0|:\/;—X ]dX Zlgxz —?}0 = 5_5 = g

SEATET0T 7 X-3T&] o HW A Td X2+ y? = 8X T AT Y2 = 4X o HEFSdl & I
AR F HIFT
ol g 1 e goT T X2 +y? =8, (X —4)’+y?* = 16 % &9 H 31femaa fwan

S Hehdl 81 TH I 1 % o5 (4, 0) B q1 BT 4 THE B WS y2 = 4 S WY
THeh Hidess ¥ WIw el

X2+ 4% = 8x
310 X2 —4x=0 Y 9
SRC| X(x-4)=0 s
YA Xx=0,x=4

TG YHR 3 I Tl ok dfa=ss 95 0(0, 0)
TS x-318 ¥ FW P(4,4) B

AT 8.16 ¥ x-3187 W ST 3 <A1 aehl o TeA X<o C,0) O“fax
gfgfed &% OPQCO &1 &F%hd 2
= (&3 OCPO &1 &%) + (84 PCQP &1 &%)

= I:ydx+jjydx v

= ijﬁdx+'[f\/42—(x—4)2dx (F?) ATEHT 8.16
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of 2T 4 .
= 2><§|:x2:| +J 4% —¢*dt, &l x—4=t¢
0 0

4

2 1 .
= 3? + [é~/42 —* + EX 4% x sin™! i]

0

=£+Fx0+lx42xsinll}=g+ 0+8><E =
3 12 2 3 2

32
Z 44 = —(8+3m
3+7t 3( )

4

IETET0T 8 3T 8.17 § AOBA WorH =qeifst H il Ox2 + y2 = 36 1 T 91T &
S OA =2 3T 941 OB = 6 3T 81 o =19 AB TS a1 AB o Heded! &

SRS FIA BT

ol el 1 fRar g wHteRtun 9x? + y2 = 36, F1wUiq
2 y2 X2 2

2 Y tage XY 1% ey o s fen
4 36 2% 6

Tehel © 3R SEFAT THeRT SR MehTd 8.17 H KT Y MR

ST B X
THeh TR, el AB w1 HIshT €
6-0
y—O=E(X—2)
GECH y=-3(X-2)
SIRE]] y=-3X+6
3Rl 8.17 | <9I Srnfehd & 1 &hd
- 3j;x/4—x2dx—j02(6—3x)dx
o[ A i
_3[2 4—x +2s1n :IO [6 >

12
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B (0, 6)

ARO

Y/

3TTeRfd 8.17

(Fii?)

3|:§X0+2sin1(1):|—[12—?:| =3><2><§—6 =3n-6



SATETUT 9 HHh 1 SYANT i g U TH Y
S &1 &% 9 it fS9eR 2 (1, 0),
(2,2)TE (3, )T

el "M ST A (1,0), B(2,2)TE C (3, 1) fys
ABC & 9iid € (emehfa 8.18)

A ABC 1 #51Tht1 = A ABD %1 8501 +Focia X< Lon = X
=4S BDEC &1 &9%d — A AEC &1 &%d v
e 9T AB, BC U6 CA o HHIh{Ul S 3TTh(e 8.18

1 .
y=20=Dy=4-xy= - x—1)?
3d: A ABC &1 &5T%d

- J2oenoc [l 2 e
fZo]ft] 45
oM Hee 3
A6

FEETOT 10 A 2 +y? =4 T (X—2)2 +y? =4 F Tl & 1 &%l A it

Tl U gu gt & ot 7
X2+yr=4 . (1)
AR X—2?+y = 4 (2
THieRTor (1) T g ¢ TSRt ohg Het fog O W © oI formeht e 2 3ot 21
TR (2) W UH g9 ¢ frEent s C(2, 0) @ 3R fo@eht B 2 o6 7
TR (1) 3R (2) i g S W EH T 2
X2y +y*= x> +Vy?
SREl) X2—4X+4 +y?
37 x=1Tmway

X2+ y?

+/3 9w g E |
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a1d: fau gu gl & whe=sed fag AL, V3) iR Y
A1, —J3)®, S| ehfa 8.19 & swifn T 2l A1)
I % HeAEd! 89 O ACA'O &1 #vfie f
&Fe = 2 [85 ODCAO &1 &5%d] (F1?) X o D a0l
=2 [&5 ODAO &1 &% + &3 DCAD \\ ;
&R ] A'(1,3)

- 2:j;ydx+j12ydx} Y’819

) _J'Ol«/4—(x—2)2dx + jf\/4— xzdx} ()

1
1 2,1 _I[X—ZH

=2 X=2)1/4—(X=2)" +=x4sin" | —= || +
_2( ) (x=2) z >

2

2 % X4 —x> +%><4sin“1}

1

— 1 s

~ | (x=2 4—(X—2)2+4sin‘1[x;22ﬂ +[x\/4—x2 +4sin‘15}
L 0

1

[—\/5 +4sin”! (%ID —4sin”! (—1)} + [4sin_l 1-/3 —4sin™! %}

= :(—x@—4x§j+4xﬂ+[4x§—ﬁ—4xﬂ

Il
|
&
|
E
+
)
i/
+
TN
)
7
-
5
~—
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| woterett 8.2 |
T X2 = 4y 3R T 4x2 + 4y = 9 o TeFed! &5 1 &k 1 i)
TR (X —1)2+y?=1Td X +y2=19 R &7 &1 &% Fd FHifom)
TRy =x2+2, y=x,Xx=0Tdx =34 iR & &1 &% Aq HIfSQ|

AR 1 STAN H U Tk TH IS &1 &%a 9 hifay foraer i
(- 1,0),(1,3)Td (3,2) 81

5. HHGREA H1 ST F gL TH TS FIwoia & &1 &=k A sty fgest
TS o GO y=2x+ 1, y=3x+ 1 & x=4 %

aOW N =

Y1 6 Td 7 H WEl SW hl 9T Fi9L:
6. IO X +y’=4Td WM x+y=29 R SR 9 1 &orhe 2:

(A) 2(t-2) B) m-2 ©) 2n -1 (D) 2(m+2)
7. SRy =4XTH y=2x o AeAEdl &5 &k e

N B) = ¢ D) >
(A) ®) 3 © (D)

farferer 3ergvor

FEETOT 11 Weed  y? = dax 3R Heh s § R &5 1 ashel I iy
T 3Tepld 8.20 W, Wl y? = 4ax 1 3§ 7er fag ® 21 Tifcia sfer LSL’ w1

i X = a 71 & g3 wWeae™ x-31e o uia: Y L
HfHd 2 |
& OLL'O &1 31+fe &5t = 2 (89 OLSO
EalELTY))
a a ’ ’0
= ZIO ydx = ZIO Vdax dx X<—5 (Sa ) ,x
= 2x2«/§j;\/§dx
\
372 3 V’ L1
- 4\/5><2 XE — §\/a az| = §a2 Y
3], 3 3 T 8.20
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SETETUT 12 JW@T y = 3X + 2, X-318 TH hifeAt
Xx=-1Tax=1¥ R &7 &1 %A @ FHifoQl

T S| T emepfa 8.21 H wwien W €, W@
y:3x+2,x-31$ﬁx=_—2qtﬁqa?ﬁ%3ﬁt

3
xe(—

qo xe(%z,l)¢ fau & oe@ x-3787 9

L2 ) o o g ot x5 T 2

TR

<G A_2 .
x=-1 (Tso)
B
Y/
3TTeRfd 8.21

A &% = &5 ACBA &1 &9%d + &5 ADEA &1 &9%d

-2
_ j 3 (3x+2)dx +j (3x + 2)dx

3

SEEIOT 13 Xx=0Td X =21k A T
y=cosx ¥ fR &3 &1 &%l Fq shifou| A

T SMPd 8.22 W, el &% a

_ &5 OABO &1 &% + &% BCDB &1 . O
%A + &5 DEFD &1 &%

C
R, A e Y T 8.22
n 3n
5 2
= J.zcosxdx+ I % cos xdx +J. " cos xdx
n 3n
2 2
kg 37t
=[sinx]2 [sin x] - +[smx] =1+2+1=4
‘ 2
2
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3aTET0T 14 fag FIfST fF o y2 = 4x Td x2 = 4y, st Y :

Xx=0,x=4,y=4Tdy=0% R o1 & &a%a &I A R y'=dx
R A o faete w2 Q&
ol o T o Wee@l y2 = 4x Td X2 = 4y & Hideeg
fag (0,0) T (4.4) % S & STepfa 8.23 ® qwien w0 ¥ X< X
3@ TR yP=4x Wd x=4y ¥ R & OAQBO I J
ST Y  ofeRfd 8.23
4 2 3 ¢
= .[ (2\/7—X—de = I:Zx%xz—x—3:|
0 4 3 12|
32 16 16
=?—?=? . (1)
T TRl X2 =4y, x =0, x =4 T@ x-318 ° R &3 OPQAO &1 &=hal
Cpax? o lpoapr 16
_J.ofdx_ﬁ[x ]o_g - ()
T YR T y2=4x, y-318, y =0 Td y =49 R &5 OBQRO &1 &FFhal
4 ay? 1 4 16
=IO Xdy:IOTdy:E[y3:|0=€ - G3)

g (1), (2) @ (3) ¥ u8 frerd fehorar @ o

&5 OAQBO &1 &%al = &3 OPQAO &1 &%d = &3 OBQRO &1 &5%d
1A, WAl y? = 4x TE x2=4y ¥ T & fSU gU ol o &%l ol i ek AT
T fawfea s =1

TETETOT 15 &F {(X, Y):0Sy <X +1,0<y<x+ 1,0 <X <2} &A% A SHifeU)

F1 SIPY WAYH €W SH &5 1 Wit daR% Y TSEeh g9 &5kl 96 el 81 e
&5 frefafad &sli o1 qeed &9 2

A ={Xy):0sy<x*+1}

A, ={Xy):0<y<x+1}
3R A, = {(xy):0<x<2)

2022-23



392

TIfoTd

TRy =X+ 1Td y=x+ 1% Ffaesg fag P(0, 1) T Q(1, 2) &1 &Mehfd 8.24 4,
PRI

asfiee €1, B & OPQRSTO € St@eht

W

NN A

12.
13.

= & OTQPO &1 &9%d + & TSRQT &1 &ha
=I;(x2+l)dx+jlz(x+1)dx (F?)

JCR R
bl

T 8 UT fafasr gyracit

. Tu gu ami wd et 9 R &9 @1 A% A Hifeg:

() y=x5x=1,x=2Td x-31&

@) y=xx=1,x=5Tax-A&
TRy = xTd y=xF HeAad & F1 GARA FMd Hif|
Jor Tgeler o Ifmfead Wy =43, x=0,y =170 y=49 R & &1 &%
A Hifeg|

y = |x+3| 1 T Eifaw ve jf6|x+3|dx T A @ HIT

X=0Tax=2nqN dhy=sinx g TR &= &1 &% @ HifoQ)
AT Y2 = 4ax & Wy =mx ° R &3 &1 &9%a 1 Hifeg)
A 4y = 3x2 T W@ 2y = 3x + 129 R & &1 &9%ar I wifer)

2 2
e o= 1w =19 R A e i
2 2

| < %+L=1®w§+%:1@m@aﬂw SR T FI
10.
11.

b2
TRATI X =y, T y =X +2TF x-3181 § R & &1 &F%al A hifag|
TR folft 1 ST T g % |X|+|y|= 19 fort &5 =1 &orha 7@ sy
[Hehd : AEvas &3, W x+y=1,x-y=1,-x+y=1Td-x-y=1
g o 2
FH (X, Y)Yy 2x2Tq y = [x|} § o &% &1 &hel J@ it
gureRe fafyr 1 ITER Fd T TH T8 AT ABC, 1 &5l F1d Fifeg fSaeh
e & e A2, 0), B (4, 5)TEC (6, 3) B
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14.

15.

AR o STTAM 393

AR faftr 1 ST i g, W@ 2x+y=4,3x -2y =6 T X -3y +5=0
T o &5 w1 aewd [ SIS
B (X, ) 1 Y2 S 4x, 4% + 4y? < Q)T &Hel T BT

16 ¥ 20 I Y H TE ST 1 FIT HIfST:

16.

17.

18.

19.

qH Y =X, X- TS Hifed x=—2,x=19 BR &5 %1 w2
-15 15 17

(A) -9 (B) 4 ©) T (D) T

THY =X X, x-318 T HifeA x=—1aqqx =19 R &= & aowa 2
1 2 4

(A) 0 (B) 3 ©) 3 (D) 3

[Hehd :y=x AR x>0Wd y=— x> 3K x < 0]

&5 y2 > 6X 3R 9 X2+ y2 = 16 § Wiwferd &5 &1 &k 8

(A) %(4n—\/§) (B) %(4n+\/§) (C) %(87‘5—\/5) (D) %(8n+\/§)

y—iﬂ&I,y:cosXQEfy:sinX,OSXSgﬁﬁﬁQHEFTW%:
(A) 2(2-1) B 2-1  (© 2+l D) 2

QrI9T
Ty = f(X), x-318T TF W@sti x=adeM x=b (b>a)Fd TR &= & &% &1
g doe = [ ydx= [ (dx # 1
THEX=0(y),y-39 Td @A y=c,y=d ¥ R &5 & &a%a & g:
W=chxdyzj.:¢(y)dy%|

Y TR y=f(X),y=g(X) T W x=a,x=bo 7A R & F &%
frafafes o g 3 22

e = [ [/ (0 -g(0Jdr , & [a,b] F £00 2900

g [a,c] H fO=2gX) T [c,b]H f(X)< g(x),a<c<b, @ TH &=hd
&1 fefafad yor 9 foed ©

fwe = [ [f@-g@]det [ g (0)]dr
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394 TTfoTd

efeeTia gy

THTSRE TV < YR T o GRieR faeRmd el § & g3 21 T8 WA A
st g faekfaa st fafy w smenfa =1 @ fafa w1 Ry GHdcE
Tl o &Fthel IR 3 TSl o ST i UM | g3 39 e U
fafer, qumeher fafy 1 yrfae feafa o €9 & gueh s gshd 21 f:9wa fafy
1 Galehe Tt IR w1 § el (Eudoxus (440 €. 7 3R ik
(Archimedes (300 &. 9) & HE W I gl 2

el o 9GS 1 hHes foehe S61 oh 99=Tq 178 Yamsst | gafll ¥ 1665
H =T 7 FHe W I S Joed f951d (Theory of fluxion) 35 &9 H YR fera|
3= 39 Tagid &1 WA o o Rl fog W el iR g T s |
e =T 3 JRH ThoH HI URT U UREd A SR THeRl gfasTdehers
(Affy=a wmeRed) o1 waf¥f #t kA fafd (Inverse Method of tangents) =T
BIGCIURERI

1684-86, % o9l # ofafTst (Leibnitz) 7 Toh T Tl TWfeA@H (Acta
Eruditorum) H geRifrd foa 3K e aﬁaﬂ?ﬂ? R (Calculous Summatorius)
W ez, FifR 78 Fd B &AFA o ANHA | Hafdad o, g W 3% W
TS o el " G oFek Rl B 1696 €. § =i S, swAelt (J.Bernoulli)
o YA I HAFHL A9 YIS Hl %FF:IZER:I gUelt (Calculus Integrali) 9 H
gfafdd i 5 97 = g Wikl &1 erd fafy o 9 e

=2 SR et S A gold: Tods A STeeEn S gerd: fae 9 denfy <9 gt
o fagial & Fma gfawhel deqg 9C Q) oAaf 3 ffea qeeher 1 emon @6
ERIURCRI
7% fifeed & o 3=l & wdvem wfdsrase 3R fAftad goeher & o= o
oY 1 Tqd el

frerd 71g @ o quTsher TIOrG o TR RonSH, fagidl qen stesher for
T 39 R Gaul w1 fasm . waf, =g, @R et & wEl gra 174t
I o Sid W g Qe @Rt Aifeed, HE i Hehouwd 1 o SR W 194t
IS % URH H TUAHEN (A.L.Cauchy) o §RI fohan Tam o7d § <t @it
(Lie Sophie) =T feAfeiad S5 aof4 81 "It may be said that the conceptions
of differential quotient and integral which in their origin certainly go back to
Archimedes were introduced in Science by the investigations of Kepler, Descartes,

Cavalieri, Fermat and Wallis... The discovery that differentiation and integration
are inverse operations belongs to Newton and Leibnitz".

)

— ) —

(2
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s He who seeks for methods without having a definite problem in mind
seeks for the most part in vain — D. HILBERT

9.1 JfHert (Introduction )

el X1 e 39 T o 12 5 W g =l bl oft, TR
Teh TIdsl =R o Hel fhdl Wl f k1 Tashorst ohd i
foran ST @ ererfq el o f 1 wftnfia wid o g
x o fIU, f(x) %9 9@ fran S 21 gEeR stfafiem
GHTehel U o STEAE H A i i off, fob Afx TRt
e f ol Sdhersl Lbcddg%?ﬁ Lw—ifa?ﬁsrraﬁa‘m
WUl 39! T ®9 § Goeg R 1 gk B

forel f2q gU oM g oF foQ oM f 9 HifSY @i
ST P e et

%=g(x) SRy =f(x) (D) Han;si;_’;’;r;;a)re

AT (1) o &Y ATl THIH i 3Tt FHIHT
T €| ST ATk g o | < S|

el TN 1 SYAN qEA ®9 § wifdehl, WA fomE, ste famm, wee
T, afer, sreferren anfe fafam & o fopen <Tan 21 ord: weft ety S
SN o foAU Sferhel THIHTON o T AT I AT AALIRT o1 39 A H,
T STThe THIRI i FS SMURd Hheq13ll, TTehdl FHHI0 o ATTH Td fafere
T, A THIHIU 1 9101, Yo ife Td Yorg =1d o STdehel THHI0 il 8 HA
o1 Fo fafeml ok fafa= & § eraehel il & o STAM o IR | 31eqe S|
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9.2 MUNYA Hehed-Td (Basic Concepts)
T Ted § B Frfafed R o geteon 9 afifad @

x>=3x+3=0 . (1)
sinx +cosx=0 .. (2)
x+y=7 ...(3
ezt fefafad T | faear o=
dy
“+vy=0
xdx Y

(@)
B9 U 7 fob iRl (1), (2) o (3) W ohael Tods S3teren sniEd = (Th
I AR SNTHel & S foh SHiRTor (4) § =R o TIe-EY s = (x) o W S
=R (y) 1 Ehers o IMHA B 56 TR 1 THIHLOT feshel THIHI0 el
T Teh T Getenor, ooy Tds =) (W) oF |rue enfsd =R o Sfaehals
ftaferd @i, sTaehel Gl HEar 2l
Teh THT STaehel eI, 5w sheiet Ueh Tods =% o 9198, 3T =X o efaehaors!
gftaferd =i, S saehel TR Feard Bl Seuddl
2dx2+ dx =0 ... (5)
T G FHT FHH
a0 ot stawe gl B B F T 9 sifire Tds =1 o 9y steherst
IMTHA B4 ¥, 39 YR o STdehel GHIHRW HARTF Tashel THIH FHead ol Ak 38
TR T EH 3T 3TY i holcl MM Tashel THIHIUN ob T3 dh difdd @i 399
AN BH W 3Tehel HIRLl o ol STaehel G0 35 1 B STIRT |

1. BH koSl oh fou fefafad Hendl o SYFT w1 aiiFdr <1

dy ,d’y_ ,dy_
& e Ve
2. 359 i Al STehersii o AU, g s ¥ (dashes) i 5= eId o &9
ﬁw*{dla@ulqdwmmnﬁﬁﬁaﬁwd—nya?mmw
y, 1 ST S| &
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T HHIOT 397

9.2.1 37akcT GHIHIUT &t HIE (Order of a differential equation)

fordt sTael THIRIUT i hife 3T Aaehdl THIHI0 § GiHfed Tads =R oF 9r9ey mfsd
=T F I=AdH HIfE o aFS H FHife g1 aRefed gt 2l

frafafea sTaewa el W fa=m wifeu:

dy

a’x_e ... (6)
2
Yy

?+y=0 o (D

3
d3y d?y
W-l— X2 (W =0 ...(8)

THET (6), (7) TH (8) H wHT: Yo, fgdia wd qofia whife o I=uaq stasherst
Iufterd ¥ sofere 59 wefiertol &1 hife A9 1, 2 T 3 2

9.2.2 AT THIHIUT @t uid (Degree of a differential equation)

fordll staeshel GO 1 ST 1 AL FE % fau ged fag ue © 6 ow e
HHIRT, STEharst y, y”7, y” SIS | 9gUs FHIR0 g =ifen| fr=fafeaa e
R fgaR Hifea;:

d3y dzy ’ dy

—dxs'”(_dxz a0 - ©)
(d_y)2+d_y_sin2y:0 10
dx dx - (10)
dy . dy)

—+sin| — =0

dx (dx .. (1)

&0 Uferd hed € fop @eiehor (9) v, y/TE ' H SgUs G €1 T (10)
y o SgIR qHR B (FEf 9 y W 9gus e ¥) TH YR ok 3Tdehel GHIhION
o 1 qRT fohen S Wehdr 81 W SR (11) Y H 9gus SHishor e ® SR
TH TN o 3Taehel HHIHOT 1 ST ol IR &l fohan S gehen 2|
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I Ueh bl THIHTU STTehorsll 1 TgUS HHIHLU € df SH STaehel GHIHT 1
o1 9 BHAN 00 B 39 STkl G § Sufterd STaan e o aehers S SeddH
EISNGEIRCA D

SR IR o Hed § wH Ufed T Eehd @ TR SRl (6), (7), (8) TE
(9) 5 ¥ o 1 A 1 €, WHISLOT (10) 1 WG 2 § S« foh Sraehel WHieHOr (11)
EARCICRCIES el
| fomrott| forht steeper Tt 1 @i wd W (A uRefud @) sHen
YTeHsh qUTish i B
a1 frefafad sewa giieet § 9 Yoiw o1 Fife 1@ o (3 gt )
RISECAISLES

dy d’y

: dyY dy
i) ——cosx=0 i) xy—+x|— | —-y—=0
@ dx W » dx* (dx j R dx

(i) y"+y>+e’ =0
&l
) wwﬁwﬁmmﬁwgélmmm

1%|2r3y’ﬁa§cra1qﬁw%®'% 1 SAferehad =Tl 1 8, SEfTT 39 stashal
Eicau o I A A
2
(i) 39 3TThel GHIRIO | UL Sad hife STaehers %% | 3EfeTT 39T Hife
X

2 2
2%|wgaqaamww% @%ﬁwﬁw%ﬁ%ﬁﬁw
i 1 8, SHAT 39 Adehel THIRT R A 1 7

(i) TH STEhe I W SURed Ieead e Sehers y” B THIAT SHRT Hife 3 T
TH THISHI 1 R UE STashersl o Sgue el ¢ SHie SEeht S uRwiitd el 2|

| wommaett 9.1 |
1 ¥ 10 9% o Y91 | Yk Tdehcl THIHIO &1 hife Td urq (Ffg gienfoq &) a
it

dy ., ds\ . d’s
1. —+sin(y")=0 2. y+5y=0 3. | — | +3s—=0
2 TS0 vy (dt) dr®
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2V 2
4. d_i’ +cos dy =0 5. d—fzcos3x+sin3x
dx dx dx
6. O+ P+ +y =0 7.y 4274y =0
8. YV+y=e 9. v+ () +2y=0 10. y"+2y +siny=0
11. 3T9&hd HEHT
2y (dy Y d
—Z 2 psinl 2 4120 ® @ B
dx dx dx
(A) 3 (B) 2 ©) 1 (D) ftefod =&t =

2
12. faehdl FHIHIU 2x2%—3?+y=0 I Hife B2
X X

(A) 2 (B) 1 (C) 0 (D) uRwfed =& &

9.3. 3TaeheT HWUIGHIUT hl SHMUeh Td Taf¥Te & (General and Particular
Solutions of a Differential Equation)
el wmeneti & go4 Frefafad YR o Sl i gl fma 2
X+1=0 (D)
sin>x —cosx=0 .. (2)
TN (1) q91 (2) 1 Bl Uk UE arkdfesh e iy gen © S KU gy
HIH] 1 G il © Al S 3@ W whi Gl § O xoh WM W
yfcreenfuq ¥ fean S @ qf <@t et SN St e Sud H e S )
3T 3TThel HIH %w:o .. (3
W foer & 2
worm < GHIRLN o faadia 39 sfashel GHIHROT 1 Tl Uk A e ¢ ® S 39
GUIHTT H T FHOM AU 9 T8 el ¢ i Tk THH | T y (37 =)
o T W Hiqeeniid Y 5 S ® A W uey S < uay aer g W
TH y = (x) TR THHI HT §A O (AR k) hedrd | Frefefaa
e R o= wifs

y=0 (x) =asin (x + b) o (@)
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&l a,be R. I 20 Hod 3R 39 sTadmarsi &l GHie (3) § yfaeenfua &
feo U 9T U SR AT ue 9UeR 81 S 21 SHAT 9% e g THIe (3)
F1 B

mﬁﬁqﬁaaﬁ?bﬁ@ﬁmma=2®bzgéﬁqaﬁ%aﬁ%ﬁ
frefafad wom < 26 B

y = 0,(x) = 2sin x+§ G
I 39 o 3R 3Tk Sfashersl i THw (3) § faeenfud ¢ fEan sme @t g
T 9E ST T 9e ER @ S 21 sEie ¢, off iR (3) w1 T wd 2
W 0 § & WS IR (V=) g, b Gftmfad & qen 9 wer KU gy e
T H AF T hEAM &1 ek Fer o, H B Wos S wimfaq T&
2 ifer Trell o e b o fafire o Sufterd & SR SHfely S6eh! STashel THIHTOT
fafere gt el S 21
T B, e Wy ST Suftd @ STaehel THieUl Sl AU Bl hedldl |
T T, S ws Rl | o @ e e gl ° Wes ol i fafire a3 W
W T, Teehel FHIeRol o1 fafime gt e 2

d’y d
SETETUT 2 WA HT R B y = oY, SFaH FHHEDT 3+ 6y =0

dx”  dx
T & T
Tl TS g3 Wer y= o> 21 THoR T el W1 x o WIeT el i W eH WK
FW T
E=3e*3x (1)
37 GOl (1) T x ok WU TA: Tdeheld % W 8 @d ¢ T

2

d_zzge—bc

dx
d*y d ‘ .
Ef,d—zaﬁtywm,ﬁqmaawwwﬁgﬁwﬁawqtmmqﬁ%ﬁ

A T =9 ¥+ (3¢ ) — 6.eF =9 eI 9 =0 =<E &
EHEQWEWWW@WWWWWW%I
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IEENUT 3 GAfUd HIfST fF ®eH y = a cos x + b sin x, 99 ¢, b € R, 3@
2

e Y ¢ y=0F 7 R

dx’

Tl T gen e ©

y=acos x+ b sinx .. (1)
iRl (1) o ST 9&l 1 x, O WO I AR FH W EH @A o
&y i +b
—=-—asin x COS X
dx
dzy .
W =—acos x — bsin x

2
%@ywmmgwwwﬁmmw“mm%
X

6ﬂ'éﬁ'‘1&1=(—acosx—bsinx)+(acosx+bsinx):O:Q'F’ﬁ‘?&1
ZHfeT o gen wer, KU gy stahel THis 1 Bd @l

[wvmmaedt 9.2 |

1 9 10 9% s U9 § HAIud Sifse for fEn gan wer (ST 3iedn 3Teue) 9
STaehel THIHIU &1 B B

1. y=e'+1 : Y =y =0

2. y=x*+2x+C : y-2x-2=0

3. y=cosx+C : Y +sinx=0

4.y =1+ : Y= 1_?;2

5. y=Ax : xy =y @x#0)

6. y=xsinx : xy':y+xm(x¢03:ﬁ'{x>y31Wx<—y)
)2

7. xy=logy+C : y = I—xy (xy#1)

8. y—cosy=ux : (ysiny+cosy+x)y =y
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402 TTfoTd

9. x+y=tan'y : Yy +y+1=0

d
10. y=g2-x2xe (—a,a):x+yay:0(y¢0)

11. =R Fife o et eTaehal G o s o1 § SuRted Wes 3=’ &l e o

(A) 0 B) 2 © 3 (D) 4

12. o1 Hife ot fordt asa gt & faftte a1 ¥ suftem @@= s/l &1
e
(A) 3 (B) 2 ©) 1 (D) 0

9.4. 4T T =UF TA AT AR THIHIUT &1 0T (Formation of a

Differential Equation whose Solution is Given)
T W € for wefiehwo
X+y +2x—-4y+4=0 .. (1)
TF T8 94 &I Fefid #a © g s (-1, 2) ® @R B 1 s 2
GHRTOT (1) 1 x, o T e HEH T I FW 2
dy_x+l (29 ()
dx 2-y

IE U 3Tashel GHIHUN T 39 o1 § @ fF (AT 9.5.1 1 Iq=01 9 3f@n) ff
IE THIHTOT il o Weh el o T shidl § SR S el 1 Ueh WEET THeh0T (1)
o feen gen ga 21 ey frefafaa FHe w) R

X2+ yr=r .. 3
r, 1 faf= A1 39 W eH Fa o 9= 957 9 Y

Bd ¢ SeeE: X+y =1, x+y’=4,x>+y*=9 s,
Ffe (emepfd 9.1 3fEw)| 58 wem wHE (3) X%,
Tk WY Hehsl Il oF el ol el il € ToeRT /ﬁ%
&% 7o fog € iR foment feard fa= 2 X< le >X
S STl 3feshel THIhT0T A HT | &1 T8 FHieH

r ¥ o B 16T Fifeh Fa o fafa= w&=l o6 v
fau o1 A o= @) WO (3) T xS @I ST 9.1
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TH HE T TE THIHTOT Ured Feman S 21 Sveif
2x +2 ﬂ—0 FAan ﬂ—0 4
X + ydx x+ydx . (@)

g IFhel THIHT, THIHTOT (3) R Fefua Wehsl ol o ool bl fefua i 2l
ameu iR o frfafed gt | faem #i:

y=mx+c .. 5

Wl m q ¢, o Tt 9 9 ed e o i Tee U g € Seeioaen

y=x (m=1, ¢=0)

y=3x (m= 3, c=0)

y=x+1 m=1, c=1)

y=-x m=-1, ¢c=0)

y=—x-1 m=-1, c==-1)
TR (T 9.2 FEW) | v B
TH YHR FHIH (5) WA st o Fe &l e | %
F 7 o m, ¢ = 2 -

319 TAN &9 39 el o Ucieh TSE gNI G fohy
S I 3Yeshel THIHT A | 71 39k afafe X'
8 FHIRW g A ¢ § G B A6 Fifh Fel oh
fafa= we@ll o T m e ¢ &1 4 941 81 98 staehd
GHIhIT, THHTOT (5) T x o GHE HATER I IR

>X

YI
eshe T T U gl © 37fq T 9.2
dy dzy
dx dx* ©

THIHT (6), GHIFT (5) gRT RU g0 W @ett & et i Frefud wr 2
fooquft wefiereor (3) @ (5) HHY: GHEW (4) TS (6) & AUFH B B

9.4.1 13U gT &l &F FT Wl [TRIUT FIA TG TR THIFIIT & (70T T
Gfehar (Procedure to form a Differential Equation that will represent a given

Family of curves)
(a) I faU gL TRl 1 A F, ot Tk Waa R R 3 2 a1 38 Fefatea
w9 ATl Rl gRI e e s @
F (x,y,a)=0 .. (D
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(b)

TIfoTd

STEM:, WATAA )2 = ax HT FA f(x, y, a) : y* = ax o6 €9 ATl FHHIT §R
et feman s Fehar 21
THTOT (1) T x o HYET 3The & W Y ', y, x, T ¢ & Gifad
qel Tk Gt fefafad 9§ 9 g B

g,y )y, a)=0 (2
THHIOT (1) o1 (2) ¥ o & fOg@ FH W TH AOwIF TaThel HHIH
frfafad w9 § 9 g @

F(x,y,y)=0 .. 3
af% U T Gl F FAF, Tl o, T2 bR FeR %1 € a1 39 Frfafed w9
aﬁaﬁwmﬁ?&ﬁamw%

F,(x,y,a,b)= @
W(@wﬁ?wawwmgﬁy x,y, a, b AfHfad w3 aren
T gt Freafafed 9§y g e

gy, y,a,b)=0 . (5)

W < TN HY GerHd ¥ & GrEell i foew S geie e © gafay gy
Teh A TR0 T STEYIRal Bl TE THIHOT, HHIHOT (5) T x o Wel
TR w1 R Frefatad &9 9 g e S @:

h(x Y,y ab)=0 .. (6)
THIH (4), (5) WA (6) § T b Hl foqw wH W TH OIS TTHha
Tefeht Frefaiead &9 § W e e

F(xy,y,y)=0 (D)

| Toorutt| forelt =en el 1 Frefid 0 o6l Steehel TR0 K1 HIfe Sal €
Bl @ TS SH ok el o WA THIR H Wes 3TN el €l

SETETUT 4 Thl o e y=mx i BT HT Gl Tahel THHI hi A HIFST
SafF m Tk Wes 3T B

T gt f&

y = mx . (D
iRl (1) o5 S U&l H1x & WUY FFHed HE W B U HW o

dy _

=

m T A G (1) § gfaeenfya 3 W gd y=%-x awxg—y=0m
21 21 e e m @ g € iR gEfe gg el st gl )
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SETETUT 5 okl o el y=a sin (x + b), FEH ¢, b @3 3R €, &1 Fefa w6 o
el GHIHIOT hi A hifoTd|

o1 e g € 7 y=asin (x+b) (D
THRTOT (1) o IF1 9&T 1 x o HOY ST STk FH W BH U F o

ﬂ:acos(x+b) )

dx

2

2—2:—asm(x+b) .. (3)
TR (1), (2) @1 (3) W ¢ bl Toqed T W eH W Hd 2l

d2

Ef+y=0 o (4

TR (4) o3 SR o qel b W Y € 3R gHie T i Sfeehel WHIT €

IEEI0T 6 UW Sregdl o el ol I S ATell 3Taehe] WHIhIUT Aq hifey fSeht
TR x-2787 W & qen foee ohx got g 2

T 9 WA € fh o efgml o ool 1 WHieTol TEfeiad YRR w1 el §
(WQ.’)W) Y

N

+5 =1 . (1)

THHOT (1) T x oh T Tkl HH W ed X< Q__-///
2x 2ydy

S+ 22 2 =0y e 2
a b d v
e X(ﬂ]=iz . (2 3TTeRfd 9.3

x \dx a

GOl (2) o |1 Ual F1 x % AU e i W eH Wi Bl o

x@_
NI
x ) ax? x dx

dzy [dyjz dy
SPE —+x| = | —y—=0
v dx* dx Y dx

TR (3) s1dfie aTashel THIH B

.. (3)
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TEEA0T 7 x-3AF H] G o5 R T T 9t o[ % Fd Y
1 3Teehel Ul A hifaTd|

TA AWM ST, x-3181 & g foIg W w99l 3 o g4
o el i C ¥ Ffde fopan s 21 (0, o) 39 & o
fopelt wew ok oh ferg o fdenies ® (eTepfa 9.4 <fEw))
THT e C o1 FHIHT 2

X ro) X
X4 (y-af=a A9 X+y’=2ay .. (1)
Y ¢ T @ S g1 W (1) % <1 gl )
1 x o WU e HE W A Hd B: Y94
2x+2yﬂ:2aﬂ
dx dx
dy dy
+y—=a—
SLE] X ydx adx
x+y@
a= dx
S dy )
dx
iR (2) ¥ o %1 7 GHE (1) § W W IW 9 2
{x+ygi}
2 2 _
X +y =2y dy
dx
YAl @(x2+y2):2xy+2y2ﬂ
dx dx
3727 dy__ 2%y
dx xz—y2

g U U Iail o el o1 37eiee Yol IR B

IE1EY0T 8 U WAl o el il &MU S arell STashal FHIHI0 [1d ity FTent
o 7ot fog W 2 qen ST st oA X378t 1 e | 2

T HA eitoe for STe =fdd Weedl o el 1 P s fan s @ iR
I o THEl G H A (0, 0) W 2 00 ¢ Th oA @es 31 ?
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(sTeRfa 9.5 3fEn) | TEfET A P kT R ©: Y
y* = dax .. (D
THIRIOT (1) o A1 9&l h1x F WU AR
FH W TH UM & F
J X<—p5 0 >X
2y =4q e ’
dx
HHIRTOT (2) | 4q 1 AF FHH (1) H WH W
T UM B ;{’
ATFHRT 9.5
yz:(Zy%)(x)
X
el y? —2xy%=0 . (3)
TR (3) U g el o hel w1 el THIHT 2l
| wearett 9.3 |

1 95 T Y& U9 H, W5 T o 9 b i o a3 g KU g ol o e
! Frefud 3 arel STaehel THIHOT J1d iy

Xy

1. —+Z=1 2.y =a (b*=-x?) J.y=aeé¥+be™
a
y = e¥ (a + bx) 5. y=¢€" (acos x + b sin x)

y-3181 i e fo9g W T91 3 a1l i oh el 1 STaehal WHIHIUT AG hifeu)

T el o el 1 Teshel WHIRTT i iy foent o et fag w @

3R TSehT @181 Teeh y-31e1 Y e o

8. W eloai o el 1 SFeehel THIHTOT T ShiToY fiep! T y-2787 W & qen
fSeh1 o gt foig R

9. UH SAquLererdl o ool 1 STeehel THISHTON A HITST TSeh! AT x-3781 W &
den feht g ga forg 2

10. U@ o o ol 1 STaehel GHIhIUT T1d shifoIg fSient ahg y-37e1 W & 31 fSeht
50 3 3T 2

11. Wﬁwmﬁ@mwaﬂmﬁy:clex+cze*%?

N A

d’y d’y d’y d’y
Ay —5+y=0®B) —5-y=0©) —5+1=0 (D) —5-1=0
(A) 0 y B) 0 y ©) 0 (D) 02
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12. frefetad sl § @ fog g &1 s ok gd y =132

d2y 5 dy dzy dy
A —_— x4+ =X B —+Xx—+ =X
(A) P P (B) P P
d’y ,dy d’y  dy
—5—x —+xy=0 —+x—+xy=0
© dx* dx v (D) dx* dx v

9.5. YUYW hifE TS YW UTq o Tdehed AHIHIUN ehl BT i ohl fatferat
(Methods of Solving First order, First Degree Differential Equations)

39 U=sg § €9 YUY hife T 9¥H Wd oF 3{dehcl THIHON hi A H{d bl o
fafeat =t ==t w4

9.5.1 gema;wﬁw o aTe 3ddheT HIHTOT (Differential equations with variables
separable)

Yo hife TS Y9 HId &1 3Tadhel TR fEfafad §9 &1 B 7

dy
2 _F
(x,y) .. (D)

TR F (x, y) 1 TOE®RA g (x), h(y) o &9 | Af9erem fohan ST el € &l g(x), x 0
T B 3R A(y), vy TH B © dl FHEHO (1) YT =Y e gHieo
FHEA &1 TH BF W gHie (1) i fEfetad w9 o foen s e

v
- =h0) e W e

AR 1 (y) 20, T = I JoUF W gL THHIT (2) H

1
— dy = dx .. (3
1) y=g (%) 3)

o &Y ¥ fora ST Hehdl g1 T (3) o M Ual o HHeher S T EH W i ©

jﬁ dyzjg(x) dx e (4

TH R T (4), U U Sfaehel TS 1 gl a9 W YEE il 8
H(y)=Gx) +C .. (5

T&l H(y) T G (x) FA: %y)qa'g(x)é? Yiasterrerst & 3 C @=s 3R Tl

2022-23



Akl GHIOT 409

SETEI0T 9 STl HHL b _x+l , (y # 2) 1 SATT% & 1A hifelq|

dx 2-y
T fen T 2 R

dy x+1
fac +2 !
dx 2- 0#2) %

y
THERTOr (1) H =R i gUeh il T TH W i @ :
Q2 -y dy=(x+1)dx )
RO (2) o JFI &l 1 TEROH i W BH | W o

[@=ydy=[x+Ddx

2 2
Y 2y—y—=x—+x+Cl

22
CRE]| X¥+y +2x-4y+2C =0
3T X+y +2x-4y+C=0 .. (3)
et C=2C,

iRl (3) STaehel GHIHOT (1) 1 9% B Bl

2
SETETOT 10 T THIHI %:1”2 ] TF A TG HIATY
X + X

A dfh 1 +)?#0, T =R 1 gorep FId gU A1 g3 STershet FHieRT feAfafad
w9 H fo@n s "o g:
dy  dx
1+)72_1+)c2

TR0 (1) o <l Uel s qHEhe i Y 8H UM e

J‘ dy :J- dx
1+y* 1+x7
YA tan! y = tan"'x + C
g GHIH (1) 1 A9 &l B

d
SETET0T 11 3dhal HHIHI d—i=—4xy2 =1 fafere ga 9a *ifve, I y=1 9@
x=07%

T AR =0, T gon srash gt fefafaa &9 o fa@n s e e

dy
?=—4xdx (1)

.. (1)
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GHieRTor (1) o5 S U& 1 GG % W EH U B

J‘d—)22=—4j‘xdx
Yy
1
e ——=-2+C
Yy
SREI y_; 2
2 _C (2

TR (2) ® y=1 3R x = 0 wiaeenfud @ W ed C=— | < 8l 2l
C &1 AF g (2) o yfoeentyd & | KU g stashal aHteol &1 fafite &a

! T Bl B

x4l

saretor 12 65 (1, 1) | oA a1l T U ok ] HIRIU Shifag et sTaehd
TR x *dy = (22 + 1) “dx (x # 0) Bl

o fRu gu sroeh Tt wi frefafad w9 9 siferes fan st wenan 2:

y

379mET dy=[2x+ljdx . (1)
X

TRt (1) o SHI &l 1 FHRGH F W BH W w o

Idy:I (2x+1)dx
X
HAgar y=x"+ log|x| +C - (2)

HieRTor (2) TEU gU STaehel Gl o Bl ohi o ohel i TIEUG HLdl @ W
TH 39 oA o Uk UQ fafire geer &1 et i e wed € 9 fag (1, 1) 9
TSI Bl
£ SIS g1 UEW Gehd %W?ﬁﬁw% el agd | TUA T SHAI9EGh ® WAl § Y

Bl 8, STl €9 dx 3R dy i HURO HETSH i T FaeN H o € dv 3 dy I YeeE-geh
A1 TR B9 agd © UM i gEIUe S %Y "ehd @1 "aH: Introduction to calculus and
Analysis, volume-I page 172, By Richard Courant, Fritz John Spinger — Verlog New York.
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TEfT TR (2) § x=1, y=1 Yiaeentid & W el C =0 e g &1 C i

HH GHRT (2) § wfcrenfd i W e el g 1 THIH y = 2 + log| x| % &Y
¥ 9 g 2

SEEr 13 fog (=2, 3), W oA arel TH 95k o1 HIT A1q Sife fordeh fonet
fag (x, y) R Tl T &7 aur Z—f%l
y

A %ﬂw%ﬁﬁeﬁwaﬁmﬁ%@aﬁmi]—é%wﬁ%wﬁq
dy _2x

dx (1)
=R ! goreF F gL HE0 (1) H FEfafea w9 F fa@n 1 g €
y* dy = 2x dx .. (2

GHieRTor (2) o ST UEl 1 GHR F T BH Y| i
J‘yzdy=J‘2xdx

3

7orT y?zx2+C .. (3)

TR (3) § x=-2, y =3 gfqeenfid & W eH C=5 s gial &l
C T A THIHT0T (3) | Yfqeenfud s W 8H A g 1 THH0

3 1
y?zx2+5 Foal y=(3x% +15)3

% ®9 § U Bl e

SaTetuT 14 fRE 9% o oA #1 gfg 5% afis &1 X F et 21 fhad auf o
Rs 1000 & 1 A & STwH?

&l g e foredl 999 1 R geied PRI € g Ee o 3TER

dpP (5)
o 2 |xp
dt (100

ar_P
aferell 0 (D
THieRTor (1) § =/ 1 YUk i W, H IQ H B :

dP dt

P20 .. (2)
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iRl (2) o {1 UEl 1 GHRO 3 W EH U i ®

t
loceP=—+C
0og 20 1
RS
S P=¢2.¢%
o .
e P=Ce? (S8, =)
Ad P=1000, Sd =0

P 3R ¢ 1 HF T (3) | W W BH C = 1000 9 W 71
THfAT T (3) W B9 UK i B

P=1000 5
A AT oot gered g 8 S €, 96

2000 =1000 3 = r=201log2

| woraett 9.4 |
1 910 T o Y1 |, Tdsh STachal HIHIU ] SATIh T T HITaq
dy 1-cosx dy [ 5
1. — = 2. _—= 4— —2< <2
dx 1+4cosx dx - ( y<2)
dy
3. E‘*‘)’:l()’?&l) 4. sec’ xtan y dx + sec’ ytan x dy = 0
_ _ dy _ 2 2
5. (¢ +e)dy—(eF—e)dx=0 6. E—(l+x)(l+y)
d
7. ylogydx—-xdy=0 8. xs_)’:_ys
dx
ﬂ— in~! 2
9. dx_sm X 10. etanydx+ (1 —e")secydy=0

.. (3)

11 § 14 T o 9 °, T oTaha eIl o fau U gu ufaey =1 9= &

ren fafdme g @ Fifg|

d
11. (X3+X2+x+1)d_i =2 +x;y=13a x=0
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15.

16.

17.

18.

19.

20.

21.

22.

23.
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dy

2

xx—l—=l- = =
( )dx ;y=03fg x=2

cos[%)za (@ae R);y=13aCx=0

X
d
—y:ytanx;y:233x:0
dx

fog (0, 0) ¥ ToRA A6l THh Y 9 1 GHIH FG HifeC FSGhT Tashd
FHHTT ' = e sin x
Wﬂwxy%=(x+2)(y+2)é?mﬁg(l,—l) H TeRA 9Tel 9%
@ I

85 (0, 2) ¥ ToRA a1t TH T I 1 THHIT A wifere fomen fwat fag
(x, y) R a9t ¥@1 &1 gourar 3R 9 fag & y Fwie &1 rEe 39 f6g o x
fodenian o R 2|

T doh o fohdl f95 (x, y) W Ta91 @1 &1 gavurd, Taet fog &1, f55 (- 4, -3).
Y e o1el Tarae w1 Yaur i g B AR g% a9 {65 (<2, 1) @ e @
@ 39 T 1 HIHOT T it

Teh AR TTsdIR &1 e, T8 gal et Forn s @1 €, feor fa 9 =5
@1 A ARH W W Tea 1 B 3 S ® SR 3 Yehe 9% 6 THE €, @l
 Hohe 918 39 TR &1 e 9 &t

et o | gore #1 9 r% Tfiw w1 T F B T AR 100 T 10 IO H
T B S €, W AW T FIU (log 2 = 0.6931).

et o o Jaue ®1 9fg 5% it ®1 X F &t ¢ 39 §F § Rs 1000 ST
FHAC S S| TG B fF 10 o a1 Fg R foha & M2 (5= 1.648)
fepedt Sframo] Tge o Sfraropedt i @@ 1,00,000 #1 2 S § 6 G H 10%
1 gig et 21 fohaw w2l o Sfrarogeit &1 g 2,00,000 B ST, A SaopE
o gfg 1 T 3ok SURtYd FEA o FHEUE!

SEEHA ﬂﬁlw?ze“yam =& T 8
X

(A) ef+e7=C B) ee+e=C
C) e*+e=C (D) e*+e?=C
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9.5.2 GUETHAT 37deheT WHIEIUT (Homogenous differential equations)
xTd y o frefafed wemi ® foeam ity
F (x,y) =y + 2xy, F, (x,y) =2x - 3y,

F, (x, y) = cos [%) , F, (x,y)=sinx +cosy

WWWﬁxﬁyﬁWWWk%WW:M@ Ay ™
wfaeenfud T faar ST @ &9 W Fw ©

F (Ax, Ay) = A (3" + 2xy) = A* F, (x, y)

F, (Ax, Ay) =X (2x-3y) =AF,(x,y)

F, (Ax, Ay) = cos [%) =Cos (%) =A0 F,(x, y)

F, (Ax, Ay) = sin Ax + cos Ay = A" F, (x, ), f&t «ft na fog

78l &9 Ufer d € 7 wer F, F, F, ®1F(kx, \y) = A F(x, y) & &9 § fema
ST Fhdl ¢ W F F, 1 36 €9 H T8 foran ST wehar 81 394 &9 Frefated o
M FL 2

we F(x, y), n 5 9l GHEEE %ot sheddl ¢ 9 fhedl I om=r A& fag
F (Ax, Ay) = A" F(x, y)

T e F ¢ o ST 33 | F, F,, B, %1 2, 1,0 ¥d a1t 9Hemda wer
€ Saf F, 99 ®od & 2l
T 7% +ff dfem w2

2x X

SRl E(x,y)=y" [l+—j=y2hz [—j
y y

A E (x, y)=y1(2£—3j=ylh4 (ﬁj,
y y

= )oY
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,neN¢W{:ﬁ9ﬂﬂH€ﬁfﬁq

N—

E,(x,y) # x" hg (l
X

n X
A F,(x,y)= Y h{;),ne N
THAT Th e F (v, y), n 50 9l GHEE el hedmd ¢ A

n X n Z

F(x’y)zxg[x) o yh[y)
%:F(x,y)%mwa&wﬁww&ﬁaw%wﬁmxw?ﬁm
ATl FHETAE e B

d
d—y=F(x,y) = g[lj (D
X X

&mmﬁw&ﬁawﬁwﬁwwﬁéﬁm%ﬂ%wam

y=vx .. (2)
gRreenfia w3 ©
TR (2) 1 xS TN TR FE W EH I i o

ﬂ:v+xﬂ ... (3
dx dx

www)ﬁ%ammww(l)ﬁsrﬁwﬁawthmaﬂﬁ%:

dv
V+Xx—= \4
e g

Felq xﬂ=g(v)—v o (@
dx
TR0 (4) W =R i gUeh HH W EH WK H @
dv dx
=— . (5)
gv)—v x
GHFT (5) o <A & T GHEEA FH W BH YW Bl B
dv 1
.[ g(v)—v_j ;dx+C ... (6)

Ifzy a2 yfaeenfyg T A ST A GHIH (6), ST T (1) FH
X
% & YSH HL 2
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_aﬁw&ﬁwwqﬁw —F(xy)aszmﬁ%lw

F (x, y) Y1 914 ol GRS e 2 dl 89 L=y 31eid, x = vy Sfaeenfia w1
y

%aﬁimmwawm——lz(x y)= h( ] & &9 § fer@as = e
@ H & fau o wgd 2l

SETEY0T 15 TRMSY foh STaehel THIHO (x-y)%:ﬂzywaﬁﬁ?:%sﬁtmw
1 shifsa)
T U MU st iR i Frefafad w1 o aifyered foman S Hehdn ©

Q:x+2y 0
dx x-—y
x+2y
M eIy F(x,y) =
x=y
A(x+2
- F(x, x)_u A F(x,y)

A(x—

(T F(x, y) T4 ¥Q oTell GHETAE Her 2l
1q: Teo €3N STashel WHIhIU Ueh WHSMAT 3feshel THIshI

faseya:
142
dy x| g(lj
dx - X )
X

TR (2) 1 S e g( )%wﬁ%w@%wwwqmw&ﬁa

Tl 21 THfAT G0 (1) Tk GHET STashel THR 2|
THI A H o [T BH TaeaT wd B
y=vx ... (3
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TR (3) &1 x & GUY TR FH W T U FW T

dy dv
=y +x—
dx dx
. . d .
Tt (1) § y T Eywmqﬁwﬁawﬁmgﬂmaﬂﬁ%:
dv 1+2v
%
dx 1-v
dv 1+2v
aF9fq x—= —-v
h dc 1-v
2
3181@ xﬂ:v +v+1
dx 1—v
v—1 —dx
31 > dv =
vi+v+1 X
GHieRTor (5) o JF UE 1 GHRO I W EH U i B
[y = [ &
vi+v+1 X
2v+1-— 3
ST _[ dv=—log|x|+C
Viev+l
2v+1
37 — ——|—=——dv=-log|x|+C
Iv +v+1 2J.v2+v+1 g| |
1 ) 3 1
—log|v +v+1l|——|—=———dv=-log|x|+C
ST 2 e | 2Iv2+v+1 gl
1 R 3 1
SIRE]] —10g|v +v+1|——_[ dv=—log|x|+C
2 2 1 (BY
(v+) RES
2 2
1 2 3 2 -1 2V+1
—log|v +v+1|——.—tan =—log|x|+C
Y > g| | PRNE) [\Bj g| |
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St %log|vz+v+1|+%logx2=\/§tan‘l[2v+1j+c

NE

v ﬁ%,@qﬁwﬁamﬁmgﬂmwﬁ%:

1 vy 1 ’ af2y+x
—log|~—~+=+1|+—logx :\/gtan +C
3rean S8 Tt 5 log Jox
1 vy a2y +x
—log|| —+=+1|x —\/_tan +C,
e 5 g[xz . J N
1o 10g|(y2+xy+x2)|=2\/§tan“l(2y+xj
379 10g|(x2 +xy+ y2)| = 2\/5 tan~! ( j

IE ST GHIH (1) 1 MUF B B

TETETUT 16 TR fF STaFe THH xcos[xjdy—ycos[ j+x e § 3R

dx
THHT TA Hd hifSIT|
Tl e gan srasha gt fefafea w9 8 foan w1 g 2

dy ~ ycos(§)+ X

e AN\ V/— .. (1)
o X cos(y)

X

qﬁ%zF(x,y)éﬁmwaWWW%l

ycos(zj+x N

X COS (yj
X

&l F(x,y)=
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X% A T y Rl Ay W Fieenfyd i W eH W e 2

ﬂ[ycos[yj+x]
X

F (Ax, Ay) =
ﬂ[xcosyj

X

= 2°[F(x,y)]

F (x, y) I3 ¥ Il GRS o ¢, TAfeT fam g staehel GHisi T e
IThel THIEHIUl B SHHI B i o oI B9 Wi wid ©:

V= (2
G (2) T x oh WUE FTHAT HH W EH T W 2

AN 3
dx dx - )

g (1) § yud %mmmﬁawﬁm%ﬂmw%:

dv vcosv+1
V+x—=
dx cosv

dv _vcosv+1

s XE_ cosV -
]

S dx  cosv
37 cosv dv :@

X
TqfeTg Icosvdv:jldx

x

Y sinv =log |x| + log |C|
Y sinv =log |Cx|

vﬁ%gﬁwﬁﬁmﬁmgﬂmwﬁ%

sin (l) =log |Cx]
X

IE IaFe THIHW (1) H SF A 2l
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SETETUT 17 SIS T oraehel WHeh0l 2y ¥ dx+ (y—2xe’ ) dy =0 TS € 3R
AR, x=0 9 y=1 T g2 = df 39 TRt &1 fafdte ga 9 wifsw)
&1 T gan sraeh Tt frefafad &9 o foran s e 2

X

dx_2xe’ -y Y (D)
dy X
2y e’
x A| 2xe” —y]
2xe’ —y _ _%°
A it F(x,y) = — @9 F(x,Ay) =—F——=-=A [F(x,»)]
2ye” k[Zyey]

3d: F (x, y) I oA ol GHEE Bor 2

ZHfeIT, a1 gan eraeshel WHiehiol Ueh WS Sfeshel THIhI0 B

WWWW@*W,Wx:vymW%I

TR (2) 1 yoh WU STEher ST T EH WK Hid @
dx dv

_=v+ —_
dy ydy

W(l)ﬁx@?wmgﬁwﬁﬁwqimwm%:
y

dv 2ve'—1
V+y—=
dy 2¢e"
dv 2ve' -1
SPEI y—= -V
dy 2e"
dv 1
HIAT y—=-—
dy 2e"
SRE| 2edv = i
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SR '|.Zev.a’v=—'|-ﬂ
y
SIRE 2e¢"=-loglyl+C

mfaqﬁwﬁmwmmwm%:

2 ¢’ +loglyl=C )
R (3) H, x=0Td y= | Gaeiid w3 W &0 W & 2
2+1loglll=C=>C=2
C &1 9 T (3) o wioeentid s W 89 Ww #id €
2 e;+loegI:2
g fEu g erawel WHiHol 1 T T g 2

SETE0T 18 JEISY foh =kl &1 e, fomer fet 95 (x, y) W w991 3@ &1 gavr
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Teh XU B STahcl THIhI hl T i ATl Hed 39 STaehal THIHIT
T HEldl 2| Th TH gt fored 3o & Wes omR g, fSat 39 e
THTEHTOT 1 HITE €, SAMUF Tl Heal & AR Wes = ¥ T gt o
& el B
forelt ST gU weM 9 ahdl THIHI 9H o o 0 39 e 61 WM
Il B I Sfehe Hd © TSIa 39 el H w8 3TER Bl § SN 99 W
TR I faqa w1 2
=R G fafy T8 THiehor i e & o foIq U 1 St @ e
<R ! T e ¥ g foman ST gehar 7 19iq y el 9= dy F W @ =6
AR x ol U8 dx o T T =eu)

d d
Teh THT fdehed GHienT, ot d—z=f(x,y) el d—;:g(%)’)é;'{aqﬁ

rfireTerd fenan ST ehell ©, ST&T £ (x, y) T& g(x, y) T S ol THETA Her
&, GHEdE ST Ui FHeand Bl

?+Py=Q,€FF‘T3H€1T ST THIHT, ey P aun Q 3T=R 31Ual Shad
X

x o e ©, YUY hife ek Taehd GO HEard Bl

oferias gy
3fershel THIH T foaM 1 9@ Wil § § Tk €1 Teh 927 98 ® foR ot

TR &1 Sf&dcd TdsX 11, 1675 Gottfried Wilthelm Freiherr Leibnitz

(1646-1716) 7 Tagem ﬂéﬂﬁw,jy dy:%y2 , %1 fafad &9 # weqa feran den
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I8 AT Tefteht [ 3R dy © uRfer s a&qd: Leibnitz TH o156 1 1 S w1
e ¥ 7 o et vl W ik 7, 38 95 3 99 1691 | 3% (9 ok
TeraRuita fafir’ oh ST i1 ARERH U Tsh oY U9 3 UL whife
T FHIRION o & he b1 fafer’ 1 Gefieheor femaml 9 oMl 5] SN sty
T | S Yo whife o aeh Taehel THIHIUN il B L i e’ @
o] feran| feper seeEisren € o Swelsm @i faferi =1 @i srehet W =t
BRI 3Tahdl FHIHIN o S o Jodiy aul oh SIeUary oh faiid 99+ gel

YR H hae FHIRION oh ‘BA' T i UAY hi TR HHIRWN ok
‘Trher’ oF w9 H fAfdve R M oeam F® wss W 1690 H WeWA: James
Bernoulli, (1654-1705) BRI J9cd H SN 411 I ‘T’ 1 HAYLH TN
Joseph Louis Lagrange (1736-1813) , %1 &9 1774 | R 11 98 He1 Taahal
IOl oF S ° T 100 99 a5 ®fed gl ¥ Jules Henri Poincare
(1854-1912) , &, S+ o5 ‘&’ oF YR o faIQ e1eh1ed deh TRqa fohanm, werd:
MYk YR | I B ohl STUAT 3fad TIM U g3Tl =/ oF geaahyviy fafy
1 T John Bernoulli (1667-1748), James Bernoulli % T gRT feha 7|
TE 20, 1715 I Leibnitz &1 fa@ o194 93 ®, 3% fAfafaq seeha GHieol
& BA B G fHY

o B A YR 1 Tkl AHA: T, SfquEe IR S 9ehi % Tk THE
AiESE HId €1 7 S9iar € foh UE Wl K@ g ol steehe il o g
HE A TG YR H 21 2090 ISt ok o § ¢ STeshel YR o UMcH
foretor’ 3five o S{qTd STeaehel FHIHIUN o Tall i Sifedd Uehfd o TR Bq
T TR {d fohal TN STTShel 59 T et STfawhil 2q 3Tcdd Ufafy o6 &9
H 9@ I W Y for 2

J

> —

2022-23



[=] 5o ]

[=] s -. W

12082CHI0

('FI'FEWT SSITUTA (Vector Algebra)'

s In most sciences one generation tears down what another has built and what
one has established another undoes. In Mathematics alone each generation
builds a new story to the old structure. - HERMAN HANKEL +}

10.1 9=t (Introduction)

9 e Sited | e o wee fyerd @ S T et
S 1 87 e Feddl o TEelel i 371 & 39 o
TR faaret o g g w9 o fau g R 9 yR
YR HAT AfEU? Aaciih hifot fF o™ 99 61
Gorferd 3T 1.6 HieX & Hehal 21 TE TH G Ul 2
Tftaferd ¢ T Tfemt sifer wead €1 denfs g ge
H IW TH T AR T (R 9 wed B) foew
madfEl w1 wfed afmor & ey feen (e
T faerel from ©) ot afmfera 21 wEh wfvmt ok
FHeeldl 71 T, Gifdst T i § 3 3 R
F1 qfer A sifew afvwel, S fs oo, gomm, N
e, S, Hieiereh gets W |iee vt Si9 foh foeemem, o, @R, 5/, 9R, Ha,
faga &= 1 diga s sgen fierdt &)

T A W eH GRl F1 Fw SMURYd Heheudd, wiken 1 fafu= wfewmand ik
TR dSig TS ST TJorerdt T 31ee 1| 39 Il YR ok TUTEHT b1 aftferd
®Y R BT Tohew T w1 Yo M a1 T I S =i & H gl fawma
IO 1 AR IR e B

10.2 FB ATIRYA Hheu= Tl (Some Basic Concepts)

e ehfee for foreht qa sreran fr-fadftar ofale § | 61 9Xa @ g1 dR o feml st
TR O =9 W@ H 3 K USH F) S Gt §1 T I ° © Fifeea faen areft #E
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off Tk @ fgw @ st € [ 10.1 3), ()]

() (ii) (iii)
3TTeRfd 10.1

a1e Ufera wifST fom afE g9 T@n ‘I 1 t@rEe AB q% Wiasfd ®Y %4 € ¢
T 0 | fret we fewn areft Yen < w i fHuffa 8 S R 39 IR B T
fee t@mEe g B ® (MRt 10.1(1i)) | 316: T e tams 9 afEor u fagn
RIS
ufterT 1w e ufy e uRmn wd fen §9 e ©, |iew ween 2

I ST fF Tk e Yarge ok g @ (@i 10.1Gi), 8 AB et
UURUE: 5, o &9 H e w1 € oK 30 9fkw ‘ AB ' oreen |fewr ‘4’ o w9 °
Ted €

ae fog ARl @ 9fkw AB RY eial 8, yRfer g seerd € oiR og fag B w&f
W IR AB , GHIE B ¢ ifam {55 Fean 21 frd afew o yrfas o sifag fagei
o = i 0 WEE 1 R (STUdT TaE) Feel @ R TH |AB| S1eE 415k
w9 o fafdee fran st 21 AR w1 e wfger & fgen w6 ffde w5 2

iR TaTs FHeft S HOTHE el Bl © SHITT Hohad 14 | < 0 1 g
1ol & ?|
fearfa |fg9T (Position Vector)

wel X1 9, B-fadfia <faomead! gaeifen fEoms vgfa &1 o sifse
(emeRfd 10.2 (i)) 1 fafker & 7a1 f§5 0(0, 0, 0) o dMer T w@ fog P ofifre fooen
e (x,y, z) Bl @@ wiew Op fo&d O @R Pwaw: WRfvss e eifom fag €, O
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Z Z
N N
2 B
P(x,),2) 7 7
> 27C
> >Y
0(0,0,0) Y (s)
X 0] X (i)
3TeRfd 10.2

Trey fog Pt feafa afier weamr @1 gt 93 (e X1 9) 1 S9N #:3d €€ Op
(312 ) 1 ufikEm frefafad 9 9w e @

|OP| =/ + y? + 2

=ZaER ¥ 7a fag O o 9me, fagsti A, B, C sanfs o feufa afsw ®991: 4,b,¢
g ffée fory S € [eefd 10.2()]1
ﬁiﬁ—aﬁm’s’? (Direction Cosines)
T g P(x,y,2) 1 feafd wfewr OP (sreran 1) S S f emepfa 10.3 # zwifen

T §1 WY FOgN X,y

Z-3781 1 ¥FTCH QUM o 91y §A1T T hHL: vl

V4
4
Cl oo
< >
r P
' 'Y .’
. o) B.- Y
: a "
L ox
AL .
X
3T 10.3 Tuy
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o, B,@yﬁ?ﬂﬁmmﬁ%Eaﬁﬂﬁaﬁaﬁ'ﬂﬁqﬂﬁﬂmcosa,cosﬁ@ cos yHfI
¢ oh fSob-HTTE Head © 3R TEd: $7h! HAW: |, m T n @ ffde fman sm 2
TPl 10.3, ® &9 <@ € foh 199 OAP U wHenior F19fst € iR 39 s o &n

cosoc=§ (raﬁlfléﬁmmm w%)m # 2| T YHR GHehior e

OBPTH OCP¥ & cos B=2 T cosy=-— fofa Td &1 70 ¥R fig P Fenani
r r

1 (Ir, mr,nr) e &9 § 1fyeqer fohan s gehel 21 Rep-shiameg & guut g Ir,
mr Td nrafEe ;o fep-oud FEdl § 3R 3Rl %A a, baenc ¥ ffde faan
ST B

e Tooquit | &9 e Y Hohd & R 12+ m2+ n? = 1 W WEEE: a2+ b2+ 22 |

10.3 Afe9n o W (Types of Vectors)

I |G [Zero (null) Vector] T Tiw 5Heh IRfver wd sifqd fog wurdt e g,
¥ Wiew wEendl € iR T 0 o w9 § fAfdw fomen s 21 v wikw wi i A
faen oM & A1 1 Gehe AT gHR1 IR0 I B € e fasheud: THeRl Hig
ot fegn ¥Rl foFT W AT ST Hehdl €1 Wik AA,BB g wfew Y frefua s €
T AEIT (Unit Vector) T G FSeert afamr T (319fe 1 31) © W5k 9iew
Fean 21 et fGu gu afcwr a =1 faen & #ame gfw #1149 e fman s 21

HE-ATIEH |EIT (Co-initial Vectors) I 1@ 31frsh Afswr fert T &1 IRfye fog
2, He feH |iew wean 2l

W@ [T (Collinear Vectors) €1 312@l 31fies |fey afs Wk & W o THid =
3w Tfew wEan €|

HH |fE9r (Equal Vectors) <1 |fE9T 3 qon b THM WY el € AfE Seeh aiem
Te faen A €1 SR a=b % w9 H fomn s R

FUTeAeh afg9T (Negative of a Vector) T Hfer fwer afmm fu gu dfcw (A=
AT AB ) o @9H © g forosht fxem fiu gu afzw 1 fen & fauda 2, &y go afw
H1 FHOUTHE® Healdl ¢ SIEWM: TRY BA, W@ AB H RUIHE © IR W
BA=-AB % &7 ¥ form@n s 2l
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Tfora

femuft e qRwfia Sfky 39 YR € o S0 § et w1 oft Swen uftwmor e fen
w1 uftafda fore famn i o gaier faenfua foran s gevdr 81 39 YR o G @as
Tfeer Feamd €1 38 QA ¥ g1 wad dfewt w1 & ==t wi

N

IETET0T 1 SfR707 9 30° 9fv=d |, 40 km o5 fawemq
w1 ey e Sifsu) W O g
Ta 9w op evie favur & fef| & N
(3Tt 10.4 3fEm)) — f00
sareTur2 Frefufed oo w ke ue wfkw & w0 $
T gufiag Hifea ¥

G 5s (i) 1000 cm’ (i) 10N

(iv) 30km/h (v) 10 g/em’ P N

(vi) 20 m/s ST &I 3R TR 10.4
A

() TEI-3AEW (i) STIA-IMEH (i) TA-TRI

(v) Tfa-sifes (v) -3y (vi) aT-giee
SETETUT 3 BTG 10.5 F HH § TR e

() W@ T ¢
(i) T 7 e

(iii) -y ¥ fae "o

— &

— 1 UeR b =N

(i) W@ 9w @ 4,¢aumd

(i) T9™ |fcwr: g qenc TR 10,5

(i) TE-smfw AW : b, ¢ qend

[woraet 10.1]

. SW H 30°9E H 40 km oh foReqe &1 SAciEd fE9Ul Hife)
. Trefafea ol =1 sifser Td 9fcer o6 €9 9 goileasg Hifu)

() 10kg (i) 2HeT IW-uf=m (i) 40°
(iv) 40@mE (v) 107" s (vi) 20m/s?

. Trefafea %1 sifcw @ wfikw TRl & &9 ° gofleg wifsml
(i) HHA HTA (i) 0 (iii) &
(iv) oA (v) &
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4. 3MHfA 10.6 (TF o) # fr=fafea afeem =t i
REIIR1Y
(i) He-amfeH (i) T
(i) T@ WY THEH

5. frafafed &1 W & 1an 319 o &9 ¥ i)
() aden —a W@ 2
(i) < W@ @ w1 g g THE g 2
(iii) THM IRHAT ol & Hiew W@ B Bl
(iv) H9H TRATT o1 < W "iEy 9HE e 2

10.4 |fe9n ST IATHEA (Addition of Vectors)

wfew AB ¥ WHRUM: BAN @icdd @ fag AW fag B C
qoh foremom| o1& T udr feafq &1 ==t wifee e

T SH! fag AY fag B q% word! ® 3R ST 9%

fig B4 fog C a% =it @ (emeRfa 10.7)1 fog A @

fig C @ ofewh! g foman T et foweme afkw,

AC § 9T 21 ® 3k 38 AC = AB+BC & =9 A B

F sifver feen S R FF 107

Tz gfew 4 %1 s faw seam 2

Y, IS TR U <) WEw 4 qe1 b € [3MeRfd 10.8 ()], @ SRt AN A
o forg 5= 59 feerfa o o S ©, difer weh o1 aRfues fag g o offom foig o gord
=l S [T 10.8(i)]!

C

\? :
2 L
X .“ b

(@ (i)
3TeRfd 10.8

-
d

sy

9

c
3TeRfd 10.6

=y
s
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ITEA0: SHTT 10.8 (i) H, T WKW p o IR0 TS fom =t ufafia fe fomr s@
ThR TIHIARA feran € difen goeht wifves fag, 5 o oifaw fag & gurdt € a9 B ABC
1 dEd o AC gR1 frefid wfewr 4+ b &4 §feel a den bt = (veren o)
TS T 7, 1iq rgst ABCH &0 Ut € fF AB+BC = AC [3TFfd 10.8 (ii)]
3« T Fifh AC=—CA , 0oy Suda THiehor 9 g4 I © o

AB+BC+CA = AA=0

TR i g8 ® for Rt B w1 genedl =1 A ww % § forn wme @ 97 =
RO St AR URE L © s URies e Afad fog T e S € 2kt 10.8(ii)] |

39 Th gicw BC 1 &A1 3@ YR ifSQ difes sHeh1 9fiamor |feer BC, &
oReTor & T @, W 39! fRen BC 1 faen o faud & smeRfa 10.8(iii) otefq
BC’ = —BC d9 T9s 2 =1 S/9anT td g [eTehfd 10.8(iii)] ¥ &9 7d € T
AC =AB+BC = AB+(-BC) =a-b
gfeer AC, A b o a1 Fefud & 2

319 forelt 7€) o T fRIR § TR fFIR T It o 9eT@ i 0 o deed S
el T 919 1 =99 FQ 21 q9 39 96 W I A qW HE R T, T 91 g0
e T fe@n T A SR @ T o g o SETd H1 A T 9 o g gE o
19 ard H T = o U e 9E hidl 81 39 A R g 1 ue fren (erefq
ot o) & SR H e fomm @ o fau gER U 9w anmea &1 f=fatea
frm Rl

I TUR U9 UH HHIR aqS &
T "o genett g fefoa feu 9= 9T
(ufcamor we fegm @feq) < @fger dqenb
2 (3Tepfa 10.9) a8 HHiR =qds &1
T g & IwArTe fag @ TS d e
fererot 27 < |feel o A &+ b w1 aiEm o
e feen wfeq frefua =t 21 9= afew 9
1 THR =g o0 FHeem 2 TTeFfA 10.9
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foregst fem &1 ST B Y SFR 10.9 § BH Fe F A ¢ FF
OA+AC = OC T OA+OB = OC (FifF AC=0B) S & ¥w® =g«
fom 21 o1d: B9 %% Whd € fF 9fkw = o S | 0 TR % 9Aded

AfE9T TRTRE oF TUTEH (Properties of vector addition)
Torerd 1 F Wil g qen b % faw
a+b =b+a ERIERERI)
Suuf THIR TGS ABCD %1 WS (3Mpfa 10.10) 7 #fifsie AB=4 iR BC=b,
Ta st ABC ¥ st 99 &1 3w &hdd

TUEBA TN & T AC = a+b r
379, it TR =g i T e
TuH TE Gl €, SEfT STepfa 10.10 A
. . . Z x V.
AD=BC=b 3R DC=AB=4a & T: fs v
/ZO«X

ADC ¥ 9 f91 & W@ & AC = AD + DC

=b+a

da+b=b+a
gd 2 9 wfeen &b R ¢ fou
(@+b)+C = a+(b+c) (= o)
Suuf oM ofifsie, |feel 4,6 91 ¢ # FA: PQ, QR TS RS ¥ Frefud fmam
T © S TR 3meRta 10.11(0) 1R (i) o =witan @ B

a
3TTeRfd 10,10

q 4

7
R
z
ZXZ“ _C>
[\)
et °
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BEl d+b = PQ+QR =PR
3R b+c = QR+RS=QS
ey (@+b)+ ¢ = PR+RS=PS
3R d+(+¢) = PQ+QS=PS
d: (a+b)+¢c = a+(b+0¢)

froruft wfew Amde o wEwd o w1 gerwd ¥ 'H oW wfee d,b aec e
TSl hisSeh! 1 STAT FFT fat a4+ b +¢ & &9 o forad €l
e wifey fop fordt wfew & o fog &a 9 €
d+0=0+d=4a
el 1 wiew § |iew Anhel & fory wivd weEiien we
10.5 Teh 31fayr & |fayr shr U (Multiplication of a Vector by a Scalar)

A ofifete o 4w o gen ofew @ oIk A uw eifsw ®1 a9 |fkw & @ ek A,
T HEe 59 Ad % w9 H s fran st €, 9fkw a @ ke A @ [or el
21 Aie wifSe fF A d o wfew & o 9@ T Gy 71 A " AT S1fe SRR
B o SFTHR A4 i Te9n, & o o e faudd eidt 81 Ad 1 9RAm 4 ufiEm
HTIAI TN BT 2, 37efq

[IAal = IAllal
T 3179 | |l o UM T SAMHATE A0 [§9 i Hed T (visualisation)]
et 10.12 § & T 7

A s
Y TR
3TTeRfd 10,12

SgA=—1,q9 Ad=—4a Sl Tk U G & fSeer qfiam 4 o g9 © 31 fewn
aw faon & fauda €1 9w —4 9fEer 4 1 RS (TUEl AT Uiael™ ) e
TR TH BN 4+ (-4) = () +a=011 &
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aﬁ?aﬁk=é,ﬁm§aﬂ%ﬁ a#0, 3, d T Yy Gfew T € @

|xa|=|xlla|:%|a|=1
14|
TG YRR A4, a o1 feon § urek 9igw &1 fefud s 81 89 39
a=r;|ﬁé€mﬁ'mﬁ%|
[ st | fareit 0 sifemt k3 for k=0

10.5.1 @& qfewr &F geF ( Components of a vector)
amgu fogati AL, 0, 0), B(0, 1, 0) 3R C(0, 0, 1) % SHHT: X-37],
y-378] T -3 R o 21 T T

IOAI=1,10Bl = 1 3R 10CI=1

e OA, OB 3R OC T ¥ weish o1 uiem 1 € x
HUI: OX, OY SR OZ el o e "k |iEyl Hgad
I 3T AN §, | el K g fAfde foFan s @ (emerfa 10.13)1

a1 W fag P(x, y, z) 1 feufa wfew gp wifse sten for emerfa 10.14 9 g9ien
T ¥ W e fF fag P @ 9@ XOY W EiE U A %1 R fag PR 39 TR
TH @A ¢ P P, z-315 & WA §1 FAMH |, ] WK FE: X,y TE 2-378 o S
T | € SR P Tl Y U o STER 89 W € fF PP = OR = zK . 36
TER QP =0S=Yyj 3R 0Q=xi .39 &N &1 W T fF

OP, = 0Q +QP, =xi +Yj
R OP = OP, + PP=xi +yj +zk
39 THR O <@g P w1 feerfa |f<er OP (1% 1) = xi + yj + zk o6 ®9 § 9=

Bl 2
fret ot |ier 1 98 ®9 Weh ®Y FHEeA S| T& X,y Ud z, F b A TH

FEed 3R xi, yj W zk HATE A&l % SHRY § o GRY WeH HEedd T
FHA-Hd X,y T 2 ! GBI w2 o el Sl 2
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S
rd

P (x,,2)
i

X 3TTeRfa 10,14

fordt Tfee F = xi + yj + zk, F1 TS TEANRY T8I 1 I 9R FAN FToh qXd 1d
1 ST ThAl ¢1 TH e HW ¢ R TR S OQP, H (ST 10.14)
|OP, | = [IOQP+IQPBP =/x* +y?
3R T A< OP P, ¥ 30 71 © %
|OP | = \/IOP P +IP PP = +y*) +2°
oa: fFel AR F=xi+yj+2k B AaEIT] = X0+ yj+ zKI=X2 + y* + 27
o ®9 § W et 2
fe < wiewr a @ik b ek &9 H FE: af +a, j+ak SR b+, ]+ b,k 5 KT
o E @
(i) wfee & 3R bt =m
é+5=(31+b1)f+(a2+b2)]+(a3+b3)12aﬁwﬁwm‘él
(i) GfEer @ iR b 1 3R
a-b= (@ —b)i +(a,—b)j+(a,—b,)k & FI H W B 2|
(i) ¥fee 3 3R b 99 g1 § IR SR haa A
a =b,a=b, 3 a =bh,
(iv) Tl sifger A =feer g &1 oA
Aa = ()i +(Aa,) j+ (Aa, K 51 = 21
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Tfeell 1 IrThe R fadt eifger @ @fsw %1 oA diwfaa w9 § fefatea
foraeor-fem @ foemn @

T ifST for & 3R b whig < |fewr € 3R kwe m &y @ifewr €«

(i) ki+ma=(k+mya () k(ma)=(kmya (iii) k(a+b)=ka+kb

feoguit

1. @9 uferd 2 Gehd € fopr Ao forelt oft o o e afgwr Aa =oen afcer 4 =

a2 aE § % |y & 9 b W A g1 ¢ A iR e Atk uE uE
TR 39 ), 1 3t € difeh b =4 el AfE |igw 4 3R b seh &9 4 Ky
TUE, Siq d=ai+a,)+ak 3R b=hi+b,j+bk, 7 3 Tiew W@ et 2
afg 3R o Ak
bi+b,j+bk = AMai+a,]+ak)
& bi+b,j+bk = Aa)i +(Aa,) |+ (ha,)k
o b, =Aa,, b, =7a,, b, =Aa,

e Bb_b_b_,
a a a

2. 9k & = ai+a,j+ak T a,a,a W g F -3 Fead 2
3. A |, m, nford afee & fp-FHroET € @
I + mj+nl2= (cosa)f+(cosB)j°+(cosy)l2

feu gu wfew =1 fken & A @fwr @ el o, pudy Ry gu afke g s X,
y TS z 38T o WY S T R0 2
SETETUT4 X,y 3R 29 WM 1 FITC 0k TR g =xi +2]+2K 3R b =27 + yj + Kk
T 2
T AN T TR < |iEe 99F B0 € AfE SR shael A Seh W4 WEeh HHH B
a1q: feu gu Wfew z siR b THM e A% 3R ohaet afg x=2,y=2,7=1
SETETUTS WA AT d=0+2] SR p =2f+ | 7@ 1 1a|=Ib |8 2% A 4 3R b
TOE € 2
T @ lal=V12+22 =5 SR IbI=V22 +1° =5
Tl |51 =1b | W XU g 9few oM & & it gk "ma w2 fo= €
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452 wforq
SEATETUT6 WG g =21 +3]+k o I ABH Wi 70 Hifs
Tl WKW 3 o ST A afest é=r;|ém§m€m%|

SE lal = {22432 +12 =14
3 ., 1

BRIy éz\/_(2|+31+k)—\/—p \/— \/—
W7ma:|—2jﬁm@wmmﬁmﬁwwﬁﬂm7m%

7ot fou gu wfewr @ o srfew Ao wfgg d=—a =—= (1 -2))=— —ﬁiéu

N l:\__.
THfe aoh efew @ik 7 ufEm aren wfgw 7a = 7 (_S_E ): o \EJ%I

SEEUT 8 ERW =21 +2] - 5K 3R b =2+ ]+3Koh ATh % IR A
LIENISIGRETIE ]

C=——(4i+3]-2k)

S
sl 29 J29 Y297 Yoo ©
SETET0T9 WKW d =1+ | —2k o fep-3rqum foifay X saet Temar 9 fKep-wiard

ol o ST fof |G F=xi + yj + 2k o fSop-219@ a, b, ¢ W &, FHAT T2h
X, y, 2 8 € safey Ky gu wfee & foq gq o € fF a=1,b=13R c=-2%8 F:
If% 1, m 2R n fEu gu ofewr o fep-wiErea € ar:
b 1 c
m=—= = —

|

7l 6 TN
1

Hd: ﬁaﬁ—ﬁwﬁ (T T —TJ %

-2
\/_aaﬁ|r| J6)
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10.5.2 g ,%'—3’3# & frer arem qiesr (Vector Jjoining two points)
a& P(x, Y, 2,) 3R Px,Y,2,)3 &g € q@ z
P & P, ¥ faam aren wikw pp, ¥ (ST
10.15)1 P, 3R P, =1 @ fag 0 ¥ faam w
e Fem F W B W e e
OPP,¥ Td € f% OP +PP, = OP, e
TR FTHS o TOHH B ST HW gL i 0 "3
e gt frefefaa w9 @ feran s 2l X
PP, = OP, —-OP,

2P2 (5,02, 2))

>

’ Pl(xpyla zl)

e PP, = (61 +Y, ]+ 2,K) = 4T+, ] +2K)
= (% = X)F+(y, =YD +(2, - 2)K

|fe® PP, T WA PP, =\/(X2—X1)2+(y2—yl)2+(zz—zl)2 % ¥ H I

g 1

sarEur0 fagst P(2,3,0)Td Q(—1,-2, —4) & e el T P¥Q &1 ™ k=

Hfeer @ HifSw

7o Fife wfey PR Q& Ww faw ?, wyed: P yrfue fig € &iv Q sifiw fag 2,

Zafe P 31k Q &1 Ao aren stefiee @fswr pQ, Freafafed &9 & 9 e 2

PQ = (-1-2)i +(=2-3)]+(-4-0)k

a7t PQ = -3i —-5j—4k

10.5.3 &g G (Section Formula)

A AifSTT get fog O o gmer P ik Q 7 fag ® fment Q

feafa @fkwr Op stk 0Q ¥ F&fm@ fear mn 2

fogstl Pud Q &t fHa aren @ we feelt dR fag

RN 3 HR ¥ fawfea fear s w&war 21 &4d: o

(eTehfa 10.16) TS =TI (2Tefd 10.17)1 F&l &AW >

Sxvr 1 Fig 0% wme fig R # et wRE OR Sf 1016
I 1 2 BH S el B TE-TEw wh o Bl

frafa 1 @R, PQ Y aia: farwifsra awear & (oMmesfa 10.16 )1 Ak R, PQ =i 39
TR fafsm w3 € % mRQ =nPR, Sl m 3R n AT e € f 9 ed ©

2022-23



454 wfora

foh fSg R, PQ I m:nh o1u@ ¥ 3fa: fawfe@ w2 €1 3@ fgsil ORQ U OPR ¥
RQ = OQ-OR =b-r

¥R PR = OR-OP=r-a

ERIGIY mb —7) = n(F—a) (F?)

Sl r= mb +na (T FHH W)
m+n

aq: fag RS fo PIRQ &I m:noh arqura o efd: fawifra shear & =1 feafa wfgw
OR = mﬁi:aéﬁmﬁmﬁm%
friafa 11 <& R, PQ & =@ fawrfad &ear 2 R‘

(3TTeRfd 10.17 )| IE TATA FHTA 8H TSk oh TaI
T ¥ o &9 § Bied € T W@@s PQHl m:n

o
: . : PR _m

Wﬁwﬁwﬁawﬁ?ﬁﬁy{[l.e” @_nj >

=1 feafa afwr o‘}i=mn2:2aé?wﬁwgﬁm%| 3TeRfd 10.17 P

feoguit afg R, PQ &1 5eA fag & Al m=n 3R safem feafa 19 pQ & =+ fag R
7 feufn W O = 0 o = F 7

SaET0T 117 f§g P8R Q wifery fwer feerfa wfesr OP=3a-2b 3R 0Q=a+b
g1 w U fag R = feafa afew @ Sife st P ue Q &1 firetm arelt T =1 2:1%
U | (i) 37d: (i) e fatsa s 2

El

() PR Qi e el W@ &l 2:1 % U@ o 3fa: fauied w ot f§g R

— e e ) )
. 2(a+b)+(3a-26) sa
OR = 3 e

(i) P 3R Qi fiei et T =i 2:1 o o o oel T e oret fag R &1
feufy afew =

__.  2(a+b)—(3a@-2b)

= =4b-3a
OR 5
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SETET0T 12 <9IisT f fag A(21 — j+K), B —3]—5K), C(3i —4 ] —4k) T Gushivl
19t o o )
1 89 UM ¢ T

AB = 1= +(=3+1)j+(-5-Dk =—i —2] -6k

BC = B=Di+(—4+3)j+(—4+5k =21 — j+k
R CA = Q- +(-1+DHj+1+DK =—F+3]+5K
o fafiaa e <ifse fo

IABI> = 41=6+35=IBCI> +ICA

a1a: fean gan Hys u wwshio fgs 2

et 10.2)]

1. fr=fafea gt & afimmr <1 9ferem Fifsa:
1

U F T T BN ) U TN
a=i+J+k; b=21-7]-3k; C_EH—ﬁj_ﬁk

2. FAE gRem o 3 fafa= e fafe)

3. 99[ fem am 1 fafv= e fafau)

4. xRy A @ FAC @lF qfew 20 +3] W xi +yj e

5. T ofew %1 9Rfas 55 (2, 1) © @R eifaw f5g (-5, 7) ?1 39 @fswr o aifgw

e | B A hITST)
6. WRMa=i-2]+K, b=-21+4]+5k 3R c=i—6] — 7k 1 AThel T Ko

7. Wi a=0+ |+2k o MRy Tk 9o Gy 9@ S

8. @fsw pQ, & Y A= |igw A Ffw <&l fog PR Q waww: (1,2, 3)
R (4,5,6) B

9. feu gu wfeeli a=2i—j+2k M b=—i+ |-k, & foau, @fesr a+b
STfEYT e WY T hifod|
10. | 57— j+2k % TR TF W W q0 FA e 9w 8 g 2

11. =zuifzn f |few 2f — 3] +4Kk 3R —41 +6] — 8k T@ T
12. W|fE9 i +2]+3k =i & cosine F@ Hifsw)
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13.

14.

15.

16.
17.

18.

19.

g
fogai A(1,2,-3) W@ B(-1,-2, 1) &l 5 a1c! THA W B &1 @& fae afcy
%1 f<er cosine MM IS

Tz fo TRE [+ j+K o1 OX, OY T OZ % Trer SR kT g3 ¢
fagell P (i +2]-K) 3R Q (= + j+K) ™ e arcft @ &t 2:1 & 21
(i) 31q: (i) 9, fawfsa W art fog R @1 feafa afse @ s

T fagati P(2, 3, 4) 3R Q(4, 1, -2) &1 et =Tt e =1 #en fog Fma it
T9iE & fg A, B 3R C, forfer feofa wfter shoen: a=3i -4 -4k, b =27 - j+k
R C=i-3]-5k €, weh Tmapior froget o el o1 Frmfor e )

19 ABC (3Tehfa 10.18), o forq freaferfiaa o @ i @1 %od oo & 2
(A) AB+BC+CA=0

C
(B) AB+BC_AC=0 //ﬂ
(©) AB+BC-TA =0 \

—>/B
(D) AB-CB+CA =0 3Rt 10,18
Az & 3R b 2 ww Wi § A Frefafed § 9 F9 W wod w1 8
(A) b=)\a, fodafee Ao fom
(B) a=+b
(C) 3 3R b °F HANA T2k HHEIC &l 2|
(D) 3 |fEeli & qen b w1 fen oM @ wg oRmmr fafe= €

10.6 =¥ |fa9n =t TUE% (Product of Two Vectors)

areft A% THA iR o ANTHST U sk o SR W 31 Al B ofd SHN SR
TSI o1 UMFHS ATHE Teh O SToa Wiehal shi =l T 81 B0 TR0 6T qohd &
foh 3 Gemsti 1 UHE Tk G& Bl 7, I SR 1 UGS T STE el § TR
worl i fEfd W 80 S T YR @ 0N T Tehd € AHA: & ol w1 fagar TuH
TE < ol 1 HASH| E YRR |iEel 1 oM ot & adter @ qRenfa feren s 21
AT A UHES W&l RO Tk SAfEe g1 © S |iEw R el o T
ey B 21 Wiewl % ¥ T YhR o UAEEl oh YR W AN, AR T
it # gk fafe SyEn ¥ 30 Ifess & €9 39 S WK o UG St == Sl
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10.6.1 g @ieon &1 3rfaor NUTT®RA [Scalar (or dot) product of two vectors]
afteeT 2 F YRR A a SR b W stfew oA a-b gr e fen s e
AT a-b =lallblcos® s w7 9 uRwrfea feran S 21 ;,

el 0, 3 3R b, AR HUE I 0<O<7 (SHA 10.19)1 /

Ife §=0 Fera b =0, a1 0 uRwfia &t © i 3 feorfq o 0
g9 a-b = 0l % amyﬁmo,wa
verur

1. 3.b U arfas e 2

2. A AT fF g eiR b T YER TRw € 7@ a-b=0 IR R Haa A

4 3R b WeR daeq € s1efd a.-b=0e alb
3. afK0=0,99 a-b=Iallb]
fafered: 3.5 =51, s 30 fafa § 0=0721
4. I€ 0=m, 79 g-b=—I1allD|
fafyrea: a-(—a)=—1al, s for 39 feafa 40, n o auer 2
5. ga;z®3éﬁa?ﬁﬁwquﬁzsﬁ i, ] wd Kk, & forg g9 um

(=i i = kke
qo i-j=j-k=k-1=0
6. T YW T g IR b o &= HT FHIT O
cos9 = a'ba HAYAT O =cos”! i g feon S 2
lallbl lallbl

7. efew qoEtha wA fafE € sreiq
ab=b-a ()
AT TUTTRA & ﬂ%’ﬁ'{ﬂf "\1;UT$I& (Two important properties of scalar
product)

Turerd 1 (SRR PEwE F ARa R fawo o) 7 i &, b @R ¢ @

afew ¥ qa a-(b+C6)=4a-b +4a-c

Tured 2 9F WfifST § @ik b S Afew € ok A T efew €, @
(\d)-b = M@-b)=a-(Ab)
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afe < afew s w9 H al+a,]+ak TH bi+b,j+bK R g & 9 3w
Afee oAwe Frefatead 9 § o g @

ab = (ai+a,j+ak)-(bi+b,]+bk)

af-(bf+b,j+bK)+a,j-(bf+b, j+bK) +ask- (T +b, j+bk)

ab@-D+ab, i DH+ab,(-K)+ab(j-D+ab,(j-j)+ahb,(j-k)
+ ayb (k1) +ash, (k- ) +ajb,(k-k)

S ToEH | 3R 2 S STET wE W)
=ab, +ab, +ab, (S0 5 T ST HEH W)

39 R a-b = ab, +a,b, +a;b;

10.6.2 T Gy @7 Terdt @ WAy gerg (Projection of a vector on a line)
T ofife ok wer wfewr AB et T Y | (|m fifse) o @rer amred foen o 0
IO A S (STH 10.20 3FAT) 7@ AB 1 | R WEY TF GEE P (HH wAr0)
2 Forgent IRmmor 1 AB 11 cos01 © iR forert faem =1 | <61 faem o gum sveran faadia &
39 9 W R 2 T cos© ¥ATcHE § S1efa BN | Wy P ! wely §few wEd
IR 3geh ufmmr | P, e W@l w® 9k AB %1 98 el @1 SIeE:

frafafad & ¥ yoi® apfa 4 |y AB &1 t@n | W waly afzw AC 2|
[3TeRTd 10.20 (1) § (iv) 7]
B

B 1
ZK: N :\<\e l

A ;> C - C ;> A
(0°<6<90" (90°< 6< 180"
(@ (ii)
2> 0 9 >
/ ’ AR !
B \B
0 0
(180'<08<270) (2700< 0< 3600)
(i) (iv)
3TTeRfd 10.20
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T

1. @ | & srfew Afg p A 9few © @ W@ | 9iEe g &1 9T ap Y e
BT 2l )

2. T TN & 1 W GRS b, W AT &b, e a{'%),awﬁ(aﬁ) 3
T e 2

3. A 0=0, a1 AB 1 Y& Gy @ AB e SR A% 0 =7 @l AB I W&
gfeer Ba B

4. Zrﬁ{9=g3?%‘|3ﬂ ez%a‘f@aﬂuﬁqﬂﬁrﬂwm%ﬁw

fewuit afso, B SRy AR a=ai+a,]+ak % KH-F0 & @ st fKep-HamsT
frefafed 9 & urd 1 ST Fehdl 2

al  a a a
coso = =L cosBszl, and cosyzﬁ
a

lanil lal’ la

7e oft e G 6 151 cosar, lalcosP 3R 1dlcosy FHA: OX, OY @1 OZ o
SR g o W& ¥ otoiq WM g % AW WeF a,a, 3R a, FE: X, y, T 7 &
o ST 5 o WU B| Sk ST A 5 Teh WISk WA © O SEeh! TEeh—oh @A
FT FerEd 9

a =cosou + cospj +cosyk

¥ ®9 § fere fohan ST wehal 2

TETET0T 13 I Afeel 4 SR b & uftmror wEen: 1 ek 2 ® @en a-b=1, 9 ufeei &
Eieicakcauis cRCAIE

ze fem gen § a-b=11al=13RIb1=2. sm:

Gzcosl[ aé'ba J:cosl(lj:E
lalibl 2) 3
TETEUT 14 AW =i+ j-KkdMb=i-j+k & &= F1 &0 I HIfC
Tl % Gl d el b % o %1 o 6 e g wew @

cosG:?'—ba@Wﬁ?ﬂ%I
[allb |
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S ab=>0+]-k-(-j+k)=1-1-1=—
-1

Wm%ﬂ‘ﬂﬁ%ﬁ cosez?

3T 27 T 0= COS_I(—%) 2l

SETEToT 15 A =51 — j-3K 3R b=1+3] -5k, 3uieu fF @few d+b 3R
d—b deee 2l
T B9 A ® FR < IR AiEe Ao B ® afg SR ik e g @l

Rt a+b—(5|—J—3k)+(|+31—5k) 6|+2]—8k

S d-b = (51— ]-3K)—(T+3]-5K) =4l —4]+2k

BRI ( +b)-(@-b) = (61 +2]—8K)- (41 —4]+2k)=24-8-16=0
3 b 3R a—b ciae afer 2

3IITEATT 16 “vTﬁ{STa 2|+3j+2k‘_*—[ TR b =1 +2]+K T 989 F@ HifSw
I I R Bt e Tl

- 1 10 5
1.5 = (2.143.242.1)= J_ 2
@ JO?+ @7+ (1) Jo

SETETUT 17 A T AW 53K b 39 WEN © 6 |41=2, |b1=3 3 a-b=47 [a-b |
A hifeg|

1
bl

T 89 U € TR
la-b[ = @-b)-@-b)
—dd-a-b-b-d+b-b
= laP -2@&-b)+Ib P
=27 -24+03)’
ESISI la-bl =45

IEETOT 18K 5 Wk "I |ew © 3N (X—4)-(X+4d)=8,d | XIF[ ®ifsu)
Tl il 3 Tk U 9w €, TEAT lal=1. 9% «ff fea gen € %

(X-8)-(X+a) =8

el X-X+X-d-d-x-a-a =38
el IXI* -1 =8 3Heid_I1X1P=9
THfT |X| = 3 (sFifen WiEe o1 qRAT Tea =R el §)
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SEETOT 19 F Gl g e b, % faw w9 14 albl (Cauchy-Schwartz
AR |

o & g% Tl Wesl ®Y W W ¥ AR =0 3Fee b =0.9qd ¥ 39 feufa o
TH UM B T 15-b1=0=I311b|.SHT BH Head &id ¢ T% 1d1=0=Ib| 79 &H

. = C
la-bl <1 o Z xb
—Iéllﬁlz lcosB1<1 | /g
w1861 < 18106 A
la-bl <13
lallbl 10.21

SETET0T 20 < W g gon b o fAI€ W (d+bI<ldl+]1b | (Frye-erafie)
Tl & g2 erafhent, I feafadi =0 b=0 ¥ Fesl ®Y ¥ T 7 (F 2)| 39T
M efifsT f 1a1=0«1b| qa

la+bP? = (d+b)’=(a+hb)-(a+b)

—4d-a+a-b+b-a+b-b
= 1al +2a-b+Ib P (31t AR % Tt @)
< lalP+21a-bl+ibP (FifH  x<Ix|VxeR)
< lal+21albl+lb (ST 19 F)
= (al+1b >

37a: la+bl<lal+Ib|

| Tt | =i freger-srafie ® wfae oo Bt € (Swfa 33 20 §) sveiq

la+bl= lal+Ibl,as

IAC| = |ABI+IBC|
fog A, B @IR C W@ <91 2|

SETETUT 21 TR fF 55 A (=2f +3] +5K), B(T+2]+3K) 3R C(71 —K) =@ =
T B9 W hid 2

AB = (1+2)i +(2-3)j+(3-5)k =31 - j -2k
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BC = (7-Di+(0-2)]+(-1-3)k =6i —2] -4k
AC = T+ 2T +(0-3) ]+ (-1-5)k =9 =3] -6k
| AB | =14, ‘B‘é‘z%/ﬁ R 1ACI=314
safery |AC| = 1ABI+IBCI
aa: fag A, B 3k C W@ 2

I 21 F A ARTC 75 AB + BC+ CA = 0 T TRt oft g A,
B 3R C 19 o wfiel =1 fmior =& vt 2

[wrerett 10.3]

1. < |fewl dqen b o UREO wEe: 3 TS 2 € AR d-b=+6 e A aqmb
% S T B A RIS

afee §—2§+3K 3R 3f=2j+keF o= *1 HO FA BT

T {4 ] W RS | — | 1 989 16 RSy

TR [ 4+3]+7K 1, W 77 - ]+ 8K TR F&H A il

=viizn i fau g fFrefafea 49 ol § ¥ ToF o 9t 2,

wn A W N

%(2?+3]+6I€), %(3?—6%212), %(6?+2j—3l€)
7% off Toiee fF ¥ Afew WER TF W & daed

6. AR (A+b)-(A—b)=83WIdI=8Ibl & af 14| W& Ib| T =ifeu

7. (3@-5b)-(2a+7b) 1 HH A HIfSQ

8. < @fewi a SR b % R 9 RIS, K e TR e 7 97 39 o i
maﬁm60°%awmaﬁmm%%l

9. Jgfe Tk A Gfew 4, o fau (X—a)-(X+4d)=12 8 a1 IX| Id shifsm)

10. AR a=2f+2]+3k, b=—T+2j+K 3R ¢=3i+ ] =R fF a+Ab, C
T o ®, 9 A H HE 0@ RIS
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13.

14.

15.

16.
17.

18.
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Tulizy o < YR Gfeel 4 et b & fow (d1b+1bl1d, 1alb—Ibla = @ &l
g 4-4=0 3R 4-b=0,d 9w p o 9N w1 Fopd Feprenn ST Hehal 22
afg a,b,C woeh Gkw W YRR R TR a+b+c=07d a.6+b-c+¢.a% A
@ I

% 4=0 2@ b=0, 99 a-b =0 R o™ &1 T & MEvTH T 2
T 3TV G A IW &1 gfe FHifsw)

Ifg frelt 19w ABC & 9fid A, B, C ®891: (1,2, 3), (=1, 0,0), (0, 1,2) €
ZABC @ HIfSWl [LABC, 9fkeil BA T BC o ¥ &1 w0l 2]

Teise o 55 A(1, 2, 7), B2, 6, 3) 3R C(3, 10, -1) ®@ 2

Twitsw fF mfewr 20— J+K, -3 5K 3R 31 —4] - 4k ws wHr o &
il Bt T w2

I IR GRS & 1 GRAT ‘@’ © 3R A Teh YRR S ® Al A Tk 6
afewr € A

(A) A=1 B) A=—1 (C) a=IAl (D) a=1/Al

10.6.3 g @i’ =1 qfger TUTT®R T [Vector (or cross) product of two vectors]

st 10.2 H T f-forfa gfeomed wweifre e wsfa @t == #1 ot 5w
ugfa & eI x-3787 1 ATHTE S[ATHT YTH y-318] T AN Sl € dl e
z-31% &1 fagn o wsh sferonerd! (Wi S ST B ST © [STeRa 10.22(1)] 1

Teh SrguTerdi fEeeh ggfd § e <10 1 i STl hi ©FTcHeh x-3787 hi feum

T QAT Y- HT T et [ha STl & At STST oI 2-3787 1 3R Tehd il
[eTeRTd 10.22 (ii)] B

V4

3TTeRfd 10.22
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TR 3 3 YRR W & q b, % 9w PHEd axb ¥,
Faf fore ST & R axE < 1AN6 1sin0A ¥ w9 F v
fepen <1 € STel , & 3ib ok &= &1 vl & IR 0<0<7 & |
7&l N wk W wfew & W fF wfew asikb, S W e B -5
TH YR &b qem A U <feomedt ugfa @l fAffd e ® Vax@ﬁmo.za,
(STeRfd 10.23) AUiq Sfaqomad! 9gfd &1 4 § b & WE A W Ig A HT Ko o
<ot 8
I 5=0 21T b = 0, 79 O IRWIfa 7f © 31 39 feorfa & &0 dxb =0 gftsqfea
F 2
ﬁ&TUT:
1. axb w wfgw 2
2. UF T & SR b YRR gikw € q9 axb=0 AR R Faad Al
a3 b Th T o WH (IUEl W@) ¥ Auf
axb =0 ajb
fafered: axa=0 R ax(—a)=0, Fifw v feafa & 0 = 0 qon feeh=
feafa & 0 = nr, @ <A € feafedl & sin 0 61 9 7= & S R

3. aﬁ;ezﬁ?ﬁ axb=1alb|

4, ﬁmzﬁm%wﬁﬁwmwaﬁsﬁ j iR Koh
faw (emerfa 10.24), 89 T €

ixi = jxj=kxk=

AAAAA

X ] =K, Ixk=1, kxi=]

5. WiEE UM i el 9 I AW 4 9O b o &= &1 H0 341@"&!10.24
o Frefafed &9 § e 2l @

Tlalbl
6. 7€ HeS T § fon ier qorhet s fafw T e € it axb = —bxa
arqa § axb =lallbIsin®A, 3@l &,b 3R A T faomadt wsfa 1 fffia s
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€ ofq 0, 3 Yb 1 TWH THE HH B el AR 10.25(i) wEiH
bxa=lalblsin0n, S b, a ok f, T feomed wgf =t fiffa w0 €
g 0,0 ¥ & 1 AR whF HH BT € T 10.25(ii) |

n

@) 3TTeRTd 10.25 (i)
AR T TR A R fF ASRD S TF A FF Fa@ d E A A RA,
T I o q TR e B IR A IS ¥ SR T @ e g 3R A i
¥ el T W e B i = -1
T TR axb = ldllbIsin®n

- —lallblsineA, =—bxa

. U 4 3R 6 & G o
jxi=-K, kxj=—-T3Rixk=—]%
. g a3 e 1 Word el # FREfW wW@ € A BIe &1 e

%Iéxﬁléamﬁmiﬁm% <
91 & FFe 1 TR S STIER €9 ST 10.26 7%\
0 -
A

@m%%ﬁaﬁAchﬁﬂw:%AB-CD, D P B
3TTeRTd 10.26

Wq AB=Ib| (&1 g1 ?) 31k CD = |4|sin6
3a: s ABC &1 &mwe =%I5II§Isin9 =%I§x5l

. 95 @ 3R b A =IqHT 1 Terd Jenel 1 FEd w1 € d T Tqys &
&l |dxb| % ®Y § W e 2l
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Aepfa 1027 ¥ B9 U € foF W@
Fq+s ABCD &1 &5%d = AB. DE.

W AB=Ib| (fgar gem 2), &
DE =lalsin0 21qd:

AR FqHs ABCD &1 &5%d =
Iblldlsin® =IaxD| TRt 10.27

39 B e qUAEA oh & Feaqul N i e wl

TUTEH HISY OAEA T AR R oo fEm (Distributivity of vector product

over addition) 3% &, b 3k ¢ o 9few € R A % afcw © @

() ax(b+c) = axb+axc

(i) A@@xb) = (Ad)xb=ax(Ab)

H AR Wiew & o b uew 9 H HE: ajl+a, | +ak S bi+b,]+bK
i ]k

fau g 2 q9 S WRW AR gxp = & &, a; FN A S Hha 2
b b, b

AT &1 U
axb = (ai+a,]+ak)x{i+b,j+bk)
= ab (i xi)+ab, (I xj)+ab,{xk)+ab, (jxI)
+ a,b, (jx ) +aby (jxK)
+ ah (kKxi)+a,b, (Kx J)+ayb, (KxK) (e 1 9)
= ab,(ixj)—ab,(kxi)—ab @i x])

+ 3,0, (jxK) +asb (kx) —ab, (jxk)
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= abk—ah,]—abk +ab,i +ab j—ab,

= (a,b, —a,b,)i —(ab, —a;b) j+(ab, —a,b )k
] oK

=3 a4 &
bl b2 b3

SEEI0T 22 AR d=21+ j+3K X b=31+5]—2k,q 1axb| T HifST
Tl A=A

P] ok
35 2
= {(-2-15)—(=4-9) ] +(10-3)k =—17f +13] + 7K
ai [axb| = c177 37 +(7)? =507

SETET0T 23 WY (A+b) ¥R (A-b) ¥ W yAF o oAdaq W WKW @
T &l a=i+]+K, b=i+2]+3K Tl
TATH UG E F a+b=20+3]+4Kk 3k a-b=-]-2K

T qiew, S d+b AR d-b I W a7, Fefatead g0 wed ©

]k
(@+b)x(d—b) =[2 3 4|=-20+4]-2k (=c, ARTARM)
0 -1 -2
SE| ICl = Ja+16+4=+24=26
3d; 3T Ak Ay
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ferelt et T &) oo feomd Bt €1 3F: & +b 3IR & —b W T e

1~ 2. 14 : . .
e WES —=1 ——— | +—=k Bl g 7 (5 - 5 +b) 1 % gRom
JEI J€J+J€ | @-b)x(a+b) g

SETE0T 24 T IS &1 &wa 9 wifse fwes ofid g AL, 1, 1), B(1, 2, 3)
I C2,3, 1) &

T ¥ U ® % AB=j+2K @R AC=i+2]. T gu fHqs #1 &= ha
1

—|ABXACI 3

2
PPk

o ABXAC = [0 1 2[=—4i+2]-k
1 20

zafe IABXAC| = \16+4+1=+21

31d: erefe e %\/ﬁ%

SETETUT 25 IH i S H ATw T SIS fTHh Tor g g = 3( + ]+ 4K
A p=f—j+Kk 50 & T 2

Tl fRdt g Tqyds #1 o qemd 4 iR b € A SR SF%A |axh | gN
T e 2

ok

3@ axb =3 1 4/=5+j-4k
1 -1 1

Tafeau laxbl = 25+1+16 =42

TH TR TEvIS &R (40 €l
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11.

12.

ofeyr demfora 469

|[wrgarareft 10.4]
g A=1—-7]+7K 3R b =31 —2]+ 2Kt 14 xb | HIfT
TfEE d+b 3K a—b I e e § O TR o1 B e 4=31 + 2+ 2K
I h=i+2]-2K &I

I T A G a,f&mﬁ%,j&mﬂ%ﬁtﬁ%mq%q—rﬁ@
A S A O T WA FG RIS SR IHHBT T2l 4 4 o e 7 i
T9Iize fF (@ -b)x(d+b) = 2(axb)

A SR u T wifE, A 20 +6]+27K)x( +A] +pk) =0

feagem e a-b=0 3R axb=0.9W & 3R b &% IR F a9 70 Frdd
bl Tehd €7

T AT W 4,5, ¢ A ai +a, ] +ak, bi+b,j+bk, i +c,]+ck
®q ¥ e gu ¥ o sz ik dx(b+C)=axb+axc

a5 d =037/ b = 0 e dxb =0 eiar 21 #01 e Tea 82 S0 Wied o1
TR F e FHh

T 19 1 &ethet T Hifee fes i A(1,1,2), B(2,3,5) 3R C(1,5,5) €
Tsh GHIR TGS I &kl 1 HIfoTy FTgent Gor et afke a =i — j +3k IR
b=2-7]+k gr fawifa €

M ofse afse 43R b =0 YR & fF |z§|=33ﬁ'{|6|=g,aa axb T
o |9 & aff 43RD & S F H R

(A) /6 (B) m/4 (C) n/3 (D) /2

T 3 o 3Nl A, B, C 3R D foer frarfa afew s

—|°+lj°+4kA, f+lj+412, f—l]+412 3R —f—l]+4lz,%"=h"f AR
2 2 2 2

(A) 1 (B) 1
2

©) 2 (D) 4
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fafaer 3argvor
FATET0T 26 XY-9a | 9t Al gfee fafem)

Tl WF ST fF F=xi+y], XY-a0a & TH Ao @9 § (SR 10.28) 1
3TeRfd o STTHR & T & 5 X =cos 0 3R y =sin 6 (FiTH |7l = 1). 36feT &0 |fgw
r i,

(= OP)= cosI +sin] o (D
% ®9 ¥ fo@ g B
e Tl = \cos?@+sin®0 =1
Y
N
P(cos6, sin0)

—_—

X A OP'=cos6?
o V)
X P >X P'P=sin0/J

A4

3TTeRTd 10.28
SH-SE 0, 0¥ 2, A%k URefda giar @ fag P (3mehfa 10.28) A fgen # 94
X2+ Y2 =1 T STEY hidl © AR g0 qeft Gofera feond wftwfer €1 em: (1) 9 XY-
a1 | Yo "R |iEYl 9 e @l
saEtr 27 AR fageni A, B, C 3R D, o feafa @fgwr wm: {1+ ]+K, 21+5],

3 +2]-3K aiRi—6]—k B, o a1 T@sii AB TN CD o << 1 101 T1d HiferQ
frma sifSe fF AB @R CD W@ 2
T@ e T fF 3 0, AB 3R CD, % 1= 1 #101 # @1 0, AB 3R CD & = &
off Yo7 B
a7 AB = B 1 feufa wfewr — A s fefa wfew

=2 +5)-G+j+k) =i+4]-k
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EGIIY |ABI = \J(1)2 + (4)> +(-1)? =32
Tt TFR CD =—2i -8+ 2k 3IRICD =62

AB.CD
o c0s® = X RICDI

1(-2) + 4(-8) + (-D(2) _-36

T 326V 36

Hifeh 0 <0 < 7, THH W eIl ® foh 0 = 7. 7T¢ <9l @ 6 AB @21 CD U TR
& W4 T

=1

faremeaa: Kﬁ=—%€5,w@wmﬁ@ R ¢p W@ gk €

SETETUT 28 WM ISy &, b @R ¢ diF uikw 39 YR € R |41=3,1b=4.1c1=5
IR T W YSE, I T Wewl o AMEA W oddad § ql, |d+h+c| T i

o femgesn e & a.(0+0)=0,b-(C+a)=0, C-(d+b)=0

1 lda+b+cl> = (@@

=laP +1b P +I1cP
=9+16+25=50
ey la+b+cl=/50=5V2
SETETUT 29 1 wfewr 4,0 RC wRtEM a+b+c=0 F HI® F@ T AR
|dl=3, Ibl=4 3R [Cl=2 AT u=a-b+b-C+C-a 1 T4 I HifsT
& ik d+b+¢=0,3afT & T € T

a-(@+b+¢c) =0
7T i-d+a-b+dac=o0
zafan a-b+ac=-|a=-9 (D)
T b-(A+b+c) =0
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o a-b+b-¢ = -|b[ =-16 e (2)

.. (3)

o
o
+
o
o
I

4;

A _
(1), (2)aﬁ1(3)aﬁaﬁ@ﬁm%ﬂqﬁ%
2(a-b+b-C+a-€) =—29

29

2
SEETUT 30 AR WER deaq W AR §, | @ik k, 1 fwmed gefd % A

a=31—], =21+ ]-3k, @ BB B=p, +p, & w9 ¥ st wifoy el f,
0% TR § 3R B,, 6 % oead 2

T W S B, = A6, A TH SR T i B, =3M —Aj

a 2u=-29,ie.,u=

CE| B,=B-B, = 2-30i +(1+A)]-3k
ifen B,, & W e & W G-f, =0
a1erfq 32-30)-(1+A) =
31ereT A=t
2
— 3:\ 1/.\ =3 1:\ 3/.\ ~
ESISI B=51-71 R B2—5|+EJ—3k

g 10 UT fafaer gonaeit

1. XY-Td ¥, x-3781 &1 FTcHeh {90 o 911 amMmEd fSen § 30° 1 01 a4 arell
R wiewr fafeu)

2. g P(x,y,2) 3RQ(X, Y, 2, H faam ot wfew & ifaw gesh i afmm
1A i)

3. UH gt qivem Ko | 4 km wordt 81 U 9vE 9 SW 9 30° ufyem i
o9 & 3 km =t 8 1R & Sl €1 TR o URI9eh fog § eigen! o1 faeenmH
1 hifSTu)

4. I a=b+¢, 79 N 7€ A € Tk 181=1b1+ICI? 39+ ST 1 gfe i)

5. X %1 9€ UM WA HIC 58k AT (i + j+K) TH A qiEw 2

6. @M a=21+3]-K &R b=i—2]+k o TRoTH &% THI@ TH @ Al
A HITST FSrEeh aiEm 5 5T 2l
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11.

12.

13.

14.

15.

afeyr demfora 473

A a=f+j+k, b=2f—j+3k 3R c=f-2]+Kk,MER 28— b+3cH
TR Teh A i3l AA Hifeq|

T9ise Tk fag A(1,-2,-8),B(5,0,-2) R C(11,3,7) W@ & 3R BgW AC
%l faIfa & aTen STE9[ A6 St

T fageti P (24 +b) 3R Q(d — 3b) i e aTeft 3@n i 1:2 o 9| o e
fawfsa = ot fag R &1 feurfa dfeer 9@ #ifSw 78 ot <erfse f fag P
W@rag RQ 1 weA forg 2l

T TR TGS BT GME 2 4]+ 5K 2R [ -2 - 3K T 7 forepo %
YOI T I A9 T HIFT| SR &aha ot T Hife)
Toizw fF OX, OY TS OZ 18 o |l SR g¥or ge afeer &t feep-ahrame

ot ¢ )

T AT a={+4]+2k, b=31—2]+7k 3R ¢=2f — j + 4Kk . T Ton T
d @ FTC S & @R b I Wl T MR c-d =15

TR [+ j+K F, AR 2f +4]-5K 3R M +2]+3K & Frmhe 1 e o
e |G o WY A [OAEA | o STeK € @ ), 1 A T e
I &, b, ¢ 9O AT orel WER weed feer § ot ufe & afker a+b +¢
TSl &, b e ¢ o el e ¥l g3 B

fag FIfST % (a+b)-(@+b)=lal? +Ib P, A IR et af &, b wae 2
Te fea gan @ 76 a20,b20

169 19dF o T3 § F&l W &1 999 Hifog

16.

17.

Ifc g Akl 4 iR b o o= F FOT @ F.b >0 B AR:

(A) 0<e<§ (B) o<e<’;

(C) 0<b<m (D) 0£6<Tm
M fifse a3k b 3 e |fEy § 3R 9% o H F 0T @ A+b TH
e "l ® A

T o o 21
(A) 1 (B) 3 © 5 (D) 3
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18.

19.

*

*

*

*
*

*

Tfora

LXK+ 1.0 xK) +K.(x ]) &1 w1 2
(A) 0 B) -1 ©) 1 D) 3
s < |ieel & IR b o9 1 HIT 0T A |F-bI=IFxbh | TF O TR B

A) 0 B) = o = D
(A) (B) 7 © 3 (D) n
qrTST
T g P(x, y, 2) 1 Tefd GR@ OP(=r)=xi +yj+zk & 3R wfiEm

Y +yr+2 R
Tsh WK o 3191 FI2h THoh T4eh-STUId Heaid & 3R HHNTd 1eil o el
TGk U&Y & Frefid @ 2

Tk WKW w1 qREm (r), Kep-3uE a, b, ¢ R fm-HEEA (I, m, n)
frfafad w9 § gafua 7
a b Cc
| == m=—,n==
r r r

et 1 A qonell A HwH § @ W SR FEw A (R

T He-anfeH FiES 1 AN TH TH FH SqHS o foehol ¥ W g €
fsre! Her 9 KU gu afew 2

Teh QYT 1 319 A W UH 38k TRA0T i1 ||k O § uRRafdd 3 <l

® S A1 M R Al RS BH o TIER $Uh! X9 1 THE
o T T 2

faw gu Gfkw 5 & forw gfkw a:%, AT fon o W Gy 3
fagatl P 3 Q fomer fearfa wfew waw: zeinp €, 1 foam ol Y@ =i
min S § R B e fig R @1 R wRr (i) MM g,

m+n

mb — na

fadsH T (i) e fa9sH W, o ®9 § 9w Bial 2
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¢ TR 731k b S S 1RO Q7 Al ST AR ABA 5.b =14l | cosd
o ¥ H 91 g1 €1 A 5.b & gen € A ufkel gakb % = 1w

_.‘6
‘9’, cosO = ; Y 9 B Bl
lallbl

o I < W z3iRb o o= w1 HIOT OB A SHRT WKW TOHHA
axb=1dllblsin@A s & ¥ I g1 1 ST A T A A TR T S
43R b FAlTd HH ol 91 & oledd @ &, b 3R A SRIoTe
TreifoE frdeie agfa @ fafda ww €

o R a=ai+a,j+ak am b=hi+b,j+bk 3R )\ TH fEw & @

da+b = (a,+b)i +(a, +b,) j+(a, +by)kK
Ad = ()i +(Aa,) ]+ (hayk
ab = ab, +a,b, +a5b,
]k
ﬁ'{ ng = al bl Cl
a‘2 b2 C2
UldgTiien gy

T Y13 o1 A= cAfes 9T o Teh Y13 92l (vectus) § g3 € e
e 7 TR HEN M Wiy fagia o yoig feem = fafa T 1800
AU WAL WAl €, S Caspar Wessel (1745-1818 ¥.) 3R Jean Robert
Argand (1768-18228.) 31 39 d1d =1 9viA fvan foh wah fdenes da1 o fordlt fwe
TGS H1 FEEd W Th Wiy WA a + ib &1 s eref feea sy feme
1 Gehdl 1 Teh SRS T, William Rowen Hamilton (1805-1865%.) ¥ e1o+t
&, "Lectures on Quaternions” (1853 §.) ® fsw t@mae o fau afer s &1
TN 999 Uge fohAl ol wqeAEl (quaternians) [F® Fv=a st faw @

e % 8L a+bi+cj+dk, i, |,k % ®Y ol =R oo g@Ae w6

2022-23



476 TTford

T=ad) h effee fafy afse 1 H-fadia safter & qon #3 *1 gm7e w1
T o1 qefy g6 I&T 29 91 1 Teh 31a9d w3 T Wil F1 ehood 31X 37
ANTHS 1 fo=R 9ga- Al 98 ¥ Plato (384-322 341 I9) o T forsF wa gAM
Tfifer @I SRR Aristotle (427-348 81 Ud) & il @ & ol SH 99T T
eI i Tea o T 3 t2@n sifies 9l &t 99 fshal 3l THIR Fqqs
o FEEHER 91 % | WS 1 ST Gehd! €1 Sl o garse w1 9e fam,
It 1 A GfY T H foman ST Gehel €, T @S Sterin Simon(1548-1620%.) 5T
e acl 1 fefa H w1 TE1 T 1586 H I=I O WHgE, "DeBeghinselen
der Weeghconst" (I &% &l el o f95Td) H acll oF ARThe o SAHA
fagia =1 foveror foran o fSrer SR At oF faeh™ H T e 9iadd gal
TR 3T 1% ot AN HT AUH Gehodd o 90T H 200 I TR T

T 1880 ® Uh oAN! wifdeh WSt wS WU Josaih Willard Gibbs
(1839-1903 €.) 3R Tk 31Ul Il Oliver Heaviside (1850-1925 ) ¥ T
Tt o arfosh (AR AT I Fwiedfie (TfEe) TR € gUeE H e afxw
faeaiwor o1 gor feRan oMl & 1881 31k 1884 H Gibbs "Entitled Element of
Vector Analysis" T T e GRdeh! SUaTE | 39 s § ISl &1 T wHaS
T wiw foeror fean gan o aunfy |iken o STIHEr &1 90 o3 &l Hifd
D. Heaviside 3R P.G. Tait (1831-1901 £.) 1 9 & foieii 3 fawa o faw arefss
IR feam 2

> —

L)
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ﬁri%rfﬂ'&r?w&rﬁr

(Three Dimensional Geometry)

«*The moving power of mathematical invention is not
reasoning but imagination. - A ADEMORGAN <

11.1 gffert (Introduction)

el XIH, Svaiftes safhfd o1 ereae & a0y fg-forft
3R fa-faddta fooal o ufta o 21 @ 1 Shedl F
fafy qe difira @ 21 59 g o fusal e o e
Tfell 1 ot Hehourtel o1 s1ea foman 21 o1 eq |igen
é?ahwﬁrraemf‘sr forta s=nfafa o S9am i) fH-fardm
Sfafa § 36 U 1 SR § fF % 36 ST W
et Teel T gerael () a2

Ee) & foua o %ﬂﬁanﬁﬂﬁﬁﬁlmqﬁuﬂﬁrﬁ@ Leonhard Euler
aAferepier URoTHT <1 GiEel oF &9 H W hd €1 qentd g (1707-1783)

TIehT hIdTd &9 H ot STaR 4 S e § feefa 1 e sfid oIk foveromes
eI Jqd ST HeR

11.2 Y@ & feep-shamE iR f&er-amuTa (Direction Cosines and Direction

Ratios of a Line)

A 10 W, TROT it o o1 fog 9 TR arelt wfger {1 L g x, y AR z-aned
3 T FA oL, B 2R y ST T 0T FEeF-hI01 heelid © del I iU ! G FHq:
cosa, cosﬁaﬁ'{cosyi'@ L o fqeh-shMEa (direction cosines or dc's ) gt gl

*  For various activities in three dimensional geometry, one may refer to the Book
“A Hand Book for designing Mathematics Laboratory in Schools”, NCERT, 2005
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478 TTfoTd

afg ea Lt feen faudia & 34 € ot RKep-h101, 3197 Goeht o 37eif m-at, - 3R
Ty H SEA WA Bl 3 YR, fKeh-hiaEd o fug @ge Wi g

7
A
Ay L
" P :
e s '
2 :
r 1
Y :
B :
“Yo ¥y —>Y
X
X
3TTeRfd 11.1

I i, sfafer & <t € Y@ i & faudia fgnedt & g gehd © 81k gEfeny sheh
e e e e
g o fau, 39 90 @1 & T 9w W@ oA =feul 39 sifgdia feep-hiems &l
l,mﬁ?naﬁmﬁﬁ‘?mﬁﬁ%
feoguit siafer o < 7€ Y@ A gt fog @ &Y Tordt @ @ suh! - 3
#H o fou, &0 ue fog 9 9 T W@ o gE U Y@ diwd €)oo got fag 9 g
e W A G A A A i A i s e
e A (&) B T

T W@ o fSp-hiaRd & Fuunl §ened w1 W@ o fge-3TquE (direction
ratiosordr’s)EF%'v)l %IW&R’W%@T@EW—W L,m,nd TEEE—Q:TQNTH a,b,cﬁ?ﬁl
WWKG R f\c_'TQa:M,b:kme;ﬁ'{ c=M

¥ oEw feg-rgul i fop-wemd i wed €
A AT Tk Y@ o f&eh-qu a, b, ¢ 3R @1 HY Rep-HEEA [, m, n 1 q9
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ESiGiy [ =ak, m= bk, n = ck . (D)
LGl P+m*+n*=1
ERINIY k(@ +b+c*)=1
1
Rl k=%

\/az +b*+c?

ad: (1) 9, T@r =i ﬁ{EE—EIﬂ'FITET-I (dc’s)

b c
l=t—C2  m=+ N L —
forddt Y@ & fau afk Y@ & Kep-3rue ®AN: a, b, ¢ €, A ka, kb, ke, k= 0 5t
feeh - STaTell =1 Teh THE €1 SEfIT Teh 1@l ok fXeh- 31Tl ok <1 T o qEgar g
ard: fordt Tk W@ & fSop-3rul & et 9HE '

11.2.1 @7 &t feep-FiagT & I (Relation between the direction cosines
of a line)

A AT foh Tk T RS 1 f&eh-hmEA 1, m, n B1 oA
fag o & 7€ Y@ &% TR T W@ giftay iR 3 W
g P(x, y, ) i@l P& x-3187 W &9 PA WifaQ
(3Tepfd 11.2)1

OA «x
afg OP=r. cosau=-—o == fS® x = r 9T B 2|
r
Tt ghR y:mrﬁ'{z:nr.
ESiGiYy X+ +z2=rP+m+n?
LGl X+y +2=r
3 P+m’>+n*=1

11.2.2 g )%@aﬁ &1 e areit 3@r &t fé?m:—aﬁwm (Direction cosines of a line
passing through two points)
FifF 2 fru figall ¥ 2R S At Yan a1 T | frg T fage
P(x,, y,, 2) 3R Qx,, y,, 2,) ¥ oA arelt @1 1 fep-hrare &1 7 ¥R & 3
FTTHG € (IMFM 113 (a)]

H eifee fom @1 PQ &t feer-hiarea I,m,n& L x, y 3 -8 & L HI0
HOI: o, P, y A S
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480 R
oM ST P 3R Q @ & Eifay st XY-aa1 &1 Raen S W faerd €1 P9 wHh

I ofd ST s QS 1 N W fHerar 21 e wHehivl 519 PNQ #, ZPQN =y
(3TeRfd 11.3 (b)) 3EfAT

Z V4
Q
PN MQ
P N
2% Y
I) o
K
X (a) X (b)
3TTeRTd 11.3
_NQ_3-3
cosy PQ PQ
Tl TR cosoL = xZP_Qxl 3R cosﬁzhp—éyl

amd: fogafl P(x, y,, z,) 91 Q(x,, y,, z,) T Sied a1l @rEe PQ fk feh-whiam

=X Y= L74 ¥
PQ ° PQ ~ PQ

&

STET PQ = \/(x2—x1)2+(y2—y1)2+(22—z1)2

feouft fageti P(x, y,, z,) 99 Q(x,, y,, z,) i S oel arEs o feep-arqua =
YR ¥ fou s ged Bl
X=X V= Vs Zz—Zl,_":” X=Xy V= Vp 878,
IETET0T 1 AR Tk W@ x, y A1 z-3787 1 YHTcH 9 oF Fer T 90°, 60° a2 30°
1 HI0 S @ Al bk e A ity
1

T HE g %@aﬁﬁ%—mﬁq l,m,n%l qd [ =cos 90° =0, m = cos 60° = E’
3
n:cos30°:§
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IETET0T2 A Uk Y@l o fKep-31ud 2, -1, -2 ® ol 3! fEeb-hIGTg F1a shiferg)
Tl fee-hraE fete &

2 1 )
V2D (27T P (2 2 (1) (2
2 -1 =2
i 333

SarETor 3 q fage (- 2,4,-5) 3R (1,2, 3) F fHam arel @ #t fKh-HaE 3.
iUl

T B WM € R R fage P, vy, 2) FRQ, v, z,) F FEH Al @ w5
feep-eprarEa

X T X yz_yl’ T4

PQ = PQ PQ
&, et PQ = \/(x2 —x) + (=) +(z, _Zl)z
Tl P &R Q HHY: (- 2,4, —5) 3R (1,2, 3) €l
Tfery PQ = /(1 - (-2))> + (2-4) + 3= (-5))* =77
safem @ fagel Y frem AT Y B -
3. -2 8
N E NN T

SEATETUT4 x, y 3R z-31ef 1 fEp-Hrme I wifer)

T x-3T8T AL x, y 3 z-3987 o WY 0°, 90° R 90° o VT ST | THIAY x-37e7
1 - cos 0°, cos 90°, cos 90° 31t 1,0,0 F

Tl YN y-3187 3R z-3787 k1 fRep-shiareT ®Aw: 0, 1,0 2R 0,0, 1 &)

SETET0T 5 quIiE R fag A (2,3, -4), B (1,-2,3) 3R C (3,8, - 11) @ €l

& A SR B ! et arefl Y@ o faeh-emqam
1-2,-2-3,3+434q —1,-5, 7|

B 3R C & fiet areft Y@ o faep-equa 3 -1, 8 +2, — 11 - 3, 19iq, 2, 10, — 14 €l

72 ® o AB 31 BC o f&ep-31id THurt €1 a7: AB iR BC 9Wit €| W
AB R BC 41 & B s9afTss 2| 31@: A, B, 3R C W@ fog 2|
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et 11.1]
1. A Tk W@l x, y 3R z-3180 o H1 HAIA: 90°, 135°, 45° % HI0] &G © al SEeh!
feep-ahiarE W SIS
Tk W@l 1 fEeh-shred T ity St Fdwmal & @rel GHE i S 2
Ifg Th a1 & fGep-3ra —18, 12, — 4, €l 3Uh! [Keh-shiare 1 2?2
Tuisn f fag (2,3,4), (- 1,-2, 1), (5,8, 7) W@ 2|
TH S # qenei & fRp-wmET §a s afs e 6 osid fag
(3,5,-4), (= 1,1,2) 3R (=5,-5,-2) &
11.3 37after W I@T a1 AHeRI0T (Equation of a Line in Space)

wel XIH fg-forfta 90 & T@nsti o1 Teaae & o qvaTq o7d &4 faRkal H T @i
o |y den hdid GHeRon sl | H|

s Y sAfgdtaa: faifa 2 2, afe
() 7% feu fog @ & 7 fxen @ < o @, @
(i) =& fu T faged | g S €

11.3.1 3w 71w feig A @ 5 STcit 997 3T 7T WiGPT b & THIGY I@T T THIHTIT

(Equation of a line through a given point A and parallel to a given vector b )

n A W DN

gushifores frdener T o qat fag O & amy Z b
T A o g A ST |few g 21 WM e R /{,
fog A9 M St qen fSu U 9iewr 5 % TR A

@ (B AE e R R e fedt mes fag. < |
P feufa wfewr 7 8 (empfa 11.4)1

=

T AP Wf¥ b % iR ¥ S1eiq AP=Ab , 5E 0
A TF SRt e Bl X b 114
W AP = OP-OA

7o Ab =F—d
foetea: g A SF Y& A o fau I8 Sl @ o fedt fag PRt frafa uem
T B ;TN T AR FHIHT B

F=da+Ab . (D)
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femoit A b = af +b) + ck & @ @1 % K-S a, b, ¢ & AR Toeima: 4k wh @

o T&eb-3T01d a, b, B Al b = af +b] + ck @1 o FHIR €M1 =& b i | |5 G S|
|fE9T WU | HT w9 = T (Derivation of Cartesian Form from Vector
Form)

o e R Ru fig A S Fwi® (v, y, z) € @R W@ # R
a,b,c%WFﬁﬁEWﬁgP?ﬁéﬂW (x,y,z)%'l qd

A

7:xf+y}'+zlg;5:x1f+y1}+zlk
R I;zaf+b}'+cl€

= o 1 (1) H wfeeenfad sk 1, j SR &, ORI o B W EH U
 fr

x=x+Aa; y=y, +Ab; z=z+Ac .. (2)
3 @l o grEe FHE 81 (2) © YrEe AR fadid i W, 89 U B
YohH YT 274G . 3)
a b c
& @ 1 FAE GHHT B

foguit afe Y@ i feeh-hIEET [, m, n €, A @ H1 T

Yz Y—hn _27% ¥
[ m n

SETEI0T 6 T35 (5,2, -4) ¥ SH a1eft qe | 37 + 2] - 84 o HHIR T@1 w1 Wi
T AT FHHN ! FMd RIS

Tl B9 9§,
G=5i+2]-4keR b=3{+27-8k
Ty, T@ 1 Gieer g B
F=5i+2]—4k+A(3i+2]-8k) [(1) ¥
=feh T R e Rt g Py, y, 2) 1 feorfa afgw 7 2, gafec
xi+yj+zk =51+42]-4k+N(37+2]-8k)

= (5+30)i+(2+20) j+(—4—-80) k
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A1 faeliod %@ W89 i © %
x=5 y-2 z+4
37 2 -8
St Y@ o GHiE F FAE €9 e

11.3.2 & few @ %@’aﬁ @ S aret I@T T GHIEOT (Equation of a line passing

through two given points)
A AT U T W ferd 7 fagsi A,y z) SRB(x,, v, z,), 3 Fefa wfew swwe
G AR p & (MRt 11.5)1

wH Tt ¢ Tk W fag P fefd z )
ot §1 9@ P @ W ¥ AR iR Few A 1 \ e Ip
. . . y T
AP=7—a T AB=b-a W@ 9w 3 w6 N
P Y1 R feor & =k ol e At SN

F—a=A\(b-a) 2 ’

= F=d+A(b-@),Le R .. (1) 0 7Y
S Y@ 1 afser ek 2 s
afest ®G ¥ AT BT TG BT 3 e
T A © R

szf+yj'+zl€,d=x1f+ylj+zll€,ﬁ?l;:xzf+y2j'+zzlg
= O & (1) § gfaeenfid 9 W g9 Ud © fF
x;+y}+zl;=x1§+y1}+zll;+7»[(x2—xl);+(y2—yl)}+(zz—zl)l;]
i, 7, k o Ol 1 G B W EH U € foh
x=x+A0,-x)y=y,+A @, -y)z2=2+A(z,-2)
A1 faeliod %@ ™ 89 U © 6
X=X _Y=H 273
=X Yo=Y 7%
St Y@ % GHiE F FHAE €9 2
saTEtuT 7 fagat (1,0, 2) 3R (3,4, 6) ¥ B S Al @ 1 Wiy Tl [
Hifu|

o HA ofifST a 3R b fageti A-1,0,2) 3R B(3, 4, 6) % fefa afw €1
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GE

a
R b=3i+4]+6k
FHfeTY b—d=4i+4]+4k

M ehfee o Y W fed foadt s fag P e feafa wfgwr 7 21 em@: @ =
afser g
F=— [4+2k+0 (41 + 4] +4k)
x+3 y-5 z+6
TETETOT 8 T 1@ 1 HTd g FHIHL SRR 2
B
Tl ST T GHRI0 &1 JFF ®9

X=X _Y=Nh_27%

| 39 @1 T T TR0

a b c
¥ qo T W BE U € T x,=-3,y,=5z=-6a=2b=4.c=2
70 YR et W@ g (- 3, 5, - 6) W BT Sl € qe 6w 27 +4 j+2k &
TR 21 9 et fF Yan w fem et fag w1 fefa afgw 7 @ @ Y & afw
TR
F=(=31+5]-6k)+ L (20 +4]+2k)
g U B

11.4 < 1@ ok HLT HIUT (Angle between two lines)

M A fo L sRL, g fag @ ora areft < Yend § fes faep-sguma e
a, b, c 3Ra,b,c, 8 T: A7 AEF L R TF fag paen L, R @& &g Q 2
Pt 11.6 ¥ &Y T |igwr OP 3R 0Q W fa=r =ifsw) #F <fifsw 7 OP 3R 0Q
o F= = IV 0 7 379 TR0 SIS R Tl OP 3R 0Q o ek FH: a, b,
cl3ﬁ1a2,b2,c2§|3€mmaﬁﬂwwe 7z

/
a,a, +bb, +c,c,

2,2, 2 [ 2.2, 2
\/al +b +¢; \/az +b; +c;

T[: sin 0% ®9 H, @A ok = BT B0 Q L,

sin@= ./1—- cos? @ @Eﬁ?{% ) 9 P v

B \/1 _ (aay+bb,+cic, ) 7
= ( X

a12+b12+c12)(a22+b22+c§) ST 11.6

cosO = S 9<d %I

2022-23



486 TTfoTd

\/(al2 +b12 +c12)(a22 +1922 +c§)—(ala2 +bb, +clc2)2
Ja?+62+) (@2 +b2 +¢3)

_ \/ @by —ay b))’ + (b, =be )+ a,- ¢ q) 2)

\/(alz+b12+c12 \/a§+bzz+c22

e foouit| 59 fefd & 5@ Yed Lo eiRL qa fig @ & R € @ ew
L, 3RL, % 99, 9 g @ Tor areft e e L, 9 L, o §1 Afg et
L, 3R L, facp-o1qaml o s fep-hramed & 7 = S L, % o1 £, m, n, 3R
L, fC L, m, n, @ (1) 3R (2) Ffafed wew o

cos 0 =11, + mm, +nn) (FiifeR F+mi+n’=1=0+m;+n) ...(3)

iR Sin © = (4 my —L,m, ) —(my my=my m)*+(my Ly, =y 1) ()
ﬁaﬁ—aﬁmﬁ a, bl, ¢, #R a, b2, c, et i’@T@

(i) @oed €, A 0 .=90°, i (1) ¥ aa, +bb,+cc,=0
h_a

(i) TR 2, A 0 =0, FAf (2) @“—I:b

a, 2

319 &9 ] Y@istl & a9 1 10 Fa FA Foes g fu T 7 Atk 1 e
Fo=d +Ab FRF = d, +ub, o &= =7 HI01 9 B

&)

by -b>
ad cosO = | ==
|b1||b2|
g w § o e 0 - 2N T4 (1)
’ a b, ¢
i % Jw _ith e
by o ()

@
% o HT T BT W@ (1) T (2) F KH-TIG FAN: a, b, ¢, T

a, b,, c2% GEJ
a,a, +bb, +c,c,

2,12, 2 [ 2,42, 2
\/al +b +cj \/a2 +b; +c;

cos 0 =
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sarEor 9 fu MU TEr-g
F=3i42]—4k+AG+2]+2k)

AR F=5i-2j+n@i+2]+6k)

% [T HIU AT hITT

A UA AT b = F+2f+2k IR b, = 37 +2j+6F

<A1 FEnsti % wed il 9 7, gEfa

b-by, | |G+2j+2k)-3i+2]+6k)
cos 0= |==7|=
5|5 Ji+4+49+4+36
3+4+12] 19
T 3x7 |21
- e[
M = COS 21

SETE0T 10 {@1-g:
x+3  y-1_ z+3

3 - 5 4

+1  y—4 z-5
S .- 3

1 1 2

% &g HI0 G hIToT|

T Teell 1@ o fEeh-3um 3, 5, 4 3R S Y@ o Kep-oru 1, 1, 2 &1 9 5¥eh
o= T HI0 @

o 3.1+45.1+4.2 16 16 83
V32522212422 | V5046 sV246 1S

3d: T HI cos‘[8 \EJ 2

15

11.5 &t @3l o Hed =Aau &30 (Shortest Distance between two lines)
it o 9% 1 e weR yiiess e €l Sk |ie i ad 50 9 @1 e
it # = <T@t GHiaR © ol Sk s sl FAad g, Sk st were g4 gl
31 Tk @M o U fOg W gEd W@ W gl T dal
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3Geh rfafted efaler o, TEt ot @ Z
Bl 2 S T @ gfaesel SR 7 & gHiE@
gl ¢ arqd W wHt t@net o g
FETAT Bid § 3 3% formaeia @ G F

S
7

(skew lines) ed 21 SR 'H ‘_\D E

Ffa 117 § x, y ol 23181 & srafew [~

FEL: 1,3, 2 THE F STHR a6 FW T ° C >Y
foa w3 B A B

Y@ GE &d & foal & o & aig ST 1.7
W@ DB,A% I IW Bd o HH §
TSR g SeR o Tl o erfewr 21 3 Y@ favmaeie @ it o gaia T8 € ol
et et off &1 €
< Tt & o HAaE @ 9 TR e T U e 9 @ W s e W e
& fog &1 g0l W R feora o fog &1 foam 9 ura 31 @ifeh S9! aarE —=IAaq 2l
A 30 @Ee §Hi fauddeia d@st | a@a gl
11.5.1 Fﬁ fawadcita ¥@rsit & sier &t 'g'ﬂ (Distance between two skew lines)
319 B9 @et o o9 i =gAae O Fefatea fafa 9@

T HW F| A A /SR [ & famacia e @ T Q
eh weftetor (ammepfa 11.8) freferfaa : L
Fo=d+\b, . (D) o
R F=ad,+ub, @) — 1 1,

T | W fag S foment feafa afewr g, oiR £, R e ST 11.8

fag T fowt feafa wfew g, 2, <ifsw) 7@ =Fam 5@

afger &1 ufRemr, ST 1 =Aaq 34 &1 fen o yag & w9 & §6E 3 (TR
10.6.2)1

afk 1 3 1, % 1 #1 = < Gl PO # @ 9w A 4, R, W oed g pg
1 foon # s@E Afw 4 39 gR BN fR

7
H Sy

2

.. (3)

|

X
n:
| b, x

S

) |

-

2022-23



-fadtg snfafa 489

GE| PQ =d

el d, =[AqH g |iEw 1 qREm g1 6 AT g7 SR PQ o e 1 W 0°F, 7

PQ = ST Icos 0l
. PQ-ST
R c0s 0= BQ IIST|
dﬁ(az _C_il) . —
=|—ys7 | (F® ST =a,-a)
(b X by)-(d, — @)
= — 3) % N
ST |5y x| Q :
U 31 =Aan <l
d = PQ = ST Icos 6l
. PR RCETANCETNN
| b X bl
Eanipikav) (Cartesian Form)
e
A N U ) B S
Yoo - b, G
3Rk l,x_xzzy_yz 2T %
o b, )
o ot 1 FaH U e
=% =0 7%
a, b, S
) b, G

\/(blc2 —bzcl)2 +(c,a, —czal)2 +(a,b, — azbl)2
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11.5.2 @RI ¥@T3l & otel i Q’?? (Distance between parallel lines)
I Y@t/ Ak [ FE@ E d 9 gHaed g 21 A & T e e

F=a +Ab (D)
S F=ad, +unb )
¥, wet | mfag s @ feafa wfew g ok R fag T o (D) 1
=1 fefa @fewr 6, (emafd 11.9) = :
Fife [, IR [, FEaea €1 At g TH [, W
T T o 1 U P 7 qa L@ett [ SR [, o e B ) I
= = ITP| S (a7)
o whfe o gfeel ST 1R b o o= %1 107 01 a4, FFT 11.9
b x ST = (1b1ISTlsin 0)A .. (3
<ot T@net [ SR L% 99 R 9 3R W 4 gl
q’{g ST_(12—al

e (3) 9 29 UM € T
b x (@, —a,) = |bIPT A (Fifw PT = ST sin 0)

31 16X (d, —d)| = 15 1PT -1 (aslal =1)
zafere T Y@nel o o =Aad g4
d= 1PT1=| 220 =) | 5
15 |
SETETT 11 T@sd [ $iR Lo o ?fraﬂ T A shifery fSeer wfge gefiehor 2
F=i+]+AQi-j+k) - (D)
R F=20 4] —k+pnBi-5]+2k) e (2)

Tel R (1) 9 (2) B F =G +ADb IR F=a, +pb,,q T FA W
W E

2022-23



-fadta snfafa 491

FHfeTY G, —a =1i-k
S b xby= (2f - j+k)x(3i-5]+2k)
ik
=2 -1 1|=3i-j-7k
3 -5 2
TH JHR b, Xby1 = \J9+1+49 = /59
Tafery € T Y@ & ot 5 =gan g0
(b xb,)-(d@,-a)| _13-0+71_ 10
b xby || NECINAT)

mmlzﬁw%r@aﬁﬂé%@aﬁlaﬁw
+2]—4k+A(2{4+3]+6k)

3R 7:3i+3j—5k+u(2i+3j+6k)aaaﬁavfran§asrraﬁm|
Tl E @ gER #1 (F?) 7w ®

G = [+2]—4k, d, =3{+3]-5k 3 b = 20 +3]+6k
zafae tEref & o= & gl

i ] k
S| Bx@=-ay| | |23 6
- b N B T
J4+9+36
C1-9i+14j-4k1_~/293 293 5,
. J49 J49
[woemaett 11.2]

12 -3 -4 4 12 3 3 -4 12
e E R e TR e E RN E M EM R AL
@t TR e €
2. <uiiee fom fogati (1, - 1,2), (3,4, — 2) ¥ BT &H arelt @ fegati (0, 3, 2) 3R
(3,5,6) " S drell W& W A4 2l
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10.

11.

12.

TIford

. 3uTEn o faget (4, 7, 8), (2, 3, 4) W B &H areft @, faget (- 1,-2, 1),

(1,2,5) " S =rell @ o g 2

. T (1,2,3) § oA et T o w9 i St kw3 i 42 j -2k ok

G B

. fog foweet feufa afew 27— j + 4k Qo a |fcw [ +2 -k &t faen o 5

el @1 1 G IR HdT €9 § GHier 9 St

. IE W@ w1 HAE GHE A6 I S feg (- 2,4, - 5) ¥ St ® el

x+3 y—-4 z+48 & o 2
3 5 6

. @i@?ﬂaﬂ‘qwx—5=“4zzg6é|mmwﬂwm

eee. 3 7
|

. e g @R (5,-2,3) 9 SH el 3@ %1 "k qen Sidta w9 o gHieor 9

EAIEL

. fageti (3,-2,-5), 3R (3,-2,6) ¥ [RA orelt W@ 1 |iEw 94 S wu

T GHIRTOT i A1G i
frefafea Tar-gmi & = &1 S0 Th Hife:

() F=2i-5]+k+V@i+2]+6k)3R
F=Ti-6k+u(i+2]+2k)
(i) 7=31+]-2k+A(F=]=2F) R
F=2i-]-56k+u(3{-5]—4k)
forefafad Yar-gm & St 1 F0 T R

x—2_y—l_z+3a?|_{x+2_y—4_z—5
2 5 -3 -1 8 4

()
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13. f?’@@ﬁ%@qxf y+52 i %:%:%wa’a%}

14, @t =42 ]+k) + A0 —J+k) SR F=27—j—k+pQi+j+2HF
s St A U A hIfe:

. x+1 +1 z+1 x—3 5 z-7
15. e = y_6 st y_2 % o9 1 = 50 T
Hifu|
16. Y@, for qfke gt frefafad €, & o= %1 a9 50 9@ it
F=(G+2]+3k) + MG =3]+2k) 3R F=4i+45]+6k+1 (27 +3]+k)
17. Y@, fet afker geienor frfafead 8, o e 1 =Fan | i
F=(=0)i+(-2)j+B=20k I F=(s+D)i+Q2s=1)j-@2s+Dk

11.6 9ARdT (Plane)
T THAA I g ®9 W 0 R S gkl © 9t Frefafiad § 9 E s vd 91 a8
(i) G 1 Afiers IR get fog @ Toael 1 gl 31 €, fufq sifirels &9 o gaaa
T THHIT
(i) =& Tk fog O TR & SR G 7 fXwn o deed 2
(i) e fXu T @ @ fegeti @ TR 21
e B WHAC o WG T Hied G0N W H|

11.6.1 3T9Td ®T H THAT T THIHIOT (Equation of a Plane in normal form)
T gEdd W faER wifve et gor fag 9@ ofwed g d (d#0) ® (SRR 11.10)1
gfg ON qof f55 @ da1 W ofa & e ON &
IRV A A e |few & @9 ON =d A
21 A T foF Toael W i fog PR gafe,

NP . ON W @« 2|

>N

3@ NP-ON =0 (1)
e ofifst Pt feufa wfewr 7 2 @
NP= 7 — d i (FHifs ON+NP=O0P) X
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TG UHR (1) &1 &9 FefafEd 7
(F—dn)-dn =0

q (F—=dn)-n =0(d#0)
el Fon—dn-n=0
1iq Fon=d @En-n=1)

N

(2
IE WHAA HT G GHIHT B
FAT B (Cartesian Form)
A 1 G THE0 § W@ 5, GEdd % SAed TR 9y 81 W et §Haa
WaﬂgﬁEP(x,y,z)%l GE

613:7:xf+y}'+zl€
M AT 7 T K- [, m, n 81 T

A=1i+mj+nk

Fon ok A 1 (2) W WiqEIita i W B UM ¥,
(xf+y}'+zl€)-(lf+m}'+nl€)=d

33[8?«'1 Ix+my+nz=d .. (3
I8 TUAe 1 FHAT THH B

Tl (3) WERT e € fF Ak Fo(ai+bj+ck)=dTH
A 1 WY FHEHOT B @ ax + by + ¢z = d THAA 1 HIATH GHIHOT & SET
a, b 3 ¢ FEAA o el o fKep-oue 2|

SETET0T 13 39 HUAS 1 TGSl Hieh0r 1 Sifer St g forg @ %aﬁeﬁm%

SR @ fog & s aifreta WfReT 27 — 3 4 4 (7
TA WM AT ji=27-3j+4k BT
i 20-3]+4k _20-3]+4k

Ll J4+9+16 J29
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AT gHde o1 A TR

oy —3A 4 6
[r NRANGT j 75
TETEAUT 14 WIAA 7+ (61 -3 j—2k)+1 =0 R Y o5 ¥ Tt T A9 TR Afewr =t
feep-ahiare ¥ i)
T THAA o FIq FHHLUl 1 36 YehR ook TRA1 S Gehal B:
F(—60+3]42k) =1 (D

CE| I—6f +3 j+2kl=36+9+4 =7
TaferT (1) o 21 9ali o1 7 9 9N & W EH I © 16

S o HHdd &1 GHE 7 = 4 % B9 6 R
m@w%ﬁﬁﬁ:—gh%}+iéwé€mmmésﬁwﬁg
Y oA 21 36 WER 5 F w0 3 2
77777
SETET0T 15 §HAA 2x— 3y + 47— 6=0% 7o fog 9 30 9@ sifsw)
Tl it qe1 o Afels o fXeh-eumd 2, -3, 4 € THA Sqeh! fEeh-shieme
2 -3 4 3 4

S22 +a 2P a? 2P (ca e mhfd_d_

TAFTT T 20— 3y + 42— 6= 0 ST 20— 3y + 4z = 61 /20 T T F
W EY I R &

2

4 -5
R A AR
ﬁ?%lx+my+nz—d,aﬁmﬁ%3ﬁﬁaﬁgﬁmﬁ@d%l%@ﬁ"ﬁ

THael 1 gt fag 9 %%l

ﬁ
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SEETOT 16 Ha fIg 9 ¥9ad 2x -3y +4z-6=0
R TS T od o UK o RN A Hife
Tl TH ST ga fog o 99de 9% Ste MU od o
R Pk FERTF (x,y,2) T (ST 1111
HHQ'@TOPQ?WWTHX RS 2l
Wﬁwwﬁaqﬁmaéﬁmﬁmﬁm%ﬂ
i ® fom

2 3 4 6
NN RN TN
. 2 3 4
&l OP o feh-erqurd @,@,@%l
Fifeh T @I % fap-hied IR fep-3T THEA eid 71 o7
x oz
1 _ _13 _ 1 ) ¢
«/_ V29 «/—
2k —3k 4k
i S T s

Euﬁﬁw&ﬁwﬁuﬁwﬁa%ﬁmmuﬁ%ﬁak:%
mm%m&ﬁ%ﬂﬁiﬁ_—lg%j%

29" 29 29
(@ feolt| afz g@ fig @ wwaa 1 5@ J@ R wEad % sfyels @i
- [, m, n & q9 A9 H1 9IS (Id, md, nd) Bl 2|

11.6.2 T fe€ QiIwT o arcia aor few fig @
ZIhT S aTet AT T WHIHT (Equation of a Z

plane perpendicular to a given vector and

passing through a given point)
siaRe o, Ue U U 9fkwr o ST dd 3Heh gHdA P(x, Y1 7))
& W § Wq TH U M P(x, y,.z) W 9

Y
YHR 1 shadl Teh GHda 1 e g § (2fem /
ST 11.12) 1 X T 11.12
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oM i foh gaaa Tk fag A, fSrgent fearfa
e G €, ¥ S € iR 9few N o oea 81 °H
wifer o el w freht fog pep fearfa wfew 72
(3Tmepfd 11.13)1

aa fag P ouae o feem gran 8, 9 3 o

>Y
aﬁﬁ,ﬁmﬁ%,a&hﬁ.ﬁ:o.mx ~
AP=7-a . T8feTg 3TeRfa 11.13

(F—d)-N=0 (D)
¢ FHAS 1 WY THIHTOT 2|

Eanipikay (Cartesian Form)

AT o e @3 A (x, y,, z) 3R THGA W FE P (v, 3,28 71 N &
fEeF-31qud A, B @ C®, qdl

G=xi+y j+zk F=xi+yj+zk st N=Ai+Bj+Ch

&l (F—d)-N=0
zgfeTT [(x—xl)f+(y—yl)}+(z—zl)l€](Af+B]A’+Cl€):O
33[8?«'1 Ax-x)+By-y)+Cz-2)=0

TETET0T 17 39 T i WiE 3R hidia SHiehion 1 shifer, s fag (5, 2, — 4) ¥ S
? @R 2,3, - 1 fKp-3rqura orelt Y@ W e 2l
T T4 S € T g (5, 2, - 4) o feurfa wfew G=5712 —4f ® IR 9wl & i
1 sAfeeta dfger N=27+3 ]k 2
THIT, THAe w1 WY FHehol (F—ad)-N=0¥ 9 2|
B [F—(51+2]—4k)]-2i+3]—-k)=0 e (D)
(1) = g &Y § TR HH W eH 96 €, o

[(x=5)+(y=2) J+(z+4)k]-2i+3j-k)=0
B 2(x=5)+3(y—2)-1(z+4)=0
3791q 2x+3y—-2z=20

N

S A 1w GHERO 7
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11.6.3 @17 2maGte figei’ & gl W aret
quaed @1 WHIEYT (Equation of a plane
passing through three non-collinear points)
7 e gaaa W feo 09 sat@ fagett
R, S 3R T o feufq wfeer wawn: a,p 3R e ¥
(3TMeptd 11.14)1

gfser RS @R RT f&u @naat ® ) gafag .
Tfee RS xRT fogei R, S 3R T w1 sr=fee ST 11,14
FH A T T A B HH AT I o
#1E farg Pt fearfq wfewr 7 1 s@feie R 9 ST el a1 |fee RS xRT W &e, g9de

&1 GHiHl (F—d) - (RSXRT) = 0 B
7 (F=3).[(b-a)x@@-a)]=0 . (D)
IE T oTE fagsti | ToRA ame g9da o THI 61 Hiw

ki e <

| Feuit | s wfen ® i et fig e =i e
22 9fE fag s &1 Y@ W o € qd 389 e ael e SHdd
B (3Mfd 11.15)1

3 GUdS Teh T o Y3l shi ifd g el

fageti R, S IR T & sfafdee & ol i
T o Y3i o §eA ATl T HSE 2 STeEht 11.15

Eacipikav) (Cartesian Form)
qﬁ?’ﬁmﬁg@ R, S 3ﬁT T ﬁé'?ﬂaﬁ SHHRT: (X1, y1, 21), (X2, V2, Z2)3:ﬁ'{ (x3, y3, Z3)%|
M ST for wHaer © fwdlt fog Pop e (x, y, 2) @ g@en feufa wfger 721
RP =(x—x)f +O0-y)]+@&-2)k
RS =(z—x)f +(2—y)j +@-2)

RT = (x: — x) i+ (s — yl)] +(@—-2) k
1 gHl i 9w 9T o g (1) § giaeeed i W g9 Ud © 6

X=X, Y-y zZ—Z
X2=X1 =N Z-%4
X3—=Xy V3= P 23—

SilsiE| 'I%TS (x1, y1, 21), (X2, y2, 22) 3:ﬁ'{ (x3, y3, 23) g T T o THAA oF THIRIOT kT
HTATT T B

=0
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FEEruT 18 fageti R(2, 5, - 3), S(=2, -3, 5) 3RT(5, 3,~ 3) ¥ WM a1l FHae shi WiEsT

TRl F1d SIS

T HF T G=27+57-3k, b=—2-3]+5k, c=5{+3}-3k

9 G, b AN E W S O HAA 1 Wiy gHie frefafEd 8
(7—5)(§Sx§?):() ()

a (F—a)-[(b-a)x(c-a)] =

g [F—(20+5 ]-3k)]-[(—47 -8 j+8k)x (31 =2 ))]=0

11.6.4 GHAAT & THIGIUT &7 3id: GS-B7 (Intercept form of the equation of a
plane)

TH 3T=3% |, 0 WHAA o THIHT i, SHeh gR1 fewnell W e fd: @< & ®9
T FHON| T AT A T FHIHT

Ax+By+Cz+D=0 (D#0)?I (D
A AT T g x, y, 3R z-378f W e 3fd: e FAN: g, b 3R ¢ (ST 11.16) T

TR : TGS x, y 3R z-3180 W A g (a, 0, 0), (0, b, 0), 3R (0, 0, ¢) R Therar 21

z
-D
Tgfaq Aa+D=0?3ITA=7
-D
Bb+D=0?3ITB=7
CC+D=0'<’TIC=T Q (0,5,0)
T HEI ] A & TR (1) § ufaeenfud @i P (4,0,0)
WA W EH U © TR X SR 11.16
E A o))
a b c

S 3d: @e ®9 § gudd 1 s g 7

IETET0T 19 39 AT H1 GHIHT0T J1G HITT S x, y 31 z-37ef W %wae: 2, 3 3R
4 3d: @ HEd Bl

T HE S, FEdA T GHE

Xy z
—+=+—=1 . (D)
a b c

T a=2,h=3,c=470 2
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a. b 3R ¢ T 9 F (1) § yfaeenfya 6 W 89 guda &1 1 gHe

§+§+§:1 A 6x + 4y + 3z= 12 I H 2

11.6.5 Fﬁ fé(r gaael & Hl'(\'IU&sC‘"'I g T S aiel THEAA (Plane passing
through the intersection of two given planes)

AR ST, SR, wEaw, foe Wi ]
FO: F.A =d, I FLA = d ¥ T R G
v W fem frd fag w1 Refd afw o <A {

TR 1 T HM (SR 11.17)1

o 50 T R feow faeh fig 9 fefa wRw s @ T
[ =d 3R 75, =d, TR 1117
gHifery A o qeft arafaes @Hl o fow g9 T € T
{-(n,+\iy) = d, +\d,
Hifh [ Wes ¢ Ty 98 W & e fag ol gae s 2
T THR THIBI 7 - (7, + Aiiy ) =d, + \d, FFq@ 7, i Frefaa w2 € S oo 2 o Az
EAEIEN| f,nlaﬁTnya?WWﬁaﬁWW%ﬁa%@aﬁwwml
o7d: guaell Foii, = d, R 7 -ii, =d, o Weesed W@ o 9 9t fRd gude &
THHT 7 (i, + M) = d, + M, ) (D)
HAE B (Cartesian Form)
A ®Y o fag A

i, = Ai+B, j+C k
i, = A,i+B, J+C,k
3?|'{ 7= xf+y}'+zl€

@ (1) 1 uiefdd &9 2:
x(A+ M) +y B, + AB) +z(C, + AC) =d, + Ad,

a0 Ax+By+Cz-d)+ MAx+By+Cz-d)=0 .. 2
S 9EE A o fore fou wmaen o ufdessd 3@ 9 gk SH ot el wmae 1 e
HefteRTor B
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SEETT 20 WHAA 7. (f+ +k)=6 3R F - (2 +3] +4k)=—5,% Wi qen fag
(1,1,1) ¥ ST a1el 99aa 1 9l FHier 9 it

T =i+ j+k I A, = 27 +3]+4k ¥Wd, =6 I d,=-5%
AT G 7 - (7, + i) =d, +Ad, T TN FH XV,

T+ j+k+0Q21+3]+4k)] = 6-5A

S|

Rl TA420) 7 +(14+30) j+(1+40)] k = 6—5A o (D

SRl A U arifesh e 2l

F:xf+yj+zl€,@el WEY Ud ?

(xi+y J+zk) [1420) 7 +1+30) j+(+40)k]=6—5)
a T+2A0)x+(1+30) y+(1+4N) z=6-5A
a (x+y+z-6)+A 2x+3y+4z+5)=0 . (2
e FIIER 3refiee wudel fag (1,1, 1) § w1 €, o T8 fag, (2) i " &wam
1M

N

S|

1+1+1-6)+A2+3+4+5=0

gl e
14

A% T OF & (1) § gfaeenfyd e W 89 9 7, TR

: (1+§)5+(1+2)}+(1+§)l€] - 6—2
7 14 7 14

N

10, 23, 13- 69
Bl ol 2ie22e 2k = =
: (7”14”7 ) 14

R 7207 +23 ] +26k) =69

S gHad &1 s1dfie gfew T B

11.7 St Y@Teil &1 WE-aeia g1 (Coplanarity of two lines)
T ffse fF 9 9a T
F =G+ - (1)
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e 7=, +ub, € ()
T (1) fag A, ot feafs wfeer g, 8, @ €6t STt € qen f, & 99 81 W (2)
fag B fomet feafa wfewn 6,2, ¥ Bt ST 8 @20 b, % IR 21 0
AB = 4,4,
A Y@ We-qela ¥, A iR Fad AR AB, by 3R b, We-qel 21 21efq,
AB.(bx b,) =071 (d,— d) (b xb,) =0
wHAT B (Cartesian Form)
o efifete fom fageni A 8iR B o fenes s (xl,yl,zl)E»ﬁ'{ (xz,yz,zz)%l qH ifeg
& b 3R b, o Reb-31I FA: a, b, ¢, T ay, by, c, Bl T@
Kﬁz(xz—xl)f+(y2—yl)}+(zz—zl)l€
b =a,i+b J+c¢ k; 3 b,=a,i+b, }'+czl€
T4 @ We-qeid €, A% SR haa AR AB- (b, xb,)=0 & fr=fafe #dta &y
¥ = Y THhd T
Xpo=X1 Yo=Y L%
o B -0 . ()

a, b, G

SaTET0T 21 9ISy f Y@

- - 1 -2 -5 .
XH3_ Yol 270 g XLV T2 270 o w4
31 5 g 2 s

T AR BH WA € fF x =—3,y, =1,7,=54a,=-3,b,=1,¢,=5
x2:—1,y2:2,z2:5,a2:—1,b2:2,c2:5

319 frefafed IR o1 W) 89 94 § R

X=X =N L% 210
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11.8 =Y HUAH o e AT <hIOT (Angle between two planes)

UftaTaT 2 € GHdel o W= 1 hIU 3Tk STl o HEFE IV g GRHd 7
(3T 11.18 (a)) M ST fom =l § wodell o e &1 &1 6 2 al 180 - 6
(3TRT 11.18 (b)) ¥t S¥eh <=t =T 101 | €H = I01 i € GHelell o siiel 1 i1 il

T A o T, 7o =d, 3R 7 -7i, = d, O 19 B HWO T q9 fRw wed
fig 9 gadell W) @9 T tfetsi o o= 1 R0 0 2l

n,-n,

ad cos O =

ln | 1n,l

Sfireial o el Rl RITT
maal/?{\790 -(90-9)]
n, — _)/
0 n,
/ v/
0 HHAA 2 ",
S 3 ' 180-0

T 1T
@ STFRT 11.18 ®)
| fowrot | guder wWeR wee € AR 7., = 0 3R WER € AR 7 N

7i, TR

HAT /Y (Cartesian Form)
qH <fifst T
A x+By+Cz+D =03 Ax+B,y+C,z+D,=0
o o= 1 6101 0 2
o wHqal & Afirera o fasp-3gua %AW A, B, C, 3R A, B,, C, ¥1 zHfaT
A A, +B, B, +C, C,
\/Alz +B +C; \/A§+B§+C§

cos O =

1. aff 9 FHde TR od © d9 0 = 90° 3 TH TE cos O = 0. 31
cosG:AlA2+BlB2+C1C2:O
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TETET0T22 & FHAEl 2x+y—2z="5 3R 3x—6y—2z="7 7k s 1 shio] Figyr faify
SN F hifS)

T | AT O W19 R HIU T 7 S Sk SATeAs] o S T IV &l GHAA
feu o geiteon 9 wHae o afew stfica

Ni=2i+j-2k3R N,=3i-6j-2Fk 2

Ni-N, Qi+j-2k)-3Bi-6]-2k) (4)
B 0= | ——|= _| £
O IN NG | JA+1+4 Jo+36+4 21

G4

37d: 0 =cos 3|

SETETUT23 & WHAA! 3x — 6y +2z=7 3R 2x+ 2y — 2z =5k = 1 I 1 AT
A x+B, y+C z+D =0 3R A x+B,y+C,z+D,=0
¥ % W W U@ 2 A =3B =-6,C =2
A,=2,B,=2,C,=-2
32 +(=6) (2) +(2) (-2)
Y w67+ 27) (22 427 427

9i: cos O =

10 | 5 53
Tl7x2J3] 73 21

Tqfeg 0 = cos™! [ﬂJ

21
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11.9 90 ¥ faw ﬁa@ <t Qﬁf (Distance of a point from a plane)

|9 ®Y (Vector Form)

ww fag p fower feufs wfewr g o w wwaa o, fowa @i 7.4 = d

(3TeRfd 11.19) W fo=m wifsy
V4

N

V/

T, T,

p L\ P
----- T a

a N N N Ly
..- Cd

o d. ... v o I
K- U |
X

(a) X (b)

3TTeRTd 11.19
TA: f9g P9 wHaal 1, % WHIR WHAA 1, W foeR SISy q9de n, o tfiets
T GET 5 B 3 SHH GHHO (F — d)-A=0 2l
A FeA=d
o, qa 95 ¥ 39 9uaa &1 @ ON' = G- 4l ¥ 39faC P& 9wadt n, 9 30
(3Tepfd 11.21 (a))
PQ=ON-ON'=1ld— d-il
2, S Tk 95 9 A Eae W wd H1 e g1 3ehia 11.19 (b) % fAT ew 36l whR
1 IR Ty Y Fehd 2

1. afk T 7, 1 THE 7. N =d, % §9 B8, @ N A WA 8

amm{a—'a-gl‘d' 3

2. T S5 OW ¥aqd 7 . N=d &1 0 %%(aaﬁa:on
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FAT B (Cartesian Form)
M AT 7R P(x,, v, z,) T oo fag @ fomen feufa wfewr g € 9o Ru wwaa &
AT FHRTOT
Ax+By+Cz:D%
GE Ei:xlf+ylj'+zll€
N = Ai+Bj+Ck
3d: (1) o R P 4 99qdd W el i @ialg

(xlf+ylj‘+z11€)-(Af+Bj‘+c1€)—D|
J A?+B?+C |

Axl+Byl+Czl—D|
\/A2+B2+C2 ‘

SETET0T 24 95 (2,5, -3) FT WHAA Fo(61-3)+2k) =49 T I@ HIfS
T W a=27+5]-3k N=6i-3)+2k3Rd=4.
ey fag (2, 5, - 3) 1 XU woaer 9@ b 2
127 +57-3k)-(6i—-3]+2k) —4l
167 -3]+2kl

[12-15-6—-4| _2
T \36+9+4 7
11.10 Tk T 31X Ueh WHAA o il AT hIUT (Angle between a line

and a plane)

Y@ 3R 99ael o 3ifieid o o9 o ohI0 T U

TR 2 Tk @ SR U Huae o T R B, ety —> /%@1
(complementary angle) I3 Bl € (3Mehfd 11.20)1 / A /

|feyr ®T (Vector Form)

I SfoT o Y@ &1 THE F =g+ A b & de -
GHAA o1 GHRT 7 -ji = d 81 99 &1 3R qHaaA STERT 11.20
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Afirera o s #1 F0 0, FEfafEd g 5 oI B S geRar 2

b-ii
b7l
3R 39 YR @ IR GHAA ok S T HO ¢, 90° — 6, 5N TGT 7 37

sin (90° —0) = cos O

cos O =

b -ii b-n
Flq, sin ¢ = a o
[b1 1nl
x+1 'y z-3
ISTETT 25 @l 5 =3 S
EHIS L

Te A T fop YT SR TEde o sifietd o ofte o1 wIu10 Bl XU T Yan 9o 99ad
& THHION i AW 9 F FFd HH W &H

F=(—i+3k)+A(2i+3]+6k)
3R (107 +27-11k) =3 9 &@ &
R b=21+3j+6k 3 i=10/+2]-11k

Qi+3j+6k)-10i+2j—11k)

3d: sin ¢ =
\ J2+ 3 +6 107+ 22 +11
— 40 8
= ———'?fﬂ = l—
| = 3= o o= )

|[woraeft 11.3]

el T F e e S bt A e i e B
EUSIGEETIS LS
(a) z=2 b)) x+y+z=1
(¢) 2x+3y—z=5 d) 5y+8=0

2. U GHAA 1 WEW GHHOT T HIS, S get fag @ 7 W g W e, iR

qfeer 37 +5 j — 6 k W afera B
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10.

11.

12.

13.

TIford

. Trefafeq gaaet 1 S THw 19 RIS

(@ FG+j-k=2 (b) F-2i+3j-4k)=1
(©) F-l(s=20)i+QB—1)j+Q2s+t)k]=15

. Froifefen feofem 4, 7o fig @ @9 T o9 & TR % R 96 S

(a) 2x+3y+4z-12=0 (b) 3y+4z-6=0
() x+y+z=1 (d 5y+8=0

. Trafafea sfas o siaid Tuact &1 afey Td S THET 9 HIfST s

(a) f85(1,0,-2)F S & iR {+ j—f "uaat R Aferd 2|
(b) T3 (1,4,6) T ST &1 3R {2 }4+ 4 FHq@ R sfoca Tl 2|

. S GHACA! 1 TR0 I ifee S fefeiea @ fagei @ e 2

(a (1,1,-1), (6,4,-5),(-4,-2,3)
(b (1,1,0),(1,2,1),(-2,2,-1)

. TEAA 2x+y-—z=58N FIC T [d: Wl I A Hifon
. Y HHAA 1 GHEHO A I G y-18 T sfdaEe 3 3 S a2 0X

& GHId 2

. SH TG H1 GHIHOT A BN S EEAE 3x -y + 2z — 4 = 0 3R

Xx+y+z-2=0% Hideded qen fag (2,2, 1) ¥ e S 2l
IY THAA H1 Qe THHTOT [ RIS S gHael FL(27+2 ) -3k) =7,

F.2i+57+3k) =9 o yfaesea @ (2, 1, 3) ¥ BT ST 2l

et x+y+z=1aﬂ12x+3y+4z:5¢qﬁ%ﬂi@©%ﬁwaﬁaﬁamaa
x—y+z=0T Aded qa 61 GHIRLT T HIFST)

guqelt, fSmer |few e 7- (27 +2 j—3k)=5 3R

F-3i—-3j+5k)=3 ¥, o a9 &1 %I @ HifT

forefefan gei o S iy fop s fau T aedel o g7 TR © e weed
€, ok 34 ferfd o, 5190 3 7 @GR € 3R A &) oAdad @ Sk = w1 H0
q eIl

(a) Tx+5y+6z+30=03R3x—y-10z+4=0

(b) 2x+y+3z-2=03Rx—-2y+5=0

(¢) 2x—2y+4z+5=03R3x—-3y+6z—-1=0

(d) 2x—y+3z-1=08R2x—y+3z+3=0

(6) 4x+8y+z-8=08Ny+7-4=0
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14. frefaftad goi o g e T fog o e Tu 9 g9aet w50 F St

fog auaa
(a) (0,0,0) 3x—4y+12z=3
b)) (3,-2,1) 2x—y+2z+3=0
(© 2,3,-5 Xx+2y-2z=9
(d) (-6,0,0) 2x-3y+6z-2=0
fafaer 3ergvor

SETETUT 26 T @I, Th O o a0l o | o, B,y, S, I Al € af fog it R

cos® o + cos? B + cos? Y + cos? 0 = 3 zZ
T Uk O, T THRI0ER Tk il € foEent CO. 0 Dpo. 4, 0)
e, HerE 3R SeE §9E e 2 @0,a)G .
TH ifse f OADBEFCG T ¥ fS¥eh! 9 (a,a,a)
ST ¢ A T B (3MepTa 11.21)1 o B(o,a,f)}{
OE, AF, BG 31X CD =R faervi 7] & A@,0,0) D@, a,0)
E\:ff\algaﬁ O de«a EﬁmﬁmeEam a;rq;ﬁ[‘]‘]’z‘]
ool OE & feep-whiarea

a—0 a—0 a—0

Vil v+ N+ +a> NP +d +d°

1 1 1
S S R

1, Nl 1 1L e 111y
\/5’\/5\/5’\/5’ V3743 V3437 4B
oM ofifSe €t T W@ S OE, AF, BG, 3R CD, & |19l 9T a, B, Y, 3 8 shi0T et

?
GE cosoc—\/f (l 4+ m+n);cos B= \/*(—l+m+n)
1
cosy= \/7(l—m+n) cos 0 = \/f(l+m—n)
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a1l ek Sied W EW UM © TR

cos® o + cos® B + cos? Y + cos?

3 [U+m+n)Y+H+m+n)P] +(-m+n)?+{+m-n)]
:%[4(lz+m2+n2)] :% (FAfH P +m> +n*=1)

TETET0T27 SH a0 1 GHEHU A ity e fag (1, - 1, 2) sfafae @ @ik S
Fodel 2x+3y —2z=53 x+2y-3z=8% ¥ Y% W o4 2

7ot feu Tu fog =t sfafdse & A aaad &1 FHiwI
Ax-D+BG+1)+C(z-2)=07%I (D)

Fodel 2x + 3y —2z7=5 3R x +2y—3z=8, % ¥ (1) gV Yo FHIA W s 8 o
S 1 WA T T EH U © T
2A+3B-2C=03RA+2B-3C=0

T FHHIN 1 Bl I W EH U © o A=-5C 3 B =4C
3T A= FHEH B
~5C(x-1)+4CH+1)+Cz-2)=0
SR Sx—4y—-z=17
SaTETuT 28 fag P(6,5,9) @ fagaii A(3,-1,2),B (5,2, 4) 3R C(- 1, - 1, 6) N
fruiftd woae &t < 9@ i
&1 WM Wity o wHaer 9 |9 fag A, B, @en C €1 fag P wHdel W o« %1 U
D@l g4 erfie g PD o Al € W&l PD, AP %1 AB x AC W U89 2|

I: PD= AB x AC o 3Tf<3 SohTE WKy ael AP 1 Sl oH®e 2l
e AP =37 +6]+7k

ik
AR ABx AC =| 2 3 2/ =12{-16]+12k

-4 0 4

. 3i-47+3k
AB x AC o eTfewt ey = ——————
X E_GFT_E: \/ﬁ
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o PD = (37 +6]+7k). 2 -4j+3k
J34
_3VM
17

forereua: fag A, B 3R C 9 oA a1t Hodel o1 HHI1 T1d shifoq 3R ad fag P
HT HHAA | U TG Hife

SATET0T 29 3FTisY fom T@md

x—a+d y—-a z-a-d

o-9 o o+0
x—-b+c y-b z-b-c ,
3R By " B " Bev Heg-deita 2|

T F8 9 ¢ TR
x =a—-d 3R x2=b—c

y, = a y,= b
z,=a+d z,=b+c
R a, = o—9 a,=B-v
b = a b,=8
c,= o+ c,=PB+y
CERSINEED
=X Y=V L% b-c-—a+d b-a b+c-a-d
a, b, a |_ o-29 o o+9d
a, b, G P-v p B+
TR fo=r wifsu)
TR w9 I Ted WH W Sgd W eH U 2
b-a b—-a b+c—a-d
2| o o o +9 =0
p p P+v

Fiifer gorm 3 fgdta w9 gue 21 ofd: <91 e gg-aeid 2l
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IETET0T30 39 fag o feunier T ity sl fageti A3, 4, 1) 3R B(5, 1, 6) 1 fietH

el {1 XY-ae Sl et B

71 fagafl A @R B9 M orelt Y@ w1 |iggr qeienr:
FE30+4]+k+A[(G5-3) +0-4)]+(6-1k]

e F=3i+4]+k+0(271-3]+56)% v (D)

T ofifs Pae fag @ el W@ AB, XY-d1 1 Sfd=se il 21 ad fag P fefa

AT x7+y jF ETH R

7 fag erayd & Wit (1) 1 "= & 1 (F0)

ERIGY xi+yj= G420 +(4=30j+(1+50Mk
§, G aiR £, TOTR H oA R W EE IR

x=3+2A

y=4-3A

0=1+5A

TIPS THRTON F BA FE W EH UMW © TR

31d: a1 fag o fdens (E ? 0)%

g 11 ¥ fafaer gonaeit

. feenu & 9@ fog @ (2, 1, 1) foem aeft @, faget (3, 5 -1) @R
(4,3, -1) & fwifiq ¥ ® &4 2

2. qﬁﬁw@@ﬁﬁﬁ%—mll,ml,nlﬁ?lz,mz,nzﬁﬁmﬁ
T A R oA @ H K-
mon,—m,n,n l—nl,l m — lz—mI%I

3. ‘o"’f%@ﬂaﬁaﬁﬂ@WSﬁW,WW—Wa,b,c@Tb—c,c—a,
a—bel

4. x-31& o AR q1 JaA-fog ¥ S arel @1 1 FHwO Jd RIS

5. afg fagell A, B, C, iR Do féwmes w99 (1,2,3), (4,5,7), (—4,3,-6) 3R

9,2)% d AB 3R CD @i & i< ol hI01 M HIToy|

sk
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10.

11.

12.

13.

14.

15.

16.

17.

18

-fadtg snfafa 513

fz FEmt x—1 _ y—2:z—3 3k x—lzy—lzz—6wmng
-3 2k 2 3k 1 -5

ql k1 WE J1d hifeg)

85 (1,2,3) 9 S arefl @21 96 7. (§ 42 j-5k)+9 =0T e W@l FH
qfcer FHieR T Hifsu)

9 (a,b,c) ™ 1 oA AN TA 7- (G + ] +k)=2 o THIR a7 HT FHHT JA
Hifu|

et F=67+2 j+2k+A(@-2]+2k) @R
F=—di—k+n@i-2)-2k d= %1 Za9 50 7@ SIS

34 fag o vl @ wifew el fagat (5, 1,6) 3R (3,4, 1) 1 e @t
W@ YZ-99 ! S 2

34 fag o vl @ wifew el faget (3, 1,6) 3R (3,4, 1) 1 faerm aref
@ ZX-a9 ! e 2

39 fag o Fdensr Tra shiferg sl fagent (3,-4,-5) 3R (2, -3, 1) ¥ oA ol
@, gada 2x+y+z:7a?WG|Tﬂ'T%l

fag (- 1,3,2) ¥ S o) 941 WHAeAl x+2y +3z=53 3x+3y+z=0% ¥
YAF W oA THAA 1 GHHIOT A it

I g (1, 1,p) 8RR (=3,0, DTHTA 737+ 4 j-12k)+13=0% ToF Tl
R feod &, @ p 1 9F F@ Hife

oAl 7G4+ 4+ E)=13R 727 43— k) +4=0 F WS W@ 9 WH
I qAT x-3187 o GHIA a1 GHIHIOT J1d hifoId|

afg O et fag qen fag P Fdwnss (1,2,-3), % @ fag P9 WM =t @en OP
o g dd 1 HHIR FMd HIfUl

A 7. G+2 ] +36)—4=0 3R 727+ j—k)+5=07 U= @1 &
3fdfele T el 92 G 7. (57 +3 j—6k)+8=0 o e el Hl HHIHIT
d hifea|

g (- 1,-5 - 1009 W1 7F=2i—]+2k+A3Bi+4]+2k) 3R FHa
Fo(i—j+k)=5% ufdessa fag & wea &t < 9 wifu)

2022-23



514 TTfoTd

19. 83 (1,2,3) 9 SH aeft 921 GHaell 75— j+2£)=5 3R 7-GBi+ j+hk)=6%
TR @1 1 AT GHIH0T Jd hifa)

20. 3 (1,2,-4) ¥ S ol s A s ’“;8:y_+lé9:z;103ﬁT

~15 y-29 z-5 .
x3 =y8 =Z_5 W o @ T A G [

21. I T THAA F IHATEE a, b, ¢ 7 N TR GoA fag W @ p 7 © @ fug
1,11 1
aﬁmﬁ?+?+—_

C2 p2
Tl 22 @R 23 H WEl ST 1 T BT

22. T GHAA 2x+ 3y + 4z =4 3R 4x + 6y + 8z = 129 o= HI 0 2

(A) 25T B) 43FE  (C) 83FE (D) % e

23. 9Hdd 2x—y+4z:53ﬁ'{5x—2.5y+10z:6%':
(A) TRER < (B) TR

(C) y-318 T i i 2l (D) g (o, 0, %)@ T €

aRTIT
¢ U TEr i faep-shEred W g et w1 o= fTen o e s s
1 HIEEA B 2l
L g W&@%@aﬁﬁ%—aﬁw l,m,n%?‘ﬁlz+m2+n2:1
& T faget P(x,y,z) 3R Q(x, y, z,) H fHAH ol @ #t fep-hreme
XNH=X5 TN 7% ¥
PQ ° PQ ~ PQ
Sk PQ= \/(xz - x1)2 +(y, - Y1)2 + (Zz - Z1)2

¢ T @1 1 faep-3muE 9 ged S W@ i R wiged o geeem
2t €l
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2 qﬁ{@i@ﬁﬁ&j—m l,m,n?::ﬁ'{ﬁ‘@‘—aﬁqﬁ a,b,c%?ﬁ
a b @
lz\/a2+b2+c2;m=\/a2+b2+c2;nz\/a2+b2+c2
¢ fawmaeia YTamd sfafe #1 9 W@d s 9 9 g € @i A 8 gfaesd 2
g Yt fafa= ol & Bt 2
¢ faumaeita Y@reil & sl sl siur o8 w107 @ St R g (adiFa g

fog 1) 9 fawmdeta TRt § ¥ yoie o qHia St T8 3 Ufdaesdl e
o de § 2

& % ll,ml,nlﬁ'{ lz,mz,nzﬁ%—maﬁﬁi@@a?ﬁﬁwe 2
GE

cos O = Il L, + mm,+nn)l

¢ AR a,b,c 3R a, b, c, Tep-TIam@ A QA W@t & d= B A HO
0% da
a b b, + ¢, B

\/alz+blz+cl2 \/azz+bzz+c22

¢ T 9 fag et feafa ofkwr 5 @ 9 o aeht ok 9few 5 & gai @
1 Tfew FHFE 7= G+ A b Tl

* 8 (x,y,2) ¥ I o Y@ 5ot Keb-FET L m, n €, H FHH

X=X _Y~ N _27% 3
[ m n

& < fageti ook fearfa afer g oIk 5 € 9 ST arelt Y@ o qefieRtor o1 gfeer
THHE F=ad + A (b —d) R
¢ T fogew (xl,yl,zl)?:ﬁ'{(xz,yz,zz)@ M aTelt W hT HIATE THIRIOT

cos O =

A ) SRS S TR
Xy — X Y= =4

¢ AR R @A =g +Ab I F=a, +Ab,, F HA F IR O T @

El'bZ
15, | 1D, |

cos0 =
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. zrrqa%@aﬁx;xl =XTHh 274 g

1 m n

=B 2T h IO s gmmwme ¥

[, my n,

cos O =1L, +mm,+nn,)

¢ I fawmacia tae o S $ FHAae 50 98 WWhe § S QA et W
R

¢ AW F =g +Ab IR F=d, +ub, % 9= FAaE g

(b xby)- (@, — G@)

| by b, | @
o AT TTH YN 2Ty BN VI 2L o
4 bl ¢ a, bz (&)
st =

o Sin?”2 T V1 2 ¥

aq b, 1
2l

) b, ¢

\/(blc2 —bzcl)2 + e, —czazl)2 + (a,b, — azbl)2

b x (d, —d,)
s | ©

¢ T 9Hqq, FEE! g9 fog 9 38 ¢ 9o wEaa W qa fog ¥ sifved sahE
ofew A 2, w1 9w ®9 F THHE 74 = d T

¢ T §HAd, fSEwt g fog 9 30 ¢ e gHad o SAfved i feep-amed
I, m,n %,EFT@ﬂWUTlx+my+nz:d%l

¢ T fog fogen feafa ofkw 5 9 oM aren ik 9w N W od q9dqe
THH (7 -G ). N=0%7I
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@mmﬁg(xl,yl,zl)ﬁlﬁaﬁﬁ@ﬁﬁi@mﬁ&j—w@m&
B,C ¥, W T THIA 1 FHHEWA (x—x,)+B (y—y,)+C (z—z,) = 0 &l
T s fgel (v, v, 7)) (0, ¥, 2,) IR (x,, ¥, 2,) | S A FHAA BT
iRt 7

X=X Y=y -

=% =N L=l

X3 =X V3=V G4
@ fogeit foror feafa afgwr g, b @R ¢ 1 sfdfdee & o1el THde @i
| FHH (7 ) . [(b-a)x(E—d)]=0
Th wHaA S R & (a, 0, 0), (0, b, 0) 3R (0, 0, ¢) W HEA B,
ThEm = 2+ 2 =13

b ¢

a
AN 7-7i, =d, AR F-ii, =d, o FTesd H oA dled FHAS h1 HiEw
THEI 7 - (7, + Miiy) = d, + Ad, T, & L TF W=t 2|
et
A x+B y+C z+D =0
A, x+B y+C z+D,=0
o Yfdessd ¥ oA alel GHAA 1 FHIH0T
(A, x+B y+C z+D)+MA,x+B,y+C,z+D,) =032l
AW 7 =G, +Ab @R F =G, +pb, T-aE € AR
(@, =G (b xby) =0
af% ST @ fagett A(x,, y,,z,) T B(x,, y,,z,) & Tl € T THAEAD

XYo=X Y= L4
a, b, 9}

g =g =0

& b, @
< e Toreh |iee ®9 7+ i, = d, AR 7 -7i, = d, & A1 $Th el 1 = HI0T
| 7, -1, |

9% a9 0 =cos’ —
|7, 7, |
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i
W@ F=d+Ab 3R TA F-A=dh 5= H A &0 ¢ T T

dedl Ax+By+Cz+D, =03

A x+B,y+C,z+D,=0% & % <7 H § T 7@
A A, +B B, +C, C,

\/A12+B12+C12 \/A§+B§+C§

e w9 °, wH fag fome fufy afkw g 2, 9 @@

ld—a- Al

TF 9 (x,y,,2) 1 T Ax+By+Cz+D =08 @

0 = cos’!

Ax, + By, + Cz; + D
JA?+B?+C

— Y ———

L)
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‘ If@eh WA Linear Programming '

+* The mathematical experience of the student is incomplete if he never had

the opportunity to solve a problem invented by himself. — G POLYA +»

12.1 gfHeRT (Introduction)

el wenell  eq Wash il iR T fa i 1 jeneaashu,
grEet | 3 Sryan W foer-famsl Y g €1 wen :
XI¥H & § =R URE ool Waw i o Paw
srfeRtst o el o STeidr freun 9 g fHehter o
famg & stemm w9k §1 v § wE erwEnt H
srafhemat/ et o e afiferd ©1 39 stear o gn
o smtgemet/aden & fwE & A" S w© g
Rfaeh e 1 THES ®1 g HE H ISTAR H|
Teh WA SO q aEgeti S o SR il
FraaE w81 fEw & f ' 9 Rs 50,000 3R
T o U e 60 TSl o fou TE B T A W
Rs 2500 3% T sl W Rs 500 1 @@ A 21 o L. Kantorovich
A Tl © foh ok W1 1 =Y 98 Rs 250 3R Tk el i o=+ & Rs 75 o1
A1 HAT bl &1 A AT foF o8 qeft segetl 1 o= Tehar € TSeht o o7 wlisa
¢ @9 9 S =edl @ fh fralt Ae e e # wdie =iy af suere fe
T R IHHT Tohed oy Afeshad |
TH YHR H1 THEAS 59 HHM YhR h1 THEAS § o9 o1 SATeehasino 3R
AT <1 AqHIH0 G 1 Ja19 f5ha1 Sl 2, $eaueh il T9emd seelidl 21 o7d:
TRAARN GHE | Afusha™ oY, =ZIAq9 TG 91 GO 1 =Aad SuA afmfed 2
e grmee THEd T foei o T Hewul YRR i SedHai GHe € $iR
SWieR SfeaiiEd seaisil q9e Wt U Mg W e €1 SEn, i,
Heie form e o forsga geaar o sRor Waeh JuHe SHerd sTefis Hew i 2l
TH S |, B0 e g T SHEd 3R Sl @t faft grn ee e
1 AT BT T T GhR GHEAST 1 gl Feprer o foq o fafeml off 2
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520 T

12.2 %F@muﬁummaﬁ?mnﬁraﬁu@wmnear Programming
Problem and its Mathematical Formulation)
T 70T TR formet STRierd SETeur o WY YR id € S foh &1 =R Ui el wwe
o TIUT TR0l ST2fe T JidEd 1 ARERH STl 36 ISEL0 § 51 S
@ fw
() = o o A 1 ASH A HiHA a1 <A ok G | e e wehdr )
9o Afafaa % faw & fafa= aemres fafual 9 fafa= oy s geem)
(i) o ifush meweyl fefqal o1 sreriel &1 ff quEy @ S8 SHen faw it
Rs 50,000 7 Hifird € qen SHoh G 2Afeshdd 60 a&gatl 1 W@ o g wom
IueTed 2
M A o o IS el TEl @liga shaet Asil o @iied 1 fvEd S €,
AT 98 50,000 <+ 2500, A 20 il 1 GE Fehel 71 39 feafa & @1 Wehed oy
Rs (250 x 20) a1 Rs 5000 gr
M AT o 9 g B9 7 THKHT hael Hial & e H1 =91 il Bl e
€ AT TS Rs 50,000 T AR H 50,000 + 500, e 100 HTE=T €1 @ Fehall
21 W o8 kel 60 T 1 B T Hehdl B 3Td: 98 60 SpGA! A WHiEH ok ferq aed
g o 38 "het a9 Rs 60 x 75 314fq Rs 4500 & g
Tt 3R oft sIgd IR HoreATd 21 S & fou 9% 10 T SR 50 FEt @i
1 =T T ehdl &, FAleh ST T 60 TE3T ! T T T ST B 79 el
H IHH FHa ¥ Rs (10 x 250 + 50 x 75), 3L Rs 6250 A
Id: B9 A0 L ¢ Toh WATeR oA fafa= = fafem o gru stoft o= aidn
ereT T Hepean B 2R fafs=1 e Fismieti st srommeR faf=1 ey e wen|
319 TR IE 7 T 39 ST om Uit o) sifehad o U e o o fRe geR
e & =few? 39 W9 1 SR A ok foru g H T 1 i Gt S @
T R A8

12.2.1 QHQT &7 TMOTAT GARIOT (Mathematical Formulation of the Problem)
T AT foh At 1 @y 3R i w1 ge y @ R Wi e wliE B
TR x 3Ry FORR €, 21efq
xz0
y20
Hifr o=l iR pfdai % gen worEs TEl e gehdt 2

} (R STRY) (D
(2
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R (FER) W AfrwRdd o9 R (FEF T Rs 50,000 ©) 1 FROW FH F
eI § IR AR o U ohee tfushad Seqel (Tl T8 60 §) i W@ o fog
T 1 R B

T €9 H e FH W

2500x + 500y < 50,000 (freT =aw )
B S5x+y <100 .. 3)
AR x+y <60 (TR ) (4

A 39 YhR W e S =edl € SHH oy Z (W) Aferehan g S i

x 3R y o el o ®9 U FEfdiad YR O o T s Gehar @
7 =250x + 75y (SFME Herd HEA ©)
Ted HHE &1 37d g w9 § gfafdd 8 S e
7 =250x + 75y 1 AfIHAHIHI HIFTT
el =Ry Frefatad €

S5x +y <100

x+y <60

x>0, >0

Ty & ash o Z o1 SAfshaeienol ST @ e Bt = el Haw
sttt & ®9 Fo fagm fefml & =ey = fee T E) g o= gaed of
& o Yaes o 1 AR e S @ STeifeh o =R arelt e erafienret
& w9 ° o faviv frafl o sretiy =9 fohry o 21 UE gmeet o Waw g
THET FEd B

A ek Igeh WIITHA SHE 98 q9E € S 5 x 3R y S %9 3He =R & T
g wer Z (ST Iega o Feldl §) 1 Sedd gEd/Sgedd GHTd e
(Afersha® = =IAqH ) I heH W Heiferd B ided 7E ¢ foh =R oI quiies § 3R
3 Yk sraftemet o qgeea aw =Rl w1 g i € fas 98 9 ad ? 5
oe o gt v ey e ® Sefn gume 9@ aed @ o fasiy dum o e
foRan ST A

A a5 9 Id 79 316 P Ul (TSR TANT SO B YRl €) Rl SR 9 9
uReir s et fop =i &w e dium awenst § s
39T Wl % ol Z = ax + by, Sk a, b T B TR SAfuemdEiwr W
SAHIH 1 § Tk Ee $899 el Hedwl B
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ST SR | Z=250x + 75y T ek Se9d Her €1 = x 3Ry g
R FHedn B
=AY T sk N qHE & 90 W ek sEiyst @ i o gfaay
Y HEA ¢ Tldsel x> 0, y > 0 SRR el Hedd 81 Iue Se | (1)
T (4) T FEHESA HT GH=IT FRY FHEed Bl
AW YU GG e e o o1 sraftsmet o ayes gr i T
St =R (T T W xRy ) Wa® e i Afhan A =FdH w, gedd GE
T el 81 Waw FE gaed T fafine geR s gead gETd 99e 2l
GETd GRS AR 5/ Al qe Hidat i B § Tgo Toh 5aq Gid Gee qei
asw T w9 # T 3SR 2

31a &Y faa= 81 foF e Was ST g9 1 79 YRR 8d R S Rl
30 e | BH ohda oMo fafy 9 & gefua w

12.2.2 ¥aer QIOTHT GEETSn Wt g1 A i eiEty &t (Graphical Method

of Solving Linear Programming Problems)

wenl X1, § g9 @ goh © R o R < =1 x 3Ry § Geifea Waw st
Rl 1 et wiwd & a1 SmEa fafy g7 a I #d 21 o B e 12.2
¥ fod=m &1 g2 o iR fda # a9 #1 e #1 Sooi@ | 979 B6 39 gHE
1 ARG R B HUI| 379 g @ FAHIHN o Y Yoo el 1 AR@ Gie:

Sx +y <100 .. (D) Y
x+ty<60 .. (2)

x>0 .. (3)

y=0 .. (4)

g ™ &1 oM@ (SHifea &) o
SEHHTT (1) ¥ (4) 9% o gN fa
gft srefaell & Swafs fogel @ faffa €
W & H IS fog =l (SHerEt) &
TSl IR i o Fer e o fory, ge
foened T&a Ll €1 THIGY I8 & THEl e o —— .
1 T 4 e (TR 12.1)1 7 llO \130 40 50 60\70
BERCIIR UED f\ag pepapes MG | ﬂ'{q‘r{a e Y 5Sx+y=100 x+y=60

FHEA | AERfT 121
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31d: &9 = w1 g &+ 2

TETE & 950 99 o foau s @ JRmeT 9ue & RO el x, y > 0 dfed
goft SRl gR1 e SYAfTe & gETd &5 (A B &) wedl § STehfd 12.1 §
&5 OABC (SHIfehd) THE o foiu qETd & 81 GETd &5 o Afarie s 85 8 39
G &5 Hed B
AT &1 9Hg GO &5 oF 3id: 9N qA He oh 9+t fog el o gETa gd
FEAN T SAHA 12.1 § GETT & OABC & id: 90T 9o Tan & geft fog wmen
o GHTA B el wed Bl S o faw f6g (10, 50) WHEN S T YETd g
2 @R 3t g*R 55 (0, 60), (20, 0) 3R +ff &t T

GHTA T o Sel 1 hiE ol o5 SFYETA B hEeldl § S @& fou feg
(25, 40) TEET T TG B 2l
TEAH /ST ead (GETd ) B6: U0 &5 | ig f9g S 3 Had &l s 7H
(SAferhdy 1 =FAE) <, T TAH B HEAM 2

3 B9 2@d § T gETd &5 OABC ¥ W% foig (1) § (4) o # wed @i
Teiell 1 W H ¢ R UH od fag ¥ 7e we T8 € fe g9 Sivd e
Z=250x+75y o Afushad A et f9g 1 fhd R T i 1 9o 1 39 fafd
FI B FH o ToIU gw = g0 1 3uE K9 S T ek g gaenst 1 g
F0 ¥ 7ot fagia (SmaRYd) B1 T THA kT SUIMG T Tk ok fqug-og ¥ @ B

T 1 A o T ae S S o ferg R gETd an (ST 9g9) 8 SR A
& 7= ax + by 32T Her €| 9 Z 1 Tk A TH (Mfushan a1 =Aa9) € <l
Feriell | Feiferd =R x 31X ek SFaefishll gR1 o7 81 e 98 $ead I GHd &
% ®H (M) W smaferd gF =fe

wHE 2 0 TR U e JumE e o T R GO e € 991 Z=ax + by Seed
e 81 3% R URag & 8 99 $899 Ho Z, R H <HT sifeshan $iR =Haq 7 Tad
2 3R 37 ¥ y&® R 4 (corer) Tog () w feora e 21

feoguit AR R STIREg & q9 S29F Feld 1 tfehad a1 Aqg 9 1 At T f
B Hehal g1 fRY oft afg =g formm ® @ R o 4 fog w e =gy, (vg 1

FER)

SWieR ST W R (YET) & o S fag 0, A, B 3R C ¥ iR fegati o
fodetien T KT W B =241 (0, 0), (20, 0), (10, 50) 3R (0, 60) FHH: AT fog & o1
&0 g fogetl W, Z 1 | T S 2
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€ TH YN e
O 8T ok VW | ZoF W W
0 (0,0) 0
C (0,60) 4500
B (10,50) 6250 €<— | =Afishad
A (20,0) 5000

&a e s € o ore@e 1 feer disE (10, 50) steiq 10 B IR 50
il o Bligd ° sifushan @9 ghm|
@ fafy # f=1 Wi &1 wfaw €
1. fas JurEA GEE s U &5 T SIS iR STk S fagat (vid)
1 @ e @ steran  Y@netl o ufaess fog i <1 st St wHw | |
Feh 39 fa9g &1 A SIS

2. S WM Z=ax+ by ® WM Yk hiAE f6g W A ity 7 R M SR
m, 9T & fagati W eifershan qen = o weiid e €

3. () v& gETd &5 uReg €, M R m, Z o eiferhad iR =ad A 2
(i) U fefa & S gETa & eraiteg @ dl en fefafaa fafy s swE w
4. (a) M Z I Afeehad 91 od © a7 ax+ by >M §R U< 1d-ael &1 i
fog gETd & ® 7 92 eren Z Wi siferhan 9 Tl 2

(b) I TRR, m, i Z 1 <[AaH FH 4 B AR ax + by < m g 9w et
arefaet IR GET &5 W HiE fag WAl T €1 el Z T ig <ad
A+ T 2

T 319 S SN ok g HiAE fafy & 9= w1 e w:

IEETOT 1 3TeE g T s YT §Hel & gd St

1= el o siad
X+y <50 . (D)

* GETA & H A 65 &9 w1 @ wiE f6g g @ S @ e # ufaesed fag @

w Teh gsh GHIHU Tep/ o1 GHTa &5 qReg el S € A 98 Uw gd o ofdiid uies
el ST Hehal B e 3H STufieg whed | ofuies § i ® o gEwa e et off feem o
it &9 @ S S Hehal 2
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3x+y <90 (2
x>20,y>0 .. 3)
Z =4x+y &1 fYhad HE Fd HitaT;

el STSRd 12.2 H SMIfehd &3 (1) ¥ (3) o el o e & g1 Muifa gema

& 21 g9 Frdiert td © o gETa &% OABC Reg 81 HieIY 6 Z 1 SAferehad HH
I & o foru e@ fog fafy &1 v &

& fog 7 | A
(0, 0) 0
(30,0) 120 <« | eferehad
(20, 30) 110
(0,50) 50
3TeRf 12. 2

HH fagail 0, A, B @R C o Fenss swaw: (0, 0), (30, 0), (20, 30) 3R (0, 50) €l
a YAF HHE g WZ w1 99 I H F
aa: fag (30, 0) W Z o1 stfehad @M 120 2

IEE0T 2 sTerE fafy g fre e wiures guen wi gd st
=1 el & Aaila

x+2y>10 .. (1)
3x +4y <24 - (2)
x>20,y>0 .. 3)

Z =200 x + 500 y ST qH AM A HIST

el SeRfd 12.3 ® BMEfRd &, (1) ¥ (3) & Faudt & e gr fuifa gema
&5 ABC @ Sl uReig 81 4 fageil A, B @R C & Fewnss a9 (0, 5), (4, 3) 3R
(0, 6) €1 B9 T fargafi W Z = 200x + 500y 1 9 G H &
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1 s fog | Z o 9 9=
(0, 5) 2500
(4,3) 2300 €<—| =FTaw
(0, 6) 3000
(10,0)
X" 0O t t t t t t t t v{\_\X
Y’1234567& 3 42y =10
3x+4y=24
3TTeRTd 12.3

ad: f§g (4, 3) W Z % a9 AF Rs 2300 9r< &l 21
SEE0T 3 N fafy @ f1=1 wwen &1 ga Hifw:

1 el o Sfaa
x + 3y <60 . (1)
x+y2>10 .. (2)
x <y .. 3)
x>0,y>0 .. (4)

7 =3x+9y 1 a9 IR Afushad A 1 Hife)
& Hod Ued 89 (1) ¥ (4) d i Maw ibeniei o Fehm o gHTd & o6
aTeiE Eied €1 GHTA &5 ABCD w1 3fiehfd 12.4 | fe@rman w0 21 & ufieg 81

e g | 2% 9 we
Y Z=3x+9y

A (0,10) 90
B (5, 5) 60 <— |~

C (15, 15) 180 AfershaH

D (0, 20) 180}(_ (38 T=du &)

(60,0

x+3y=60

TR 12.4
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fagail A, B, C @R D& fadeniss et (0, 10), (5, 5), (15, 15) 3R (0, 20) €| 1€ &4 Z
o =ad 3R sifreran I 9 % g wE fag fafa @ swEm ww@ )

gt 9 g9 gETd & f9g B (5, 5) W Z 1 AN 60 WE Hd B

Z 1 SAfehan W YO &5 o < e fagetl wes C (15, 15) 3R D (0, 20) W
120 9T Bl 1

froguit fteror SifSTT for Swis S0 §, e s fageil C 3R D, W 9HH g8
& @l 2, @1 ST fog ot stferehad 9 180 Sei=T e 21 U ferferl | < it
fagati &1 e oTel Y@rge CD W y&is 95 @ C @ik D +ff weh €1 stfereham oM <d
g 98 3 feufd ¥ off ¥ T Ak I fig 98 =Aaw 99 s i g

TETEAUT 4 e fafy g 3R Wed Z = —50x + 20y 1 A9 7 fEfafEd
et o SFId Td HIf:

2X—y>-5 .. (1)
3X+y23 . (2)
2X -3y <12 .. (3)
X>0,y>0 G

ol a9 g 79 (1) W (4) T o STHI0 e §R1 GETG &5 & 7o Eied
21 3Pl 12,5 ® QU & (SEifhd) @ @ 21 fiemon wifse f gum e
TIfEg 2l

319 B9 S fogstl W Z &1 79 ot 9 &3

X . AT 85 | Z = - 50x + 20y
(0, 5) 100
(0,3) 60
(1,0) -50
(6,0) -300 < |99 ®H

."7 8910
Y (6,0)

3x+y=3 MR 12. 5
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TH HROM ¥ eH T I © TR i 65 (6, 0) W Z W g HE 7 -300 2
1 0 hE Tohd € foh Z 1 =8 M -300 2?7 A fe fop afz & afeg e
Al T Z 1 Fad HE A (Y 2 W) Bl iR 39 e @ © T gEa & sies
21 38T -300, Z 1 =<[aH A € o Tehar @ I T oft| 58 e o ey
F oh forg en frafafaa s &1 e Eied @

— 50x + 20y < — 300
SR —5x+2y<-30
R Sife wifSTe fop emmei@ g1 w et erefaet o gETd &5 o Swats fag ® @ @
21 =fe 3o swEts fog €, @9 Z o1 =fa| WM -300 &l €I ST, Z w1
A -300 AT

St fom amepfa 12.5 o fm@mn o 21 g’ien, Z=-50x + 20y, 1 9S4 HeliE o
e H =Ham 7 T R

IO SEELOT H o Y " B HWHA € 6 Z =—50x +20y, (0,5) W
fershad T 100 T@dl €2 3Heh foIu, Site Sifeg o a1 — 50 x + 20 > 100 1 3@
FET &5 o WY IwEtTs fag T 2

saretur 5 Treafafad SeRidl o SIdd, Z = 3x + 2y 1 FAGHRT] hiTT:

x+y=>8 .. (1)
3x+5y<15 .. (2)
x>0,y20 .. 3)

T IrEfEeme (1) @ (3) &1 ofeiE Wifay (STehfd 12.6) | 91 IS GETa & ©?2
e TH il 2?2

T 12.6 ¥ 9 A6 T Wbl €
o T P g T 2 S el e
T W T Y Toh| 3Td:, AT Hl
gHT B e 2
feuuit 3T & foment fad=m & o™
T HL ok ¢ TG YR W B $9
Yaer dome THENE w1 HE e
1 Jeoid H B

(1) GETa & Hel Il agyl Bl B
(2) 3BT WA &1 STfuwad (A
M) A GETD & & MY W
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(w1 W) feord Bl 81 A% SE9F Wor & & &iAE fag () ww @
AAfeshad (A1 =Aa9) I FIH H & d 9 fagen o fHem Al e w
oI g off TmE stfusan (a1 =Eaw) |3 S

[ oot 12.1]

e fafy & e e S wEensti i ed St

1. T s1aqel o sidvid Z = 3x + 4y 1 SAfIHaHiHIo Hifad:
X+y<4,x2>0,y=20

2. 99 ooyl o ST Z = — 3X + 4 y T FAGHRIIT HIfT:
X+2y<8,3x+2y<12, x > 0,y>0

3. =1 oAt & SF@d Z = 5x + 3y 1 Al Hifsa:
3X+5y £15,5x+2y<10,x 20,y=>0

4. T o0l & @A Z = 3 + Sy 1 FATHRIT FHIfT;
X+3y 23, X+y >22,XYy>0

5. T ool & SI@d Z = 3X + 2y 1 FAGHHIT FHIfSTT;
X+2y<10,3x+y<15,Xx,y=>0

6. T STal o AT Z = X + 2y 1 =AAHIRIUT HiTeT:
2X+Y23,X+2y>26,X,y=0

fe@mn o 7 %1 =gae /M < foged @ erfere fageti w wfea & 2

7. T sTEdl & AT Z = 5% + 10y 1 AAHRIT qoAT SATeThaeIehnTol Hifog ;
X+2y <120, Xx+y=>60,x-2y>0,%X,y=0

8. T ool o SI@A Z = X + 2y T IATHIHIU qA SATURAHHRI RIS
X+2y>100,2x -y <0,2x+Yy <200; X,y =0

9. =1 Tal o S{did Z =— X + 2y 1 STferehaHiehoT Hifera:
X223, X+y=>25Xx+2y>6,y>0

10. =1 s1aqei o Sidid Z =X + y 1 STfehaHiehoT HifsrT:
X-y<-1,Xx+y< 0, X,y 20

12.3 Y@ dumAA wwEnstt o 9= Wk (Different Types of Linear
Programming Problems)
%% Hew ol Fas FumE gred e geeg €
1. SR Heleh SOt 38 YohR o1 gaeel o &0 96 & @ foh fafi= sarat
& fohad 1 o | T fAfy=a smwfe, 99ia o =, s 9 o o | o=,

91 o H, Tl HERUl MM | Yeh ITURA i WA o fay T enf &1 3fte
o T@d gC Afshad o9 FHAE ST Henl
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2. IER Heith UG 39 YR &1 aeel § 0 9 & ¢ f6 f&afa= gR
o HZeh/qI9eh el SRR § foraqt e o wam fore Sid s o9 g diven deil
1 <[AqH STEYIS HE1 HH § HH AN T I 3

3. UfeE Gesh Taem 30 TR 1 gaensti § 0 uded omedl 1 93
& fore ot / sram o fafe= sl W feer fafa= SRl o Seareal st SioH
o Reed =@ = Bl
e B TH YR i po Mg WU FHES hl T A =My

SETEI0T 6 (JMER Haleh HUE): Th 3R a9 &1 YhR o A3l &l 36 YR e
<redl @ T fagon § faafi A= w2 =0 9 %9 § 7nie 31k faafi C &1 w2 %0
T A 10 AR B AT 16 2w e AWl kg 3R 1 AEes faetae C ufd ke
B wter 959 119 1 Aok foeifid AWl kg @R 2 #mes foeifim C fa ke 21 fean
2 T 9fd kg 95 11 @i | Rs 50 3R W kg 9isd 1151 @l § Rs 70 o
g1 38 YR o Wisd THE01 1 <" god Fd it

ol o TR fagor § 9 1o x kg @IR Sisd 11T y kg @1 T0d: x>0y >0. 89
Wed el W e WRof A €

i O yared | mavdehdr
I II &IECTR:D)
(x) )

faefaa A 2 1 8

(FH/kg)

feerfi C 1 2 10

(wrtsh/kg)

ard(Rs/kg) | 50 70

Jf fagor & faeifid A 1 &9 @ %0 8 g 3R faefid C o 10 79 8
wfen, ord: Frfaiea ety w8 &
2X+y =8
X +2y>10
9T 1o xkg 3R 9 11 & y kg @S 1 el Ged Z € wgl
Z = 50x + 70y
3T TEE 1 o g Frefeted @
=1 el o afafa
2X+Yy>8 (1)
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x+2y>10 .. (2)
x,y>0 .. 3)
Z = 50x + 70y =T =LATHIHIUT HIFTT
STHIRN (1) 9 (3) T o TTeral g fuifia guTa & &l eerfa 12.7 o fe@men
T R

Y .
AT f8g | Z = 50x + 70y
(0,8) 560
v % 2,4) 380 <— | =H
(10,0) 500
X
2x+y=38
3TTeRTd 12.7

Tei &9 2@d & foh gEa e erafieg 2l
&4 s fage A(0,8), B(2,4) 3R C(10,0) W Z &1 HH 1A Tl

arolt #, 95 (2, 4) W Z 1 o % WE 380 €, M €H e Wehd € 196 Z
=[dH 91 380 © (F?) 915 HifNT fopr gua & efieg €1 gafere e frefefaa
STHIRTUT 1 Ter@ Tie el

50x + 70y < 380

SRInY Sx+7y<38
ST & ok fae for oo e i Freifid kot gen siefaet, gETa &5 o @
1S IARTS g TEar 21 3epfa 12.7 ¥ €W 3@ © ToF el &g swatTs fag el ?)

ad:, g (2, 4) W Z 1 W a9 7 380 {1 SEfAT SRR foaet 6t geead
fHsron 2o WS 1 Y 2 kg 3R 9911 % 4 kg o TH901 aFM 1 8 Tehdl € 317
TY ASH o Saqid s &1 =Fa9 ¥ed Rs 380 BhMI
TETETUT7 (TS AHE) fordHi 1 T Feshrl |iHfd o o 3 EHell X 3R Y i
I o T 50 R fF T Gl X 3R Y T 9fd 3R A1 HT HEA: Rs 10,500
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3R Rs 9,000 T SHH @1 741 81 el X 3R Y o faw srqqor f=smn & fog
M- %o <1 A 20 forex @en 10 forex wfd esReR wam femen smar 21 5@
sTfafie Tge g ¥ S[Et it 9 dag dae R AR Staafel e wsfaa @t
STe-gReT TG YMHART Y A1 800 fotex & 31fas 9 =l ydeh wda o forg fohaet
f &1 TEed BT AT dMfeh AHATT oF Fohel o 1 SATRAHR fohan ST Heh?

T T TR X wOa o faw x 3R ff qon Y w9e o y 3R Y &1 sTeed =il
21 TEd: x>0,y >0

X ®HA W Yfd gRA @19 = Rs 10500

Y ®Hd W 90 g @19 = Rs 9000

AT ped &9 = Rs (10500x + 9000y)

TS 1 O e e 2
11 eraiel o Sfaia
X +y <50 (9fF dat =awy) . (1)
20x + 10y < 800 (IMHARM T YA Geeh aren)
31 2X +y < 80 . (2)
X>0,y>0 .. 3)

Z = 10500 X + 9000 y T 3TfereheHieh ol iy
e BH (1) W (3) dh TRl Fehm o1 efei@ ©ied 81 Sfehfd 12.8 W &
&5 OABC &1 Sifeha fe@man o 21 Friemr sifsg o guma & uiag 2|

Y &g g | Z = 10500x + 9000y
\ / 00, 0) 0
50
w0l A(40,0) 420000
30+ B (30, 20) 495000 < |eiferram
20+ C(0,50) 450000
10+ A (40,0)
X" t } t } X
0 10 20 30 \SW
Y x+y=50
3TTeRTd 12.8

g fagati o fdee swHe: (0, 0), (40, 0), (30, 20) 3R (0, 50) T SLFA T
Z = 10500 X + 9000y =T A 37 TS W fepter =ifew @ifer 3@ 3 i 7a foman <
Hoh fo® W atfirhad o9 B 2
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31d: GfHfd 1 X ®Ha % 70 30 BeRA 31 Y WA & 20 BRI 1 AT BNl
qifer eAfereham o9 Rs 4,95,000 kT & Hoh|

SETET0T 8 STEA el gae (Manufacturing Problem) T THiUThal Sl Th
SR % I T (IREEA) A SR B R #1 AT A % YAF A S % e 9 sm
5 $R 1 w21 Giferst w3 o T o € SEfsh T9 B o Ys % S H 12 5
5 qo Uifersl W 3 9H T3 ] STEvIHdl B 71 a9F qe uifaw wE o feu
It Afushdd | HS HHL: 180 AU 30 &1 SHUAl FHAT A o Fedsh T W Rs 8000
A A B o Yk 1 R Rs12000 T o9 A €1 TG A I T B o fohar
T 1 2Aferehdd oY wEE o fou gfd gwe fior s =nfee? gfa gwe stfuemay
o M 2?

Tel UM ST 5 Tg1 A o I kT F@N x 7 91 T B R T &1 GEA p T
AT ped o9 = (Rs 8000 x + 12000 y)

37 Z = 8000 x + 12000 y
e THR U USH HEE 1 T eiehtor frefetaa 2
=1 seRidl o A
9x + 12y <180
31emiq 3x+4y<60 (TG H FERY) (D)
x+3y<30  (uiferst 1 e )
x>0,y>0 (R STeRY) . (3)

Z =8000 x + 12000 y kT 3TferhaHIehIul HifSTT)
Wasw st (1) ¥ (3) g fuifa g@m@ & OABC (3m@ifesa)
afrepta 12.9 | fe@mn w1 e iy fop gema e aiteg 2

3x + 4y = 6020

X'< t >X
o 10 ANy o
;l'(’ 2000) x+3y=30

3TTeRTd 12.9
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Yeeh i fag W SEYE Wel Z 1 | 1 U1 i TE § St fop e wwroft
o fewrn T 2

AT fog | Z = 8000 x + 12000 y
0 (0, 0) 0
A (20, 0) 160000
B (12, 6) 168000 < | sifermaH
C (0, 10) 120000

A 39 B (12, 6) R Z %1 3tferhad A Rs 1,68,000 U &1 37d: Shol sl A1 A
& 127 A A B T 6 T oF IR W SATHTH AN FHAA 6 fAC HE AT
R srfereham @19 Rs 1,68,000 BT

| wommarett 12.2 |

1. YT S YhR o HF P 3R Q i 36 YR Toerm =medt € for fago o faerfm
el o 8 U faeifa A den 11 ok faeifia B &l 9is9 P! @FTd Rs 60/kg
3R 9isT Q &1 @A Rs 80/kg €1 Wisa PH 3 "iieh/kg foreifii A @i 5 |ieh/kg
ot B wefer 9vd Qo 4 wiieh/kg foreifid A 3R 2 Aemh/kg foeifim 21
T K1 = AT 1A i)

2. U YHR o oheh i 200 g ST A1 25 g oF (fat)h! SAELIHA Bl © qe
THU YR o oheh o TAT 100 g STT A1 50 g T 1 SAEAYAHT Il &1 hehl
1 SAfeehad G aare S 5 fohell e qen | fohell | 9 o9 "ehd ®, ¥€ A
forn T § fF SRl w1 AR % fog oyl ) e TR @

3. TH HREA Y 19 % e a1 fohohe & dodl ad &l T o9 tohe a9 &
feru 1.5 e wifr 999 a1 3 52 RIeUHR *1 G977 odl 81 T fhohe dodl
F IR HE H 3 = A GHT qe1 1 5l fUeusi 1 99T ORIl 81 U feA
o wrEn o fafa= 75 W Sy A 9 o 42 5 3 ReusR @5 o
24 52§ aAfuss T 7

(i) ehel TR aeal i fehal T@n § S WY difeh shREl 3l e § s
T2

(i) 9% Yohe 3R Sl W A9 HAW: Rs 20 41 Rs 10 & df HR@H
SAfRaR M9 @ HITS I HREE [ &Ha § e H

4. T TrfoeRdl 92 &R dice 1 FEio w3 81 T Yohe 72t o fwfor | wefig A
WU H SR WA B W 3 5 HH HTA USAl €, Sk Teh Yohe sied o i
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T3 u AefiA A W SR | S WA B W %W T usdl Bl g€ A W
Rs 17.50 9fd Yehe 3R siieel W Rs 7.00 i Yohe o1 HHEI €1 9 gfafe qefsi
1 fiehad 3TEM 12 52 fean Su df yee (F2 3R diee) & fedd Uehe
Icqrfed foru s aifer sifereha| oy e ST Heh|

. T HREH H < ThR o U A 3R B d €1 ek of 01 § &1 Wi o W
1 IRl gl ¢, Ted weh i iR gudl s 1 U Yehe U9 A
ot 7 4 fiee wEfea 8 6 fame ex=iera |efiA, 9o T Uehe 4= B
o i § 6 e e o) 3 fime sxa=iie 9eiia &1 %/ e 81 9o
wef foreht ot fem o foru sifrerdd 4 =2 &M & foru Suersy @1 fofar 99 A
o Ycsh Yohe T Rs 7 31X U= B o Yodeh Uehe W Rs 10 1 o9 A 81 T8
Hd gC o wrEn § fftfa @ 9= o Yehe fas W €, T st fr wfafes
o tene fafe=1 =il o e S FSTed o SAfreha™ 81 qen SAfdehad oY 31
EAIEL

. T IR SEm Fmiar TS ot 3R dehel & € 9@ ¢ Yok oh fwior o
Teh TIEH / e 3R Tsh BER 1 TEvdehdal Ugdl 81 Tk o o Fofor 8 2 =2
TEA/TeA 3R 3 53 TR w1 SEvaehdl Bl €, Selieh Teh IS ob fmfor o 1 e
T/ AN 2 ¥ T &1 AEvdhdl Bl 8 WA w1 WY wiared
Afershad 20 ¢ 3R TS/ T T Fidfed ferran 12 52 o fou sueisd
21 Th o7 & fohl W Rs 5 3R T IS &1 fashl W Rs 3 &1 o9 il &1 98
T gy for @eft ffifa o9 @ik vie fos 9 2, @ saRy o fmio s gt
St A ST TR ey stfueRad =12

. T Y wEge % IS Wi fag w1 fmio et 31 A TR & fa Wi fog
o Frrefor 9 5 fiee @ed 3k 10 firfe sied o @d €1 B wehR o wfd Sfa fos
o fau 8 fife wred 3 8 T Sied o o €1 fan € o @ & fog
el THA 3 T2 20 e 9o Siigd o fag 4 52 Iuersd €1 &% A R o i
9% W Rs 5 3N Y% B YR & i fag T Rs 6 1 @19 €A1 21 Fd HifSg
foh a9 o SIfusaHieRol o fa J&® YR o fhar-fhas wfa fagl &1 s
)1 FHfo M =feu?

. T FRER T YFR & ol Hoget-Th SThelq 91 IR SO didset 7T, fomeht
HTHS HE: Rs 25,000 3R Rs 40,000 R, S=- 1 AT o6 ©1 98 STHH
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10.

11.

TIfoTd

oM ® foh el 1 ot wfgew Wi 250 T @ eifu T el U FhR
o U o T 1 W& T4 HI 578 FIRHTR Sifeshas o9 W shid o forg
TUE Y A% e e fE % fog Rs 70 @@ 9 @ifush 2 € SR Afg Swher
T W SHAT o9 Rs 4500 3R GEet T4 W Rs 5000 <14 &I

. W 9T Ueied § H W HH 80 "R 9 A 3R 100 |5 @i g =rfeu)

T WHR % 9T F, 3R F, 39 €| WA F, 1 A Rs 4 970 756 3R F,
1 AR Rs 5 97T A 21 9 F, 1 Th S | %7 9 F7 3 A5 oo
A SR 4 Ao @S T1F, T 90 TR § E ¥ FE 6 T i A #R 3
A @iet €1 TR Teh Maeh WO G & §9 § GGG BT 39 3ER
1 ZATH Yo T Fioe, few 3 3 Aival &1 fAgw 2 oK 3u =[Fad 9w
e 2l

< Yo o I F, 3 E, 21 F, ¥ 10% eI 3R 6% HIEhifer o7t €1 qe
F,® 5% e qen 10% Hehiie o ¢l fagh 1 feufast o1 wham &
o UYETd Uk fRE urar @ foF SH 1ol et o fotT 14 kg AeeieH 3R 14 kg
FIEHIE ST i SERAHal 21 K F, #1 Hd Rs 6/kg 3T F, FT Hwd
Rs 5/kg €, Feieh YehR o1 feha1 Soteh SUa o forq =nfeq difer = gea ™
Fifgd diveh el el okl =[AaH rTd 4 2

frfafed st @ 2x +y < 10, x + 3y < 15, %, y> 0 9 fuifa gam
&9 % ®HE f6g: (0, 0), (5, 0), (3, 4) 3 (0, 5) }l TANE Z = px + qy, &l
p,q>0, p a1 q o o Frefafad o siq giasy sfad @ i Z 1 efesman
(3,4) 3R (0, 5) I R =feq g €

(A) p=q¢ (B) p=2q (©) p=3q (D) g=3p

fafaer 3qrgvor

SETET0T 9 (BN HHEN) Th TERETE 31 954l P 3R Q 1 ST *id gU T foei
R TIR HTl €| 959 P o1 Toieh ehe (FSrad 30 wrm sfafaee @) o sfewmm & 12
T i qcdl oh 4 WiSeh, FIeidl o 6 W5k 3R foeifid A & 6 AEr Sfafae &
Seifer SEY A o WisT Q o Uehe H ohfovE ded oF 3 W, WIE dcdl o 20 HIH,
IS o 4 Tk SN foaifid Ao 3 Ak Sfdfa ¢ SER § %8 4 %1 240 HEH
ShieYH, T el oF HH W HH 460 TS, 3 hiekeiel o M ¥ 21ferh 300 AEih
3TUfRra &1 TE Wi o feRdd Uehel o1 ST foRen S difer SRR W foeifid A
T 1 =IAaH fRa ST oo |

2022-23



Wasw oA 537

T " T ofsa P 3 Q o Uehdl 1 G wESl: x 3y 1 TWeEd: x>0, > 0.
TS TS 1 TR g e @

= el & efaia
12x + 3y > 240 (hfee@m 1 o) S 4x + p > 80 (D
4x + 20y > 460 (N8 T 1 Feie) el x + 5p > 115 (2
6x + 4y <300 (R HT HY) 3G 3x + 2y < 150 E)
x>0,y2>0 x>0,y>0 .. (4)

Z = 6x + 3y (faaIfid A) o1 =IAdHRT0l i

STHIRTON (1) | (4) T 1 ATCEA el (1) ¥ (4) T o 3idvd Tehid
12.10 ® T9ifen o0 21 SEE giAfked GEd &5 (SEifhd) W LA A S e 2

x+5p=115
ax+) —gp X150
3TTeRfd 12. 10
i fageti L, M 3tk N & fdenias sawr: (2, 72), (15, 20) 3R (40, 15) €1 2 fagati
W Z % uF Trefatea groft § feon = 2
i fog (3) | Z = 6x + 3y

2,72) 228

(15,20) 150 < | =Fam

(40, 15) 285
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ROt |, 79 Z 1 9M 65 (15,20) R <Fq9 U 21 37d: GHEN H USH SHeEi o
i eI A o1 A a9 99 e Siefeh 9 P 15 Tehe 3R 9T Q% 20 Yok
%1 ST TR SRR oF Yei ¥ fohan S| forerfia A 1 =Aa| 919 150 91 1 8l

IETE0T 10 JTET Waeht 9aer (Manufacturing problem) T& SARH o HREM
o i w1, 11 8R el &) wefts [ 1R 11 efershad 12 513 deh =ellq ST a1 &real
Tt 81 Sath HeiA 11 9fafed &8 9 %9 5 5 = =9ieq) fHaforekdl shae a1 TR
% WA M 3R N &1 3T w3l 2, T8 s o Scare § fHl w9t o1 strersaehal
B 21 M 3R N o Y% 3R & Ueh 1 Icaed § A1 =i o S9d o 999 (s
#) o= fafea aroft & fgu 2

SAE | WY O R 9ua ("l W)
I 11 111
M 1 2 1

N 2 1 1.25

€ S M W Rs 600 Ufd T 3R @@ N W Rs 400 Wi 7 &1 & § @19 shar
21 A g for 3Tk geft Scurg fok o €, TSkt Searea fovan T €, @9 7 wifse
5 v® 3R & fohad T 1 Scaed fohan S, foad oy o1 2AfirehateRor 82
sifereham @1y FA Bhm?

&1 WA T Saa M eIk N o =17 shi G sl x 3R p 2l
ST W el A9 = Rs (600 x + 400 )

TSH GHE 1 T Yo w9 Frefted @

Z =600 x + 400 y ST AfIHaHIHIT HIFTT

el ey frefated 2
x4 2y < 12 (MR [ R Tl e
2x +y < 12 (WA 11 R STeRY) )
x+%y25(ﬂ'§’ﬂ7‘f [ T Taqe) . (3)
x 20, y>0 .. (4)

& FeEl (1) § (4) 1 oA id 21 Sehfd 12.11 W @ T g
ABCDE (3™ifehd) ¢ foren =re@ieli (1) § (4) a g feif@ fean mn 2
el SIS foh GHT & IReig 8, S fageti A, B, C, D 3R E o e s
(5,0) (6,0), (4, 4), (0, 6) 3 (0, 4) &1
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Afehad

3TTeRTd 12.11
7 A fageti (eef) = Z =600 x + 400 y 1 94 Frefafed gl § faan w2
@ &g | Z =600 x + 400 y 1 A
(5,0) 3000
(6,0) 3600
(4,4) 4000 <—
(0,6) 2400
(0,4) 1600

T @A ® foh f9g (4, 4) Z o1 sifushad WM 21 ofd: Scaesh 1 SAfushad
Rs 4000 TM9 HAM o T Y&eh ITE oF 4 TN 1 SRA AT AMM6Ul

ST 11 Uags Waieh 99 ( Transportation Problem ) P 3t QT TIMl W
T HREH T §1 39 T 9 9HH A, B 3R C W forg @9 feqt § 99 W ®1 89
feul 1 Areifesh Aowaehdl HEW: 5, 5 X 4 GHEE ®T T, S F P A Q Hi
Tt HREMI 1 IS &dl 8 3R 6 7 B

gfq = ferd =@ fre wnofag B
/Rt T (Rs ®)
A B C
P 160 | 100 | 150
Q 100 | 120 | 100
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yeieh HREM | fordd T 9HE Y feut wi AW s fSee ufews = = 82
[AqH qREed =F F B

T STOPTd 12.12 §N 3@ HHEN & fEfeiad ®9 | ofe fma S Fehar 2

3TTeRfd 12.12

T foh A1 o6 x T Sy T 1 HREF PE HEI: A 3R B et &1 91 w9«
(8 —x—y) M &I Cfeqt I I Swm (F?)
3Ad: x20,y2>0 AR 8—x—-y20
a7erf x>0,y>0 3 x+y<8
79 fell AW HHHA *1 EWies AEFHal 5 A0 g1 Hifh P HR@H § x T
fedl A 1 99 ST ok B TEfaT SREH QW (5 —x) 7, fell Al 9 Wi Toeeq:
5-x>0,3aq x <5
T THR (5 ) AR 6 (5—x+5-y) =x+y— 471 HREH Q¥ Hu: feul B 3N
C i 9l STAN| 37d:
5-y>0, x+y-4>0

31 y <5, x+y>4
ol uftee =4, it Z g fean e @ e 2

Z=160x+ 100y + 100 (5—x) + 120 (5—y) + 100 (x +y —4) + 150 (8 —x — y)

=10 (x— 7 y + 190)
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sfere guen it w9 § frefafed ®9 9 =59 1 ST gt 2
=1 el & Aala

x>20,y>0 .. (1)
x+y<8 .. (2)
x<5 .. (3)
y<5 .. (4
x+ty>4 .. (5)

Z =10 (x — 7y + 190) T =ITAHIHIUT HIfSTT
=R (1) § (5) gr feiifia sefed 85 ABCDEF g6 &5 ® (3T 12.13)

}(
| x=5

£
xtyld \5)
N BoANE Py

< 'y

/2'\ \D(s 3)
X'<¢
(0]
J" F(4, 0} \

Y
3TTeRfd 12.13

TR T o qET & qieg B GETa & o &I fage & fwms
(0, 4), (0, 5), (3, 5), (5, 3), (5, 0) 3R (4, 0) &1 &A1 37 fagaq W Z 1 A o W &

S

x+y=8

w58 | Z =10 (x - 7y + 190)
(0,4) 1620
(0,5) 1550 < A
(3,5) 1580
(5,3) 1740
(5,0) 1950
(4,0) 1940

gt | 9 ' ® TR f9g (0, 5) W Z 1 =A™ wH 1550 21
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TIfoTd

1q: se2ad ufieed feufd o STER SR@M P 5,0 3R 3 7 iR wrR@H Q¥

Fae: feql A, B3R Cd® 5, 0 3R 1 1 s sram g6t feerfd & @ =an ufteed
=g Rs 1550 &I

1.

g 12 ¥ fafaer gonaet

IR0 9 T A HIfSU| AR H faafiT A i AB 1 STfeehdHishol i o
ot g Wsg & fohan Yohel o1 ST B =IfRU? SRR § foerfid A =)
STfehay AT R ©7

. U fHEM 9 YRR % =R P 3R Q i fhemar (fagro) 21 P YR o =R, fSeeh

g Rs 250 Ufd St Sifer 9ok dcd A o 3 |, @l B o 2.5 AR SR dc
C o 2 T Tl € Sefeh Q WehR ol =N fS7&sht Hed Rs 200 Wi e €, 9ok
T A T 1.5 |, A B W1 11.25 W IR dcd C o i "R @l 2
ek del A, B, 3R C S =AqH STeEvaehdrd sl 18 |, 45 W 37 24
A &1 U YR o el 1 GEA Hd iferg difen s o g Ot w1
o <aq 712 A & gl 9ol 1 =Fan ged 4 @2

. T ERMEE < TR o 9l X 3R Y i 38 YehR et =readn @ o fagor &

foaifm A, 1 &8 9 %9 10 95, faaitd Bl &0 9 &7 12 A5 3R
foarfm C Y 8 um & 1 kg oiwl H foertei &t o frefafes arot § <
T 2l

A | faerfam A | faetfim B | faerfim C
X 1 2 3
Y 2 2 1

95T X | kg 1 94 Rs 16 3R 959 y o 1 kg 1 god Rs 20 81 Fifsd MER
o foau faso &1 JAa9 qed 9 &)

. e frid € 9RR % fgdi A 3R B &9 21 39 39 o forw fmio o =

Tl 1 STEYFhal TSdl & S Tedeh Yeh o et o faior o fow o woe
(fet ) fr=farted 2

faei™ & yar i

I | 0o |1
A 12 18 6

B 6 0 9
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e WY Afuhan 6 =2 Uil o fofu Sueted 81 9f¢ A YK o ety &1
el W Rs 7.50 o9 3R B W o faei4 T Rs 5 o o9 @ o 39z fh
AAferehad os e o foIy 9fafed A ¥R & 15 faedq 3k B ¥R 30 e
faffa em =few)

. T BAR e A 200 ACRN &1 A0 U Ghdl 21 IIF gUg A0 H
fehe W Rs 1000 3T T& S0ft o feshe T Rs 600 1 &9 FHHET S Hehell &1
TR ®H § FH 20 i guH 9oft o fou smidd s 1 denfa g gof
1 el A Y HH 4 TH G0 T Si o fIhe @ A T i i 9 2
A HINT fF Y% YR o fhdi-fhad fewme a9 S0 dife o9 =1
FAferRaHieRTT 81?7 SAfehad oy feha 272

. 2 I SR A SR BT WSRO & Y 100 fHEee 3R 50 foeiee @1 5=
A T9H 1 ghEl D, E 3R F W 31 SYeledl 31 el €, et Stevaehand
HE: 60, 50, 3R 40 foiea B

qERi W gwEl 1 iq feeca ufeed =@ f= anoil o o Er 2:

ufa foeiew uRegs == (vudi o)
/| A B
D 6 4
E 3 2
F 2.50 3
TR =19 o e o fere amgfid =1 ufiee g fhan Se? =Aem qieH

I F1 72
. T 9 @A § 7 feql A 9 B €, foeht arward swwer: 7000 feret 3R 4000
feret 1 &1 wR@M g @ Ue 99 D, E 3R F o faw emgfd et €, foeeht
HTETAHATT HHA: 4500 TaeT, 3000 Teret 3R 3500 foret &1 21 feqt & Ugier quf
1 At (km o) Frifhd ROl o SFER 2:
FfiEt (km o)
o/ H A
D 7
E 6
F 3

N A W |
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9.

10.

TIfoTd

I% UMd gU i aReed = i 10 foret W ufd fReitiet 1 v 7, 5@ i

foh SRt <MY ier ST ST, S aRee =4 o1 =[Aaei<l 81 STu? =ad
= R

. T el SIS 310 9§ T YehR o @Il PSS 3R Q FE 1 TN &Y Fehell

21 00 o Yot el § SIS, WIERINE 3, T R S &1 wnn (kg
o) Groft 7 fean @ €1 wdieror Hehd <4 @ TR o i W 9§ % 250 kg BRI
e, Y Y HA 270 kg WER IR FANH H At W w310 kg i
AT 2|

I Ieureeh oI ok foiq el S arell SIS 1 A 1 AAHHOT BTl
TMEdl & a1, Uk THY0 & fohad Sl 1 ST BT =ifeu? fHes s arel
eSS 1 FreTaw AN N 87

kg‘lﬁlﬁ?ﬂ

sg P | &iEQ
BIECISE] 3 35
TIEhIN T 1 2
e 3 1.5
FARA 1.5 2

SRS Y9 8§ W & AUl At Ieakes ar H e S areft AigeisH &1 A6
1 SAfRTHIHT FEd © df THH0 o fohdd Sl i e S =ifew? fherd
S ATl TE2SH w1 SATehaH B A B2

T TEelA O, A @R B & YR i Tfeal @1 FHfo st 1 Hifshe weri
A SYets HEEA U Hohd oo @ fop wfimfea Scaed =R wfd 9w 1200
Tfeal o sifuss €Y e wIfET 8fk B YRR i Tfgal w1 et o eifusk | A
TR & TfeAl i el 81 THoh Afafte A YRR 1 TfEAl 1 Scaed R TR
TR 1 Al o SeAE TR % o T4 @ 600 T Afush B1 ARk HT A R
B yeds Tfgar WX wuI: Rs 12 31X Rs 16 6T 19 HATE 2, oATH 1
AT eI I o U Yk o fohdd T 1 AT<Ifeeh SIS il =EU|
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qRTST

¢ T Maw GUHT GHE o7 THE ® S e 94 o g He o sead JH
(SHferha o1 =IAAH) R A HE W GeAd Her whi LTI e Hed 8 S
Hiteid 7Te 81 foh =R oI e 3R Waen srewiiston (el ek =iy wed
?) 1 HE wW B =W B FHH-wf Foies =1 wed € SR RO 2

¢ Fo Ty e g gaeE Fefated €
(i) STER Heeh Foe
(ii) Seare Hareht wEE
(iii) wReed Heef woe

¢ Tt =EEl 3R RO SHAEl x > 0, y > 0 g Ui Swats &,
W W G 1 GET e (91 8 9q=ud) shedrd &l

& THTA & o 3fd: AT o o Eiia fag el o G gel i wEid # €
GG &5 o SE A1 o fRE o fg o S gd wed &

¢ I & H hIE o5 S 3I2¥F T 1 sRaH HH (SAfHsRan O =JAad) Th
I ? A W T T Hed &l

o frefafed yoia Fash e geeel S g S o o SuRed Jew o 8

WO 1: 4 TR R Uk s G qee o oy gETE &9 (ST 9g9S)
2 3R A T Z = ax + by 23T HoH B N4 Z Tk 2ad A (AU
I =AAH) 1 € el aeh STEHI =R x 3R y g SHeE o &9 § afvld
2 I8 Soq9 0 gEd &% o % S fag () W g & =few
THT 2: A R R T W GO g9e o fau gETd & (SUe 9g9S)
%SﬁTqﬁTﬁFZ=ax+by3€WW%IWQﬁQRW%WWW,
RH T sifuhaq iR Tk =Fdd <A & 31 ¢ 3R 9 ¥ A fag Rk
i fog () = feom = 2

¢ A gUTE & Sufeg € q9 sAferhad a1 e eifede § T ot 8 g
21 qenfy IfE 7% sifede § €l € @ R o s fag W feem g =mfey

* = fag faf: w aw goen #1 g w3 & fau 7e fafy fm o o
forefaa Bt 8:
(1) @ o gue & U &9 H T HIC q91 38k i forg

(ftst) =1 T e
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(2) Y&H &M foIg W LT ®eH Z = ax + by HT TH AG Hifs@l AH
SAifory & feagetl W eiferran iR =Aq9 A HHT: M ae m €l
(3) A GETa & uReg €, @ M 3R m HH: Se9d Hel o SAfeehad qel
=[aH | €
IfE gETa & ruieg € a9
(i) SEYF e 1 M AfUshad 7F ® AR ax + by > M o gr1 Fuifa ge
sefael QT &5 % WY g SafTs fag 7@ wEd 71 S sevd
W 1 SAfshad 7 e 2
(i) SETT oM H1 FFAH HE m € AR ax + by < m g0 Feifa gen
aefder 3R GETa & H 1S fog S9afTs & 21 STl SEXF e
HTE ZAaH T T 2
& A gETd &% o | HHE S5 1 TEaH HH T € YRR &1 2 el ael
IE Afrshd® A <AAH I YSH B € 99 I <A foge i faer ol
@rEe & R off f5g ® off ST YR 1 3aH B 2l

AfrETra feuit
fgda fova 95 o, 99 g FAOOE &1 Ao o+, SEE R owned @6
2" =9 W Afwar 71 T8, ek g fafy sifae | o)
e womEE o @ § WeH WA 1 g &4l T L.Kantoro Vich @l
sTfeRT tefemet F.L.Hitch Cock 7 1941 H fohu| <Mi < wdd &9 9 & feran|
9 YA i GREET-HHEN o AW ° S T H 1945 § SIS St
G.Stigler = Iaeh WU THE, o SHd I SRR Heell THE 1 9 |
T 1947 § G.B. Dantzig 7 U <&rar qui fafyr st faueien fafy o =m @ ufag
2, 1 g fean St e W Seenet o iHd W § gl i i G
fafu 21
e womee fafy W gRfees s SE o wRO 1975 | L.Katorovich 3R
SRR MU SRS T.C. Koopmans 1 312f ¥M& # Add QR Y& foha
1| GREhE T STavdeh AITeaa o SANTHA o 91 e &3l ol Sfedt Toensti
o sk qiumE gfafy & eyEn § SR gis 8 @R

— % —
L4
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(UTfIeRdT Probability)

*®* The Theory of probabilities is simply the science of logic
quantitatively treated — C.S. PEIRCE

13.1 95T (Introduction)

Ted &1 Henstl B g Wigehdr i fhdl agfess whem (S das et e
1 TSR ok Hfed B i AMRYFad &1 719 o €9 | 9
ol BHY B TES QUA. oA (1903-1987) BRI
Hhearted efiedia gfteehior =61 ST=nT feran o SR wifdear
1 qleror o gRoTE W) IR we o ¥4 H fefia
fer oam T ToEarer ufomE &t < wifaear
srfumfedta gfteshion @i senfiene fagia (classical theory)
T Treherl ot Tfyq st off| T9 THET] o STHR W ghA
STHaq fassl Tafte i SRl w1 Wiehd 9 &1 ot 5o .
wifehdl o A e ot stemEA e 21 gw st | Pierre de Fermat

7 forelt =121 i wufds® Wf¥eRdl (conditional probability) (1601-1665)

o IR H fa=R &3, e fFet o= e o "fed 81 &1 ga1 a1 99 2, a1 39
TRVl STEURUN i el ¥ I91-THT (Bayes' theorem), FTshdl 1 0 1 qen
Loy TS o o) § TS| B9 5fese = (random variable) 3R $Heh Wifehdl s
T ATVl STAHROT ! HH qoN fREll Wiaehal Se o H1EF (mean) 9 YEROT o
TR Y o IR 1AE o AfH AT H TH U Hew@YUl STHAd Wifdehdl §ed (discrete
probability distribution) @ &R # @7 58 fgug sie el =1 €1 36 e W gq @
wlierr o7 foer uRome wHEEeT B §, S @ TR o1 | el T @l

13.2 wufaser urtaenar (Conditional Probability)

1oft dF B TRl SIe B WIfeRdl Sd S T == & 2| AfE B et ufest wafe
FI Y A T e, 9 F fRE T we o ufed e T ge 1 g S e
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1 WIfFehdl T ISd1 2 ST 36 U3 o ST o [0 Ueh I15ieseh e W fo=m &t
e uftomy Tagwe )
MY, T A = (fair) Tkl &1 IBTeH & Tder0r W four wifau) @ adero
1 gfqesl THfe 8
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

aﬁ$ﬁm%?ma%EH%quﬁﬁﬁ%mﬁa%uﬁ%tﬁﬁﬁﬁ@aﬁqﬁﬁmr%ﬁﬁ%

FX Gehd &1 O iU E s “=fad 31 fod gehe 81" SR F s ‘et faees W
2 yefyid B o el i 2

GE| E = {HHH, HHT, HTH, THH}
R F = {THH, THT, TTH, TTT}
ESIGY P(E) =P ({HHH}) + P ({HHT}) + P ({HTH}) + P ({THH})
111 1 1 .
“§TETET Y
R P(F) =P ({THH}) + P ({THT}) + P ({TTH}) + P ({TTT})
_1.1 WAL
8 8 8 8 2
g & E N F = {THH}

g P(E N F)=P({THH}) = %

e UM offSe e o o ® i wedl faeeh W ue gehe e ® et s F
Hfed g€ §, d 51 E 1 Widehdl 1 22 F o §fed g &1 gar1 W 7 ffved € fe
E & Wifaehdl 10 3 o fau 39 fasel fagei ® fa=r 7t foren smom 59w wsa
fosreh W 2 7€ B1 5 E ok foIu 58 gue © ufaeel g S 9 sl 39kl STaqe
F o9 T 81 37 Tl °, 39 efafied g A 79 9Rdd H I S € foR g
T UH AU Agfeseh Tderur o &9 § goerl 91fet ferer gfaest gafte shae 3= aftomt
%1 Tg=ad & S foF S F ok ST @1

S| F %1 9% gfagel fog st E & of 3l &; THH ®1 37d:
F o1 9fqeel ¥afte AMd g oo E &1 Wifoshdl =

1
4
Rl FwaﬁamﬁmwzﬁmEﬁmﬁw=%
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el E &1 39 WIehdl o1 Sufde Wiided #ed &, Sk 91 © {6 =ed F Hfed
& ST €, 3R 38 P (E[F) g1 <@Iid B

SMHP(E|F)=i

e FIST foF F o o 19@d St 51 E o ot 31 bl €, E 99N F o 91l 37aga
e €, S E N F % wfaesl fag €|

37d: €9 S E 1 HYqse Wiidehdl, et i € foh S Fosifed € g € i
75 JhR ¥ 99 F TR 2

_ (ENF) =k a1 wieeet feigeti &1 gen
P(EIF) = F o 3T gd ufaaet fagsti &1 5@
_n(EnF)
~ n(
319 379 9 T HI Uyt wmfe & sagel &t Fd wen ¥ fawfyd F W 79 @
g f% P (B[F) &l f=1 whR § foran <1 gan ©:

n(ENF)
S)  P(ENF
P(E|F) = ZEF; = (P(?)) ()
n(S)

e Hifew o6 (1) aoft 7= & S P(F) = 0 31&fqF = ¢ (F012)

Id: BH WUfaaY Widehar w1 T YR © 9RifiE o "ehd €

uftermar 1 AfE Eqen F el agfess e o ufieel gafie 9 gefud < e €,
Al Fon wfed €F &1 gol W, E 1 qifashd Fefatad 9 9§ 9 e 2t

P(ENF)

PE , Safeh P(F) # 0

P(E[F) =

13.2.1 QUfaaer qrfiehar & T (Properties of conditional probability)
7H of f& Eqen F gt gfaedl gufie S« @ wemd &
TuT 1 P (S|F) =P (F|F) =1

P(SNF)_P(F) _,
P(F) PF)

& 7@ ¢ f& P(S|F) =
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P(ENF)_P(F) _,

P(F)  P(F)
1d: P(S[F) = P(F|F) = 1
T 2 A% A 3R B ufasel gl S w1 R < S 7 3R F TH 1 W 36 UK
g & P(F) 20, d9
P[(A U B)[F)] =P(A|F) + P(B|F) — P[(A N B)|F]
fagiy ®9 9, aff A @R B oW ervest s e,

P[(AUB)|F)] = P(A[F) + P(BJF)

ESID I P(F|F) =

& Wd ® TR
P[(AUB)NF]

PIAUBIF)] - —— o

_ P[(AnF) U (BNF)]
) P (F)
(W=l o WelfTs W Hiwer o s 7w gu)
_ P(ANEF)*P(BNF)-P(AnB NnF)
B P(F)

3 P(AmF)+P(BmF) P[(AnB) N F]
PP P(F) P(F)
= P(A|F) + P(BJF) — P(ANBJF)

& A dOT B TRER TUaSt @l a
P[(A N B)|F)] =0
= P[(A U B)|F)] = P(AF) + P(B|F)
3: W9 A 99T B WER STqast FeAW g al P(A U B) = P(A|F) + P(BJF)
T[T 3 P (E'[F) =1 - P(E|F)
11 Wl A e T P (S|F)= 1

= P[(EUE)F)]=1 FifF S=EU E'
- P(E[F)+P (E|F)=1  ¥ifsh E N E' TER el FAT¢ 3
37 P (E'|F) =1 - P (E|F)

3L 379 FH{J IR |
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9 4
IS 1 AR P(A)=%,P(B)=E aﬁtP(AmB)=E,a’t P (A[B) 9 wifsTu)

P(ANB)
P(B)

_4

&1 89 d € o P(A|B)= 5

\\o|;\-l>

1
SETETOT 2 U YNER H < o= 2| A 98 71 & Toh o=l § ¥ 9 Y HH TH o=
AgHT B, dl Al oA o IS B HT A Wi 272
T U AT b eI 1 o g TSH! i TeUd i &1 THEI0 1 Hiaesl Tafe 8:

S={(b.b), (g.h), (b.g). (g.8)}
M ST E de F shewr: frfafaa see 1 guid €:

E:'SHi o= @goh ¢
F:'a=ai § 9 %9 4 &9 0% A< o

W

@ E = {(bb)} 3T F = {(b,b), (g.b), (b,2)}
4 EnF={(b,b)}
o7 P(F)=%3ﬁTP(EﬁF):%
1
_PENF) 4 _1
gy PER =5 H "33
4

SETET0T 3 Uk 990 H @ HE | 9 10 q% YUl for@ Y @ Y SR S orel e
e TN 30 T W T w1 Agesdl fehten A AfE ag 9| 7@ fF e e e
W e 3 9 e 8, O 39 G % U BN %] o Yiiekdl 272

T A ST o A 52T FehTel T e W wE Eew € 3 B e (e T e
W HeN 3 9 98l 8 &l e w3 €1 gH P(A|B) 1 ST 2

78 Tie 1 giaesl @A €:S=1{1,2,3,4,5,6,7,8,9, 10}

LiE| A=1{2,4,6,8,10}, B=1{4,5,6,7,8,9,10}

3R ANB={4,628, 10}
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5 7 4
& P(A) = 15 P(B)—EaﬁTP(AmB)_E
4
P(ANB) 109 4
ad P(AIB) = —p o :170=7

10
SETETOT 4 TH qreenen § 1000 faanef €, fw 9 430 wiefwal €1 9 9@ ? fF 430
o W 10% Teihal wen XIIH Yagdl &1 o wiiehdl € foh ok agesan g1 e feenedt
el X1 H vgdl ® 9% 78 9 ¢ T 5 e famnef et 22
& M AT B o2 argesn 51 e fernedt wmen X1 H v 8 SR F e agesa
<1 T fernedi gt B, *i o4 i &1 W P (EIF) T T 2
430 43

CEl P(F) = —— =043 3R P(ENF) =——=0.043 (H?)
1000 1000
P(ENF) 0.043
GEl = = =0.1
PEIF) P(F) 043

FETET0T 5 Ueh 99 ol 1 R SO o YHe0 § ¥ A a1 B &l 7 9&R 9
it foran T 2

A ‘A SO W WA 4 YR BT
B : ‘Tedll S8 W TEA 6 IR qE{ S8 | W@ 5 Yehe el
Ife B o1 =fed g faan @ 2, @ wed A &1 uifiehar I it

T Wiaesl wafe § 216 wiom €
3, B = {(6,5,1),(6,5.2), (6,5,3), (6,5.4), (6,5.5), (6,5.6)}
(1,14) (1,2,4)..(L,6,4) (2.1,4) (2.24) ... (2,6,4)
A= 1(3,14) (324)..(3,64) (414) (4,24) ... (46,4)
(5,1,4) (5,2,4)...(56,4) (6,1,4) (6,2,4) ... (6,6,4)

3R AN B={(654))
6 1
CE| P(B):%aﬁ'{P(AmB)zﬁ
R
e pAB) = LAOB)_216 _1

PB) 6 6
216
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SETETUT 6 Teh T 1 & IR ST 41 3R Tehe g2 WSt &1 AT 6 9 T @
4 o =Id9 T&h 9R Yohe B i HUfqas Wehal F1d hiferg)

&l UM ST E S S8 4 1 ad Tk 9R Wehe g1 IR F EeAl S arEl W
Yehe TS 1 AN 6 B’ I U B

ad E=1{41),42),(4,3),44),4)5),4,6),(1,4),2,4),3,4),(54),(6,4)}
R F={(15),(24),(3.3),(4.2), (5.1)}
mw%ﬁP(E)—— P(F)—%
qqa EnF={24),42)}
CIC] P(ENF)= 326
37d; difsd Tiehdl
2
P(E NF 2
P(E|F) = (P(;) ) =%=§
36

et T B 3 Therml W faem T € fer @l aRom weEee € 3wl
& fou v wufgey wifedr <1 oo foren 21 qenfu gufdes wifrear 1 =@t
TR, ST9e w9 W, 39 feufd 7 ot v w1 S wehdl 8, 59 Hifeid s qagee
T Bl Wifaeha@et P(E ~ F) @ P (F) &1 9Rehe agq@R fepan s 2
3MeT Ffafad ST 9 39 |6 |
IETET0T 7 Uk foaeh i S8eH o qie W faar sifsw) afs faes w fad ywe @
o faaer 1 I4: 386 W AR fager W 1 Johe B d Tk 919 &l Heh| A ¥ ‘&1
¥ FH TH U Yohe B 1 fed B e ww # (H,H)

T U W 4§ TS T@N Yk A1 i gufaey ﬁa(H)

WIfaehdl T hifsig (HeT)

ol qderr o o o 13.1 @ e feman S (E)

Thd T1 39 TR & fo H 9@ Fed & =T §T3;

wher %1 yfaest gafte € g ‘52
S = {(H,H), (/L T), (T.1), (T.2), (T.3), (T4), (T.5), (T.6)}  amepfa131 (1O
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554 TTfoTd

el (H,H) =witar & % 39 Somil W fod wee g1 &, 9o
(T, i) <eiien & o et SO W 9 wohe gon s, o @
%l Hhd T G | Tohe Tel

ad: 8 Hifers =S (HH), (H,T), (T,1), (T.2), \Us

- 1111

(T’3) (T’4), (T’S), (T)6) W-Q-T‘ 454912312) 'qz(T)
111 1

IE,IE,IE,IE'Qﬁaaﬁﬂfﬁﬂﬁiﬁ'3ﬂ'3ﬂ1¥¥ﬁﬁ'%,§ﬁﬂ'ﬁﬁ

o= 132 9 = 2l SRR 13.2

A & F 521 “=FaH T 92 Yehe BF1 3R E S
‘U8 W 4 9 9E @ Yehe B’ i <9I 2

Gl F= {(H,T),(T,1),(T,2), (T.3), (T.4), (T,5), (T,6)}
E = {(T.5), T,6)} 3R ENF= {(T,5), (T,6)}
el P(F) = P{(H,T)}) + P ({(T.1)}) + P ({(T.2)}) + P ({(T,3)}) +

P ({(T.H}) + P({(T.5)}) + P({(T.0)})

11 1 1 1 1 1 3
= —+—t—t—t—F—+—==
4 12 12 12 12 12 12 4

1 1 1
. PENFH=PHUTSH)+PUTON= 775 =¢

2712 6
L
o P(EJF) = P(E(;)F) =%=§
4
| womraett 13.1 ]

1. aff E3X F 39 %R 1 wead ¢ f& P (E) = 0.6, P (F) = 0.3 31X
P(ENF)=0.2, @ P (E[F) 3 P (F|E) 9 it
2. P(A|B) 9@ IfST, oI P(B) = 0.5 3R P (A N B)=0.32
3. ARP(A)=0.8, P(B)=0.5 3R P (B|A)= 0.4 I HifST
(i) P(A N B) (i) P(A|B) (i) P(A U B)

4. P(A U B) @ Hif =g 2P(A):P(B)=% 3R p(A|B):§
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qrfeshdl 555

I P(A) = %,P(B)= % aﬁtP(AuB)=% T HIfe
(i) P(ANB) (i) P(A[B) (i) P(BJA)

frfafed 999 6 9 9 % P(E|F) 1@ sifsg)

6.

10.

11.

12.

13.

T foaeh & A9 9R ISR T T
(i) E: 90 391@ W foq F: 9gelt <M some R fod
(i) E:=am < foa F : tfishag weh o
(iii) E : eifersrag <1 72 F: =JAaq q 92
T foeepl &1 Th IR IV T B:
(i) E: U feeh @ 92 Yohe el € F : Uk fageh W fod yehe eiar ©
(i) E: g 92 Yehe &l Bl € F 1S fod Yehe =&l el €
T U ] dH IR ISl T
E : T 381 W 9@ 4 Yhe B
F : 9gcll 31 3Bl W FHHW: 6 T 5 Gehe e
e Ui fo o wma, fuar o ¢ agesw we €
E: 99 @ il @ @l © F:foa 751 § @2 ®
T Tl 3R T el I ohl STl T 2
(a) TG T YIS AR HT AN 9 TH i Fufasel Wik A Hifee afg a8
@ 2 T el T W S5 YR g3 B
(b) TG W YT F&AS w1 AN 8 TH i Fufasel Wik T Hifee afg 78
@ 8 foF e T8 W Yehe §ET 4 § %Y 2
Teh I U I STl T 8 HeNS B={1,3,5), F=1{2,3}, 3G = {2,3,4,5}
& fau fr=fafaa 3@ wifsa:
(i) P (E[F) 3R P (F|E) (i) P (E/G) 3R P (G|E)
(i) P (E U F|G) @R P (E N F|G)
T of for S oH oTel sI= o1 SIgehT A1 TIgeh! BiFT THEWeT €| 9% ferdt aiear
o g o= B, d S o=l o ASH! B i HUfde Wifehdr # ©, 9 T fea
T R (i) 9o SIS el € (i) FAd9 Tk ool Aga
T YR1eTe o U 300 TeI/3TH YHR o STHM T9H 200 /3T YR o
e U9, 500 Tg-Tashedid FehR o STEM W99 3R 400 Tg-Tamedid YR ok
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e T 1 HUE {1 AR I o WUE W U WY AN I Sl €, A Th
3T U9 i ag-Toshedia BH &1 Wifdehal 1 8N 2

14. ¥ Tz 7o 2 for <1 il ol Sk W Wi WAy - €1 g weme
AN 4 M ST WiFHAT F1d SIS

15. U U™ &1 Thehd o W0 W =R SifNw) Ik 9™ | Yehe 9@ 3 &1 PN
2 A U W G $oh SR A g o W Y § ql U THaeh i 99|
SIS AdH Teh U W GEAT 3 Yehe e A e © ot s fgeeh R 02 yehe
B’ & Gufqs Wifeehar Aq e

Frefefa ol % 8 o W T TR T

16. A€ P(A)= %,P(B)=OHEI P (AB) ®:

(A) 0 (B) % (C) uftenfia =&t (D) 1

17. =% AR B sed 38 ¥R € & P (A[B)=P (BJA) %0 T«
(A) AcB (B) A=B (C) AnB=¢
(D) P (A)=P(B)

13.3 Tfehdr @At o T (Multiplication Theorem on Probability)

qF ofifSw fF E don F U wiasel wafie S &1 < oAl €1 wedd wqeed
ENF S seiefi E e F o =fed 8 i 39fdl 21 371 9l § ENF 5213t E qen
F o F9q wfed g w1 9iial §1 921 E A F 1 EF o foran s 21

W B T ST EF 1 Wifaehdl 10 i 1 SAGeIehdl gidl 81 SI0 o forg,
T o oK T U1 FeRTer o wemn § g9 fAg ueT ‘Uw ewe 3R T I R
Wifoehdl T1d | gogeh € Wehd &1 AT EF 1 WTehal A hid oh foq ex aufase
WIfehdl 1 SUAT Y € ot fom e fe@mn T R

TH SHd ® fF wed Foh fu M W wea E &1 |ufdas wifdsrdr i
P(E[F) 511 S391id ® @i 38 fefeied 9o 9 9 o3 2l

P(E[F) = %,P(Fﬂo

I uftom | &9 forg 9o © T
P(E N F) = P (F) . P (E|F) (D
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gifeRar 557
Y 9% off 94 © fo

P(FIE) = PEAE) pg)20

P(E)
el P(FE)=% (Fifs ENF=F UE)
31 P(E N F) =P(E) . P(F|E) (2

(1) &R (2) =i o @ eF 9 e € fom

P(E N F) = P(E) P(F|E) = P(F). P(E|F) Si& % P(E) = 0 3R P(F) = 0
SWieRd IR i WifFshar 1 U FE’ wEd €1 STET Tk 3SR o
SETET0T 8 Uk Heasl H 10 el IR 5 Ghs 78 €1 T 1% Tk o «I% Teh Fehrell St

€ 3R veell 1T T o fehrer W UBe arue e W@l St €1 3 it o e o
Y g g 1 et gagwed 2, @ < sl 1] fieher &1 R wifdeRdr 872

%ol 7 fF E ‘Teelt whieft g o fsher’ 6 S @ S F gEd el s & feher’
%1 5T 21 84 P(ENF) & P (EF) I T @

31 P(E) = P (Yeit foehtal & hreft 7ig F—ichm-u)=%

w1l & fean T ® o6 veed el o shiedt 11 fepelt @ ereiq e E wfed € €,
79 HETA H 9 HICA g 3 5 WHR 13 1@ TE ¢ SWAAT, T g Hredt 2 T Wfahar
S/ o et 73 1 e B T A €, $S IR TEl had F 1 Gufdee wifashdr 7
3@ B 1 Sfed 8 96 2

@i P(FE) = %
79 Wfehar o UM fo g & u B @
P(ENF) = P(E) P(FIE) = P(E) . P(F|E) . P(G|EF)

109 3

T15714 7
3 & 37freR g2TeN o foTq ekl T TUM faW A E, F 31k G T wfdsel gafe
1 T §

P(ENFNG) = P(E) P(F|E) P(GIENF) = P(E) P(F|E) P(G|EF)

TH YRR WIRhal o6 TUM a9 1 foRaR =R a1 SAfuek weisti o faw ot foran ST genan
2| frefetfiaa Seren diF seiel o forg wiftrenar o U fom T geid wed i €|
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SETETOT 9 52 TNl i 3ToS! W@ Hel T Tee! § § U oh a1% Ueh o Il for1 gfaeentyud
U fehTel U1 UBSl q) U 1 SIENE SR R T TR BN 1 91 IRl 87

T HE o T K 5121 Fertenl T Ol arewie © ' R SR A ST ¢ fHehTer e ae gen
2’ ! o B & Tl g6 P (KKA) T e 2

4
3 P(K) = )

e S P(KIK) T8 1 8F W T ‘Teet Frebre T 9ReE € R Sl T 6
SIEIE B 1 Wehal i <l 21 o1 el | (52 — 1)=51 7 € s i aeeme @
wfime PKIK) = <

fdqd: P(A|KK) SR FehTel TTT T o1 SoRT B 1 Wufdsel Wikl € ST foh e
A & o <1 S1EemE ved € febed ST g €1 ot el ¥ 50 U @ Y ¥

safera P(AIKK) = P(AIKK)=510
WireRal o T P g eH Wiw e © T
P(KKA) = P(K) P(K|K) P(AJKK)
4 3 4 2

= X X =
52 51 50 5525
13.4 W7 TG (Independent Events)

52 Wl w1 e § W U ww FreRrer & e W faemr wifs fied gee difers
T i FHEHEA WA T @1 4f€ E d F e ueiet ‘fepen e wwn faE
2" SR TeRTeT T U U SeehT @' 1 e & ©,

P(E) = ==L qo P(F)—i—i
) =573 52 13
Y € 'E R F' e femten T uw faEl 1 seeht @7 Wi o Rl ©, ST
1
P(ENF)= o

a: P(EFF) = ———=

1
PENF) 5
PF) 1

13
a?ﬁﬁP(E)=%=P(E|F),WWW%%WF¢H&H@#@‘\E@=|T%W
E &1 WifFshal W g 9919 &l Sl 2l
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& Ig ot ora ® fR
1
P(FIE) = (I;F) =2~ )
4
T P(F):%:P(FlE)w%ﬁmEamrﬁa'mﬁzﬁm%m F I
WIiehdl T I FHE T e 2

3Td: E 9o F39 R &1 9eA1E 8 fof forelt Tk e o ofed e 61 g o) sl
FT WGhdl W HIE g9 T et 2|

T YR 1 SR *l @[T ged’ FEd 2

TftTT 2 < HeAR E el F %l T6as ¥ shed § A
P(FI E) = P(F) S&is! P(E) #0
P(E| F) = P(E) S9! P(F) #0

31d: 39 R H P(E) #IR P(F) 1 Y=RR 8 69a €l

319 WifgeRdr oF oM a9 |

P(E N F) = P(E) . P(FIE) . (D)
IfE E iR Feads wed e @ (1) 9 &5 9 e § TR

P(E N F) = P(E). P(F) )

3d: (2) o SYAN 9 TH I HSARA i Waadl i (EfafEd we 9 off gt
F THd B
aftarer 3 AWM of B3R F et agfezs qdemn o gfaeel wmfe 1 91 wear ®,
E 3R F @3 7ed gt § At
P(E N F) =P(E) P(F)
feugoit

1. < w=Aei EqeNF ! WIf¥d (dependent) ed €, 9% o o= 7 & erefq 4%
P(ENF) = PE).PF)

2. wf-sedi T wewe SR TWER STyes HeAE o |9 wH e 81 S el
‘Tors SIS T QR SIS 1 Aiehdl’ o 9 H i TE § 5a T I
FqerSt SIS T YRS CHeR’ % ®q H 1 TE g1 SHeh SATdIe, TET
et srest § g off aftomm ad St TE e Tehdr © fohg s see §
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oftomg @ré off 8 TR §, 9% Toe He e 71 TIRdd s g @i
e STgerst s waEef 7 E
TR v o, A < U e s sedl € fent ufehdr IR €, @ 98 WER
aTTerstt TEf & wehdl €1 faetma: afk < e Wihehdr el WER Tvest gt
Al €, o 98 T@as el 8 Wbl &

3. < agfess Ten w@ds wEdn €, 9 Yoish ¥ I E 3R F ok faw, i E
e THe @ g F g wer 9 Heifed €, sesti E a1 F o U |1y "t
B W1 Wk, ST Q1 e Hu= fohw ST, WifreRar P(E) 3R P(F) o ToH%e
o SIER Bt €, FTent uftehet ST Thermll o SR U STel-3Ter TR S
21 @19 P(ENF) = P(E) . P(F)

4. 99 weAeh A, B 3R C &1 Was &8l 9@ ¢ 9 iR sed A

P(ANB) = P(A) P(B)

P(ANC) = P(A) P(C)

P(BNC) = P(B) P(C)
3R P(ANBNC) = P(A) P(B) P(C)
Ife Sy | U 9 9 9 Th A 9 ToF TET Bl © dl & TE SES bl s
&l el S 2l

IEETOT 10 Teh U 1 Teh IR ISl Sl 21 ¥ U8 TR Yo & 3 1 799
2, % E 9 IR ‘U W 9w Hemn 99 @, &1 F ¥ frefua fean se at sard @ sed
E 3R F @6 87

T B9 S @ foh 39 e o gfaeet whfe € S={1,2,3,4,5, 6}

@ E=1{3,6},F={2,4,6! 3N ENF={6}
Ll P(E) = %% P(F)——=— AN P(EN F)——
T P(E N F) = P(E). P(F)

31d: E 3R F @ad el ¢

IETET0T 11 Teh ST (unbiased) 99 ohi T SR ST &1 HH o A 2T T8l
I W fave g ura g’ 3k B we ‘it e R foavm e g g guid
21 TS A 3R B o W3 1 GO0 Hifu)

T W&'mﬁ%ﬁﬁmm&ﬁaﬁwaﬂwnﬂﬁaﬁ

1

P(A)_— ﬁ'{ P(B )=%=5
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1 & P(A N B) =P (31 o1 § faug @@ ura g
91
36 4
11 1
9 P(A) . P(B)_EEZZ
Eeel=roe] P(A N B) = P(A) . P(B)

31d: A 3B a5 Al B
IEETOT 12 A Toeepl =61 I8Ten T 81 WA o E s CdH fad @ dF 92 wrw g
I F ¥ =Aag < T ured g1 SR G s ¢ sifushan <1 e e e ki frefua
%W €1 T (EF), (E,G) 3R (F,G) W HhiA-shi1 ¥ Tas 22 hH-5H ¥ THa &7
T whe w1 yfaeyl T ® .

S= {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

T E = {HHH, TTT}, F= {HHH, HHT, HTH, THH}
3R G = {HHT, HTH, THH, HTT, THT, TTH, TTT}
e & EnF={HHH!, EnG={TTT}, FnG={HHT, HTH, THH}
2 1 4 1 7
o P(E) = ==—,P(F) =~ ==, P(G) = —
(E) s 2 (F) 2% G) 2

1 1 3
PENF) = PENG) =, PFNG) ==

T P(E) . D) = x5 = PE) PG)=p < =-Lai PR PG = x =L
37d: P(E ~ F) =P(E) . P(F)

P(E N G) = P(E) . P(G)
AR P(F N G) # P(F) . P(G)

ZafeT S (E 3R F) a3 € Stk 72 (F 31 G) 311 (E 31X G) T 21
FaTET0T 13 g #ifST ff 9 E iR F <1 Tods e @ df B @R P’ o wds gi

o Hifes Ed F @as 8, gafau
P(E A F) = P(E) . P(F) )
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ot 13.3,% 39-31@ ¥ 98 W ¢ fF ENF3IRE N F TER eS8 3R e &
E=(ENFUENF) T 5
Fifh ENF 3IRE N F 1R et ¢, E oF
zhfer P(E) = P(ENF) + PE N F)
gl P(E N F) = P(E) - P(E N F)
=P(E) ~P(E).PE) (DF | (BNF) — gXE~ (E'NF)

=P(E) [1 — P(F] meRfa 13.3
=P(E) . P(F)

37d: E 3R F @45 5o

| it | st v e v 1w § fEoAf

(a) B 991 F %A &
(b) E @ F A 2l

SETET0T 14 A% A 3R B s WG € df A9 BH @ =[qH Tk o € 1 Wikl
=1-P(A") P(B)
T P(AIBH ¥ =7q9 TH H &) = P(A U B)

=P(A) + P(B) - P(A N B)

=P(A) + P(B) — P(A) P(B)

=P(A) + P(B) [1-P(A)]

=P(A) + P(B).P(A")

=1- P(A") + P(B) P(A")

=1-P(A") [1-P(B)]

=1- P(A") P (B

[ wwmerett 13.2]

1. A P(A) =§,P(B) =§ AR Aden Bds e € @ P (A N B) F1@ Sifsu

2. 52 Ui i U et H § Agssn fo wfaeenfud fhw e v ket T <t
Tl o el TT 1 BF i ITehdl 1 hifsal

3. R & Uw fesd 1 fleror 399 O O Gad i agesan fa gfawenfya feu
B Fetet T fopann Stran 81 afg i Freprel 7T HeR or=s ©F di fesd i faent o
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11.

12.

13.

qIehdl 563

fIu Teftepa e ST @ oTren sTeeliehd Y 24 €| U fesan e 15 ey @
S 9 12 39 9 3 WU W B, o T o foIT Teiiehd BF 1 Wifsrsharl o
EAIEL

. T A TR 3R T AT T okl SSTel T " o A se ‘faees I faa

TR BT &' 3R B A U T HEA 3 Uk Bl §' I Frefud w1 Fran
HIFY o o2 A 3R B s & &1 12
Th U W 1,2, 37 W F 3R 4,5, 68 W 9 T U F| 3W U i SSrel
T HE o A ST §H 2 SR B EeAl CHe o W g foret T R, 6
frefyd ot €1 A 3R B wad 87
UH of EAeNFE SN 38 YR € T P(E) =§,P(F)=% aﬁIP(EmF)=§?ﬁl
M E qe1 F @&as €2
A IR B UE el & W € el P(A)=%,P(AUB) :gasm P(B) = p.
p 1 W T SIS 4 (i) TN WER et g1 (i) St s B
T ® A 3R B @ds "¢ € 92 P(A) = 0.3 XPB) = 0.4. T«

(i) P(A N B) (i) P (A UB)

(i) P(AIB) (iv) P(BIA) S shifsq

ﬁTﬁWﬁ'Aaﬁ'{BQ{ﬁ%,ﬁﬁP(A)=i,P(B):%aﬁ'{P(AmB):%?W
P(A-TET 3R B-7&) 9 shifer)
mﬁAHmBWWﬁ%aﬁIP(A):%HmP(B):%aﬁt P (AT iR
B-T&f) =i.w A SR B Wdd A 7
A 3R B @da st §t T € el P(A)=0.3, P(B) = 0.67

(i) P(A 2R B) (i) P(A 3Tk B-Tel)

(iii) P(A A1 B) (iv) P(A 3R BH &i¢ st 7f) %1 9w *ifer)

T U I q 9N ISl Sl © A 9 9 %Y TH o) {9 G g 81 &
Ifehal Ad it

q e u afeg 9 o ufaeenfua foeu frerrell st @1 e § 10 Tl 3R 8
et i € A Wik I RIS (i) T A o w6 (ii) T el T gEd ot
2l (iii) TH HIeh a0 O @A
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14.

15.

16.

17.

18.

TIfoTd

T Taiy Te 1 A SIUB g s &9 9 8 F3 1 YIaehard el %ﬁ'{

%%lw&ﬁ,wﬁm@,wwaﬁaﬂmaﬂﬁ%,aﬁmﬁwm
EAIELAED
(i) THE g € Wt @
(i) STH § TLIq: HIE Th THE A HL ol &
AT ok 52 O 1 e G TEEl @ U W AgesA e s 81 et
¥ 9 fora geneti § e E @R F w@as 22
(i) E: “Fepren o ox gpH w1 ¥
F : “fehten T ue geen @
(i) E: “Fehren 0 9o et T 6 @
F : “Fleptell TR 91 U a1EIE 2
(iii) E : “FehTen T O=1 Uk TSI A1 Tk S @
F : “fHehTenl 7o U= Tk S A1 T M 2
Tk BEEE H 60% fenefl &l 1, 40% AU T SR 20% A STEER gd B
T B I AG=SA I Sl 2
(a) Wifrehal S HIfSTY fom o = df &t ik 7 & SISt 1 @R et 1
(b) =g o€ &t 1 STEeR ugdl € df SUeh S i 3f@ar f ggd arel g
T ITIehdl F1G STl
(c) A o€ TUSH 1 SR Ugdl € i 3Tk &l &1 er@ear f gg+ ot g
EiRIPETIISIGEETIS I
e UGl 1 Teh ST SSTell Sl © dl Yeh U W EH S Sl WW i
1 g Frefafad § 9 0 272

1 1 1
(A) 0 B) 3 © 5 (D) 3¢

T FeE A SN B % WER @A #Ed ©, AR

(A) A 3R B TEHR el & (B) P(A'B') = [1-P(A)][1-P(B)]

(C) P(A) = P(B) (D) P(A)+P(B) =1
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13.5 SI-UHA (Bayes' Theorem)

M efifsg for &1 S 18Ik 11 few o &) e 196 2 9 37 3 ot 1 €1 3K S
¥ 4 T 3R 5 o e 21 fordlt wh 9 o 9 U 7% Argesa Febrell Sl €1 84

W@%ﬁﬂqﬁﬁwﬁw%mwm%mwmﬁ%(mﬁﬁwn
49w faeie @1 (9 o §%) e w1 Fepter 1 wifierar off 99 1 Hehd 81 3=
vl H e ferdht fae w1 &1 g feprer w1 wifrehar @ R geRd €, 9f% g e
T F T iR AU O o Frekelt T ?1 AR o W 59 o1 Sk WifdeRdr [
THd © fop g foredt fodw 91 (WM & Sen-10) @ Freprelt 7€ ® afE e freprelt T e
1 W1 741 B2 TRl BH Se-11eh A 1 Aiaeid (reverse )WIehdl Hd Al @ Seifeh
TR 91X B ATel S 1 g9 W €1 Ui i Wi 991 7 giaer wiedr 9w
1 THE 1 GHHM Ufda Wiehdl o STAN gRI el €1 Sk R s T 9
‘S-S T W ST S € S SR geiadd 1763 § ki g ol S ee
o HOF o YA U Ud SMET Uk qRWl R F yRiEs qiomm w R st
13.5.1 T Uidgel @Al &1 @9rsiT (Partition of a sample space)
e E L E, ... E & 9= &1 gfaeet gafe S o faursm & fefia & € ok
(@ E,NE=¢,i#/,ij=1273.n
(b) E,VE,LU..UE=S73du:
(¢) P(E)>0,%% i=1,2,..,n% faq

T v H, ¥ B, E,, ... E Ufaeel Tafe S fauem w1 fefud et € af
A T SEYH €, GHU § AT ST ARl YRR 2

ITEOT: T @A § fF B A E IR SEA | Hmed B/ ufaey wAfe S
fasem € ®ifF ENE =¢ 3R EUE =S.

a-3m@ Tost 13.3, @ &9 STt | Werol Y Uehd € T 7% E SR F forell wfeeet
Tufte S, o W i & TN €, @ {ENF ENF'} 99==4 E & T a9 2

wg=sd {E'"F,ENF,ENF} ¥9es9 E U F & T fa9nse € iR aq==d
{(ENF,ENF E NFE NF} gl gfee S & fausH 2

319 T |YU WIiaehdl i UHA & fag &
13.5.2 Wﬂﬂf UIfehar st 99T (Theorem of Total Probability)

a9 & {E, E,,...E,
SeAE L E, ,...,.E ® Il Y™ 8| °F dfifan A gfaeyl wafe & 9@

n
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el ©, 4,
P(A) = P(E,) P(AE)+ P(E) P(AIE) + ... + P(E) P(AIE, )

= Y P(E,)P(AIE))
j=1

suufs & T 2 76 E,E,, ..., E, 9foeel Tt S &1 weh fawse @ (ot 13.4) 3afem,
S=E VEU..UE ..(1)

3R ENE=0Vi#jij=12 ..n
Y 9 § foF fordt seA, & foau
A=ANS N
=AN(E UE, ..E) ————

=(ANE)UANE)U..UANE)

WA TANE, SiRANE, FA9: T B, iR B % Suaqes € 3l i # j, % fog
IR € T i), ij=1,2...n% T A NE, 3R AnE + erg €
ERISIY P(A) =P[(ANE)UANE)U..UANE)]

=PANE)+P(ANE)+..+P(ANE)
S P(A NE) = P(E) P(AIE) #if P (E) # OVi = 1,2,..., n

Wifirehal o TUH e gR eR WA € T
BRI P(A) = P(E) P(AIE)) + P(E,) P(AIE)) + ... + P(E ) P(AIE)
R P(A)_ZP(E )P(A|E))

memaqﬁm#@ﬁnfmmaﬂéaﬂm%masﬁaﬁm
0.65 81 TSAlel 7 B 1 91 ggaret 84 &1 fefaal o fafo & o geamgar qof
B 1 WIfeRard s 0.80 e 0.32 € fmiv s % gEarEr o €F %) gt
RIGRCAISL
Tl UM ofifse f& ‘fmfor e & geager gof 897 & s i A iR Cegdre g
%1 e il B gR1 Frefud fran St €1 g9 P(A) T T €1 ed 9 € T
P(B) = 0.65, P (8gdrel &) = P(B") = 1 — P(B) = | — 0.65 = 0.35
P(A | B) = 0.32, P(A | B’) = 0.80
wifer A B 3R B’ WAl W= o fawsH ¢ gafee §qul wifrenal wig gr
=P(B) . P(A | B) + P(B’) P(A | B")
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=0.65 % 0.32 +0.35 x 0.8

=0.208 +0.28 = 0.488
31 fmfor e gHeEr gof eF T wifaskdr 0.488 R
9 TH ST-WHI T YR HAT 90 39 fag Hwa
IT-UHT (Bayes' Theorem) af€ E.E, ... E 3 e & S T ufaeel gafie S
% fassr 1 i St & U E L E, . E, T SHIH € SR EUE,U ., U
E, =S 3R ASE Tt s € fowet miawa ym 2, o

P(E)PAJE)

P(EJA) = — ,i=1,2,3,...n
D> P(E;)P(A|E))
Jj=1
suufa &9 9 © 6
P(ANE))
PEJA) = — 7
P(E;)P(A[E))
= TA)I (Rt o TUH e )
_ _PE)HPAIE) e & Frm @)

D P(E;)P(AE,)
Jj=1

o s e e S e
HEAHAE , E,, ... E Hl IReeT E (hypotheses )Fed 2l
P(E)) 1 YRehed 1 E &1 Jaehieid (a priori) Wdr e €1 Ufdes Wiy
P(E A) %l Reheql E &l STHIE (a posteriori) WIfdehdl Hed 2l

IS T T CHRON T IfashAl 1 G o Fe S 21w E, viaee wEfe S
o Tk faurs 1 fE wRd € THfe sest E ¥ ¥ U 99 ¥ Uw iR e
T E Hfed Bt ¢ (STE, § W had U E Al Hedl ¢ 3R Uh ¢ sifurew T we
TRl T) 3T: ST Y TH RS R E, (31fq T HRO)HT Wik < € ik
S A w1 Sfed g e e 2

I51-79a &1 fafay afitferfal & swefm 21 39 @ 99 = Frefafaa sceon o
e fa T R
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SETET0T 16 & O [ 3R 11 fau €1 9t 19 3 ol 3R 4 et 1 € o9 ff 9t 10
T 5 el 3 6 el e 21 fordl Th O | ¥ Igesd T T et T oS fe
e T 1 21 3H 91 i 1 iiehdl € T 7 1g 91 11 9 fehret T8 €2

Tel Ot 11 W B B B, § SR 9 1% =@ &1 E, W et 7 et fw
e 1 1 g ke 1 HeT w A9 e w3 2

e P(E,) = P(E,) =

N | —

A& P(AE) :P(%Iﬁ@mﬁﬁﬁ?ﬁm@):%

R P(AlEZ):P(QﬁéHﬁ@mr’nﬁﬁ?ﬁmﬂ):f—l

3@ SR T 9 W5 o™ &1 gifawar, 59 & 98 71d & % 98 o O
&1 € = P(EJA), 39-T99 51

1 5
PEIA) - P(E,)P(A | E,) TR
2 7 P(E)P (AIE)+PE,)PAIE,) 1.3 1 5 68
277 2711

SETET0T 17 6 i fes I 1 3R 11 Ry e € el goie o < foeen € fosd 16
Tl foeer O o €, Tesd 19 <l foger =il o € @R fesd I W U 9H 3R wh
<7<l o1 Teent 1 U St Argesdl U Tesa a1 € iR Sud 9 gssd U e
fhrerar 21 afs faeht @R 1 2, 1 39 91d 1 F1 Wigehar € fo fesd o qowr faant
ff G 1 & 22

&AM A E, B, 3% B, %A fead [ 13 11 % == &1 frefiq & ¢

1
@ P(E) =P(E,) = P(E) = 5

e @ TH A AT FekTen T faeet 9 @1 2 Wl <wid B

LiE| P(AlEl):P(%@rlﬁmﬁaﬂfawﬁm):%:l

P(AIE,) = P(fessl 11 ¥ &M o1 T Toeept feher) = 0

P(AIE,) = P(fesd 11 ¥ |1 1 fasrht ke = ;
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e fesd o g faaent off |F 1 8 1 Wik

= f9erten T WF w1 9o fess 19 BF &1 Wifoehdr
=P(E |A)
9 I-YHI g
P(E))P(AE))
P(E,)PAIE,)+P(E,) P(A|E, )+ P(E;) P (AJE;)

P(E |A) =

IEEI0T 18 AH o foh Uk ..t qdieqor &) favesHiaan fefafea ger 3 ffde
H1 T 2

LS. TiSiifea sAfaal o forq adiero 90% Tar @ H SR 10% Tar 7 @
o gyH g1 TE.STE. . § ds At o foru wharon, 99% Wel udl oRlal § A T,
3.3 Tfea Farar & etk 1% wiferd safea o foau va.eE . dsfifed aamd 21w
e SEE, fSEH 0.1% At T, U €, ¥ 9§ U oAfad Agesdl g1 Sl 8
3R 39 1 e e sH W Gfaer e, 1 suftefa Sdrar 81 s wifeRd
2 for o' =afe ora § TaLeRA. (Ushfed) @2

&1 UM o B9 T Afad o arkdd § TE.STE el uisiied e w1 sel iR A st o
TE.IE AL T § Wsiifea 8 w1 HeAl i g9 &1 g6 P(EJA) I T B
e G E T T Al o TELSAE AL WSiied 7 8 w1 Sl i <uin
Tyl {E, '} SHEen § gt safamal o wfagst gafie &1 weh fause 21 el e @
P(E) = 0.1% =15-=0.001
P(E’) = 1 - P (E) = 0.999
P(A|E)=P (=afert =1 qemt | we.ene. o, disiifed <eiin s f&an mn € fr e

g § TSR AL, Oehted ©) = 90% — %=0.9

#AR P(AE) =P (Af &1 T ® LS al. uisifea <9 s@ fo faan wn ¢
9% ard | TE.eTRA. dsifed T8 §) = 1% =0.01
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e d9-YHI g

P(E)P(A|E)
P(E)P(A|E)+P(E")P(A | E")

P(E|A) =

0.001x0.9 90
0.001x0.9+0.999x0.01 1089

37d: Teh Ao g U AfK o aeqd H T, 3T, Isiifed 8 i Wifaehal sidl
fop o € o SEeh wE.emE . qder disifed 7, 0.083 €1
SETETUT 19 U died oM o HREH | 73+ (F3) A, B 3R C el SIS 1 W
25%, 35% 31X 40% diee st &1 39 ") o Scared w1 A 5, 4, 3R 2 gfawd
i TR (Ffeqel) € diced & Pl SR § ¥ U e Agesdl e s € sk
o€ TS U Sl B SRl o Wikl € TR 7Te diee wei B gRI ST TR €2
& A fern % wed B, B,, B, 1 wohR 2
BI:WWAWWW%
BZ:WWBWWW%
BS:WWCWWW%

T g fof Wt B, B,, B, RER T9asit 3R 9 €1 o femn & e E f=
TR : Edice B 2l

e E, SeTs B, AB, A B, % Wt wfeq Bt g1 e

P(B,) = 25% =025, P (B,) = 0.35 3% P(B,) = 0.40
T P(E|B,) = dice & @& 81 1 Wikl i« fo < 31 fof oz WA B g1
fafei 2

=0.083 (TT19)

=5%=0.05
¥dl ¥R P(E|B,) = 0.04, P(E[B,) =0.02
I99-999 g ¥H 9. € T

P(B,)P(E[B,)
P(B))P(EB,)+P(B,) P(E[B,)+P(B;) P(E+[B;)

P(B,[E) =

B 0.35x0.04 0.0140 28
~0.25%0.05+0.35x0.04 +0.40x0.02  0.0345 69
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IETET0T 20 Teh S i Tk UM 1 2@ A1 21 Teed o el § 98 9@ € %

IUh A, 99, TheX A1 fRE T aeA ¥ T FT WiAshard s %,%,%m%
%aﬁ%?,wmw@m%aﬁmﬁ@mﬁmﬁqﬁﬁm:%,%,m%

2, T fopdll o o8 | o W S R & et B Al 9% 3 W @, al SHek oA
T 7 1 Wfaehdr Fd S|

&1 A ofifere i ‘efaet o Wit o 78T @ R’ Y W E ®1 A% SRR & 3,

I, WpeR A1 fHl o1 9Ed gW ST F1 wend %A T, T, T, 31 T, @1,

1 2
P(T)) = %9P(T2):%5P(T3)=E3ﬁ1 P(T4)=g Gl %)

P(E|T1)=@Taaaséq§maﬁmé1@u§—nﬁﬁquw=%

el ¥R, P(E[T,) = %,P(EIT3)= %,P(E|T4)=0,a?ﬁﬁ 3T dEA g 3T W 39
[ T B

37e d9-YHI g
P(T,[E) = SR 51 <X § 3 W A 5 3 &1 Hfehal
) P(T)P(ET,)
P(T))P(E|T))+P(T,) P(E[T,)+P(T;) P(E[T;)+ P (T,)P(E[T,)
301
10" 4 3120 1
3 1 1 1 1 1 2 4018 2

TEETOT 21 Teh AT o aR H A € T o8 4 § 9 3 9N GcF dieidl ¢ o Th I8
1 IV & SR adeldl 7 o 39 T 3 aTelt G& 6 21 39 F1 Giendl 71 Hifea
o 9 W M STl gen arad | 6 2
7o O ofifoe ff E, ‘=afad g1 9 i ST L I8 Fa i foh $9 W T drell
T 6 T I FA B HE S S, U W W@ 6 AW F A R S, TH W
@& 6 TET A H1 HSA 21 qE

P(S,) =H& 6 3T 1 =T 1 Hifehal =

1
6
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P(Sz)=m6ﬂﬁaﬁﬁmaﬁ9®7ﬁn=%
P(E|S,) ==af 5N ¥ 9N W fF wH fF HEm 6 o € Sk T8 W S aeft
T arsdd | 6 7, i Wifehd
st g e et %) WP =
P(E|S,) = A 51 7€ 9 W & I8 W T 6 T ¢ Waih I8 W S ol
e add § 6 & €, 1 Witk

= AfeRd g1 A &l Al i wifrehar =1-

3TE IF-YHT g
P(S |E) = Af R 7€ SaM i WAkl fF WA 6 Wehe g ¥, W9 aad § Ted 6 8

Al

3
4

1 3
B P(S,)P(E[S,) 64 1 24 3
P(S,)P(E[S)+P(S,)P(ES,) 1.3 5 1 8 8

6 4

m:aﬁ&mﬁwgél

| womrerett 13.3 |

1. Uh %eAql § 5 el 3R 5 shich 18 &) AgesA Tk 1< el Sl ©, 56kt 1
e HE o 9% YA: HAN § W@ & Sl 71 YA Fehrel T W1 w6 2 eAfaite e
FHoe § W@ & S # den ko B ° Tk A Rl S 21 gEd i S A
B 1 WIieRal & 2?2

2. TH U U 4 el SR 4 Hredt e T AN T 3T Ol § 2 o SR 6wl 1o
12 Sl § U U R AgEsA I S @ AR SHY U 1 el S @ S
o el ©1 39 o1 1 9o Wiidehar @ foh g 9gel 91 9 fepredt T8 €2

3. 98 9 © T T el & ol § 9 60% S § ®d © SR 40% SHE
¥ & wd 81 ol o o uRong gfud & ® o see o © A el |
T 30% AR BEMEE § 7 T ol SE H " 20% BE 4 A-U fomn o9 o o
¥ Heiferner o Tk ST i Agesdl I T SR T T R 39 A fhen
21 T9 91 1 1 YRl © foF o o sEed 9 @ ae 82
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ufaehar 573

T Tgfahedt 999 &1 SR I § T famnedl =1 @ e # S S+ € A1 9
Wﬂmélmﬁﬁmwaﬂﬁﬁm%%ﬁ?wﬁwﬁﬁ

mﬁwi%mﬁﬁm#m&wwsﬁqﬂwﬁmaﬁwﬁaﬁ

FIRED 41‘ 2 @ TH 91 P A WITHHAT § T IS B YT F1 W S § A
IE T ¢ T 3H wE SR femn @2

fopelt forgw U o @&l FieM o fow o 1 St 99% TEER B, W aredd o
Ueft S| U Y I B 21 fhg 0.5% aR TR oy safer Y TR S i W
M TTera Fuid 2 @ At safa 1 A0 @ v adqeran @1 A o SmemeE
T 0.1% I 39 AT Y T& 2 o 1 Wiehal 2 o IS Ageoan 971 T At
IH U W TE B AR SHh T 1 S T8 S Sl € foh 39 ¥ A 2?2

i fiyereh faw U €1 U faseh o <Ml SR Fora & =1 g feent eifvea @ foes
a0 75% 91 Yehe il § SR dew i foaent 21 Al o 9 e fawer @i
g3 A1 T SR ST ISl T 71 A faach W faa wehe 7, @ s qifahdr
2 T a% < faq eren foase 272

Teh ST ST 2000 TheX HCThl, 4000 R Hhi 3 6000 Th =Teiehi 1 =1
Tl 81 gHTSH 1 WA ®wEeT: 0.01, 0.03 3R 0.15 B staweha At
(Trereht) H | U g B Sl €1 $9 SAfH % Tl = € k1 Wil
1 7?2

Teh HREH A 3R B 3 w3 @l €1 qdf forenor @ gar weran @ 56 et Saared
T 60% A A R 40% Hei B 51 fohan e 21 s@eh exfafier wefi A%t 2%
3R TS B AT 1% IGT T 71 A Fel I k1 Th &R o1 foran <iral @
3R SH e W A=A Fehrell T o @ €, l 39 o] o’ A’ gR aH
B T WIfeRdT oI B2

3 o Tk I o R Hed W wF qH %1 gfaedi § €1 ued 9o T 5
o St 1 WIfFshdrd H9T: 0.6 91 0.4 € 38 eifafe afg eet s Sfiad
% d U U SR o UE B ki WifdeRdr 0.7 € 3R A SE <o S €
9 91d 1 G TR 0.3 T 3! FFshel F1q HIFSC & 721 Seare g <
BN 9 o = e

M ST foh h1E cTgen! Teh Il SOl 81 A S8 5 41 6 1 GeA Wil erdl
2 dl o TH fHeeh i o R Sorerl § o ‘fadl’ @ Hem [ s 8 At
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11.

12.

13.

14.

TIfoTd

IU 1,2,3 0 4 F T YW Bl @ dl 98 T T &l T a7 oo § 3R
g e Lt © o S8 W a0 fue’ ure gl Afe S Sk U Tea wrw g
2, dl SHeh §N SO ML U™ W 1, 2, 3 I 4 UK B 1 Wiiehdl 1 €2
e S il o 99 A, B 21 C /39 ST 81 9o SR A 1% @la
Gl SedIed shiar @ qel ST B 3R C HH: 5% 3R 7% @ |l Seaifed
FT €1 B W A FeA GHT I 50% Al €, B bl THI H1 30% 1 C e
T T 20% El 21 IS Tk @e el Saafed © 4 38 A g Sarfed fh
I ®T IR w82

52l T TS @ U U Wl Sl ¢ 99 U6l 9§ ) W feprel S @ S €2 ok
T B @l T TN 6T 2 T Wifdehar S €2

Amwﬁaﬁﬁmﬁw?%wﬁwmw%HWAm%ﬁ
o =iyl gam arfaes &9 & fodq ge eF &1 wifaswa 2

4 1 1 2
(A) 3 B) 3 © 5 (D) 3
IfE A 3R B U wed € fF Ac Ba™ P(B) =0 @ = § § &iA 3% ¢
_P(B)
(A) P(AIB)——P A (B) P(A[B) < P(A)
(C) P(AB) = P(A) (D) STH § IE &l

13.6 'éII'l'c{f%EB =T 31T 3‘9@* YTtaehar e (Random Variables and its Probability
Distribution)

&, Tefed TEm SR S gl FE % aR § ve @ ghE g § o whe
H 9 oIfys ® 7W foviy uikome ok s=g@ 8l o fRg T uRoma ®
Hafya fordt g&n o s=g% 9

AT F Tl SR S¥ek IRoml R formr |

(i) < Il Rl Tk o GO H TH A IE W Yohe WA o AN H To5H /I

G B

(i) U Toser ®i 50 R IS | eAN o9 fudl &1 Gen W g gewdl 2
(i) 20 &G & TH R W, F5oH 6 @ €, 4 TG H (T & a8 Th) Fepren

o T ¥ FAN w9 4 agell o ufasyl H Wd oRqgatl i §ed ¥ gl §ehdl
2 7 %1 WE iR diek aegetl o fRdt faem st H)
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Swfe § W Yoeh e § gER U™ U | @ S Yodsh uRond o Ed U
ardfas den e s 21 wheo & gds 9o & fau T ardfas gen
-1 it B Tehdl €1 SEFT 7E Ueh =X €1 W € 3Rl 9 Rl argfess wlem
o RO W R Y € SEaT 3 Agfese W hEd & Uk A ess = ol HHd:
X9 = W B

A AT Tk He i TRATIT T TR SIS ol i f aad o T asi=s
=R X, ®er el 8 5@t Wid (domain) agese T0er0T o qROME! 1 S (2
gfteel wafte) g 21 U arfes =R S f oo 9 o el €, TH SHH
W& (codomain) ST @3t o1 T== Bdl €| 37d: e Agfodeh =) i 1=
R W TR T Fhd 2

TR 4 Uk Agfessh =R 98 o el ¢ et aid et angfesesr wlern 1 gt
gufte g 2l
IIME0T o foTu, 27eT U Foaeh 1§ aR 3T | S8Tel 9 o Tem R faar wifsmu)
T8 e S giaeel g 2:

S = {HH, HT, TH, TT}

Ifg X, O Terdi 1 G i o5 el ® dl X U Ageseh =1 8 31 qeish qiomm

% fau Toe 99 9 TR 9 e m R

X (HH) =2, X (HT) = 1, X (TH) = 1, X (TT) = 0.

T € eyl THie W U 9 atfus Agfess =R qRwifid oy s Hehd 81 SR

& fou om o f& Y, faesf wofe S & yers aftom o o fadi =1 9= 9@ uef &t
T o W I e H ¢l a9

Y (HH) =2, Y (HT)=0, Y (TH) =0, Y (TT) = - 2.
Id: T gigeyl Tafe S # X 3R Y € f9=1 agfess =) uRtwifa feg g €
IETETT 22 Ueh AT U (ki dIF 9R IV o1 ©el Tordl €| Wel o AFsieh
g 39 AR I Y& f9d o faq Rs 2 2T ¢ 3R Yois 92 o fou o8 oFfe
ST i Rs 1.50 a1 81 A & X oferd gRI it 72 a1 g T TR ol oFek shdal
21 MY fop X T agfess =X @ IR 38 wdiern & giqesl @ufie o %ol & &9
T yfyfa wifsm)
T X UH " © e am fore wefeos aieon o gioml w gifia 21 gafae
X T Fgfess =T B

19 Thie w1 gfaeyl wafe 2
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT)}
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X (HHH) =Rs 2x 3) = Rs 6
X (HHT) = X (HTH) = X (THH) = Rs (2x 2 — 1 x 1.50) = Rs 2.50
X (HTT) = X (THT) = X (TTH)= Rs (1x2—-2x 1.50)= —Re 1
AR X (TTT) =—Rs (3 x 1.50) = — Rs 4.50
Tel o g, faenet 1 =i 1 <9l @1 ?1 o1a: ufieyl wafie o g e@ad &

foru X =1 T fgdt 7 2, safan X ufaest gufte @t %o § e 9 7
(-1, 2.50, —4.50, 6}

SETET0T 23 T O H 2 e 3R | o 113 € Agesa Uk 1% Fehrell T 3R STeh
T A wE ok % SH G O | S T g9 UiRAr B g fRer men oA X |
eRTell H HheTal 1 @A i <Al @ d, X o1 foer01 <, STel b ol g a1 fHeher
el 9 T @

T UM A TR Ot | Wl AR B ow, w, - W e B T
a9 yfaeel gafie 2:
S={w, w, w, W, w, W, W, w, W I, W I, I W, W, rr}
31 X = 7] ® & = Fhad hi HE&A
ARG X (fw w1 = X (hw, w,}) =X (4w, w,}) =X (Dwy w,1) =0
X (fwy, ) = X (tw, 73) = X (L rw ) =X ({rw}) = 18I X ({rr) = 2
Ia: X U Afeseh S e S 0, 191 2 9 o Hehell B

13.6.1 Tk argieder =X @l WAkl e (Probability distribution of a random
variable)
MY W UREAR f, f, ... f,, ¥ T URER il 36 TR T o e W fa=r & 6
Heish URER 1 A HHEAed B’ o T uRaw £, . f " FE9: 3,4,3,2, 5,
4,3,6,4,59<H g
3TSU Ueh URER &l I o ITch T i T Hl A HY, X ¥ S HITo(C| Tl
X T agfess =1 & T8 1 yeer @ uRenfya femen e 2

X(f) =3, X(£) =4, X(f) =3, X() = 2, X(f) = 5,

X(f) =4, X(f) =3, X(fy) = 6, X(f) =4, X(f,) =5
Id:2,3,4,5, 68T XHE F ue o ghar @

379 X 1 A 2 B Wi GRER £, 1 I T E X H AE 3T Rl € S5 S

foo f, ™ © el qREm =l g1 S g R

X =4, qR&ER £, £ A0 f, 1 I STCW
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qehar 577

X =5, %@ URER £, A f, 1 A ST
R X = 6, 519 YRER f, 1 A ST
<feh A T 2 T Yok ORaR 1 g S SREeed 7, sefee ufER £, % g S

FHT iR %%I
31d: X &1 91 2 8H 1 Uifehdl %%I

WW%P(X=2):%
e B f,f, A f, 9 fedl ot wh aRen g w1 Wil

3
P iD= 75 B
d: X 1 HA 3 BH 1 Hiaehdal =

. 3
WW%P(X:@:E

T YR B9 U © R
3 2
PX =4) =P}, [, f,}) =10 P(X'=35) =P/, f,,}) =10

1
R P(X = 6) = P({f,) =75
T YR 1 faaner e agfes® =~ o W 39! 9d Wiiehdiet o fam@n s
2, &1 Fefesd =R X &1 Wi 927 FEd 2
qehd: oh AGTes® =X X &1 Wehdl sied &l 61 o) o wfiwi feran s 2|
it 5 forelt aRfess =R X i Wikl s genst & ffafaa yomet ()
I 2

3
10

X : X, X, X,
P(X) P, P,
n
&l pi>ovz Pi=1,i=1,2,....n

i=1
SIfo T x , x,, ... x G0 =R X F W AF (FeA) € MW p (i=1,2,...n)
Aoz T X HT AH x BF F1 WAHA & S0Q P (X=x) = p,

| oot | = x Tgfem =R X, %1 T WA e § @ FOH X = x, Wit T
% Fo g (i) & fAC & 9 e 81 37 X T x G T FT AAhA H3d YRR
Bt 8 21 P(X = x) # 01
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578 T

Y & X o |t difod A ok fau ufasel wmfe o gt fogew @1 e @
ST 21 SafeTT fordlt WieRar ded o e 9l WieRars?i &1 A T ST =meu

SETET0T 24 TRT o6 52 T &1 Tk Gfsd Teel 9 &1 I0 ST Uiqeema T o |l
FepTel ST S1 TRR1 Bl T 1 WITHHA seT T HIAT
T ShI 1 W Th Agreveh = €| THeh! gH X ¥ el &t 8| Tqeedan X &1 4
0, 1,212 2| i Tl ! Giaeea o @1l fepren T ® sEfAu ST ool w1 fepre
Tor st wE B
e P(X = 0) = P(3h1 &l AR 3o=h1 )

= P(3RT TN x P (3FhT &)

48 48 144

52 52 169
E Iy P(X = 1) = P(3ahT SR gaenT &l 1@l goeh1 &1 IR gl

= P(3FT) . P(3FRT &) + P (351 ~TEN) . P (35h0)

4 48 48 4 24

52 52 52 52 169

R P(X = 2) = P(3%hT i SehT) = P(IFHT) X P(3FHT)
4 4 1
= — X—=—
52 52 169
31d; a1vfe Wil e 2
X 0 1 2
o [ [
gy 169 169 169

SETE0T 25 Ul o T S &l o aR 8o W gl (doublets) 1 W& &1
ifehal deA | hifeid|

T HA oitee R X fget &1 gen fefua w3 2

(1,1), (2,2), (3,3), (4,4), (5,5), 3 (6,6) Gva fge &

e ® o X AE 0,1,2, 3%|

w fow T R A W = é

@%Wq%ﬁﬁaﬁmﬁw—l—%=%
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qfaehdt 579

55 5 125
P(X=0)= P(qamﬂf‘gaﬂfr)—g g 16
P(X=1)=P(u# fgh R g &

_lééélééél_lxi_ﬁ
6 |6 6] 216

666666666

( 1 5) 15
=35 x=|=—
6> 6 216

1 1 1
P(X =3) =P (i fgeh) =— g 5 216
31d: X @1 31vfiee WifeRdr e ﬁr—r%rF@a e
X 0 1 2 3
P(X 125 75 15 1
(X) 216 216 | 216 | 216
TS iR 1 A
: 125 75 15 1
Q0= +—t—
216 216 216 216
3 125+75+15+1_216_1
a 216 216

3Td: ST UIFehal Sed Tl 2

SETE0T 26 H o TRt agfess g+ T faemerdt fom o wer & =i &1 X 9 39
ST €1 X o 0 x @ 1 Ak freAfafad @@ 9 €, SEl k Tw i e

0.1 3afgx=0
kx gfg x=131 2
k(5-x)afs x=31 4
0 AT

P(X=x)=

(a) kR HME F1A HIST
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580 RG]
(b) TH &1 T w1 Wiidehar @ foh a1

A A gd &7 qeAd: e Ugd &7 Aferhan 1 W ugd €7
T X o1 Wifdehdl s A= fean w2

X | o 1| 2 3
PX) | 0.1 k| 2k | 2k

(a) &5 9@ % fF 2 o=l
i1

AT 0.1 +k+2k+2k+k=1
= k=0.15
(b) P(3MT =Iad & 52 ed €) =P (X >2)
=P(X=2)+P(X=3)+P(X=4)
=2k+2k+k=5k=5x0.15=0.75
P(3T Ged: = e ed §) =P (X =2)
=2k=2x0.15=03
P(3TY 3ffeehad &1 5 Ugd §) =P (X <2)
=P(X=0)+PX=1)+P(X=2)
=0.1+k+2k=0.1+3k=0.1+3x0.15=0.55
13.6.2 AGFBF o & AT (Mean of a random variable)
agd o Tmened ¥ el agfees =X & fohelt a1 1 Tha Wel 9§ 0 s
Bl €, fr =X 1 wif¥rehar sicd © 9 Y Tehd € UE € 5w WeAad qied, wienes o
ageh Bd 21 39 el | g Hied W w1 ;e srarefa a1 she ygfa w1 A
2 ol § ® fop e fordll aefemes =) o HegmE a1 iied 99 i S S

TR 6 HF o X U Efeed = € fomer weifer /M x, x,, x,, . x, FOHERD:

TTH p, py pyy oo p, B X1 WA, B 1, W o A7l %, mzxp,%ﬁél

1ffe x 1 ¥4, 3R X, o Gt A 1 i Siga g €, e
G yitehdl | wiRa = T B

qgfess =X X o WA &l X %1 G (Expectation) i #ed €, @
E(X) ¥ = %% 21 31a:

EX)=p :zxipi =xptxp, t..txp
i=1
T Wl H

2022-23



urehar 581

FEfess =X X T WA A1 YART X o Gt G Ol a1 SRt Gd Wifehareti
o TUH T I B 2

SETETOT 27 HA W o UGl oF T SIS ] Sl Sl € 3R Agfeseh =X X, Tl W
Yo S 1 AN foran S 71 X S HIgd A A | i)

7ol 39 qer w1 yfasel wmfe 36 Hifaw wewe ¥ fAfifa gon €, =< »fva g
(x, y) % &9 | foran <1 @ehar € Sel x = 1,2,3,4,5,6 3 y =1,2,3,4,5,6.

Agfegeh =R X o A ST Il W T HeAeT &1 A 2,3, 4,5,6,7, 8,9,
10, 11 31 12 & Hehal B

1
W PX=2)=P({(1. D) =5
PX=3)=P({(1,2), (2,1 -2
(X=3)=P({(1,2), 2. D)) =5
3
P(X =4)=P({(1.3). 2.2), 3. D)) =3¢
4
P(X =5)=P({(1,4). (2.3),3,2). (4. D =3¢
5
P(X =6)=P({(15). 2,4, (3.3), (4, 2), (5, DN =3¢
6
P(X =7)=P({(1,6). (2,5).(3,4), (4, 3). (5.2), (6. D)) =3¢
5
P(X=8)=P({(2,6). (3.5). (4.4, (5.3). (6.2} =5,
4
P(X =9)=P({(3,6). (4.5). (5. 4). (6. )} =7
3
P(X = 10) = P({(4, 6). (5.5), (6. H)}) =7
P(X =11)=P({(5, 6), (6,5 -2
(X =11)=P(((5.6). (6.5)) =3¢
P(X =12) = P({(6, 6) :i

36
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582 T

X T UTfaehd! ded 2:
X?’JITxl_ 2 3 4 5 6 7 8 9 10 | 11 12

s L2 |22 s ]e]sa]a]z]
()p"36 36 |36 |36 |36 |36 [36 |36 |36 |36 | 36

n 1 .2 3 _ 4
BRIy =EX)= X, p; =2X—43X—+4x—+5x—
h=EX) z‘ P e T 56T 36 " 36

+6><i+7><£+8><i +9><i+10><i+11><£+12><i
36 36 36 36 36 36
_246+12+20+30+42+40+36+30+22+12 _ 7

36
37d: < UG oF $iehd W Udhe TS & AN &1 WE 7 7

13.6.3 AgTe®eh =¥ &l GQUOT  (Variance of a random variable)

Tgfezeh =R 1 HIeA SH W o WEl H foeRor o a) § i g € < 21 W g
fafq=1 wiferdr e oot agfoseh =R/ o HeA WHH B Hehd ®, S TR X @R YR
frfafed seat o faamn mr

X | 1] 2 3 | 4
R ERE
@1 3518 |3 |3
Y | 1] o] 4 5] 6
R EE
M1 3] 3| 35| 3|3
1 .2 .3 22
Tl EX)=1x—42x—+3x—4+4x—=—=2.75
() =begraxghixgtaxg=3g
12 4 1 12
E(Y)=-1x=40x=43x—=45x—+ 6x—=—=2.75
#® ()= = bt O g g T %=

T X AR Y T & TR ITF WA HE © I8 3 =W & TaAs e §
off o | Uferd R S war © (SR 13.5)1

2022-23



grehar 583

P(X) P(Y)
Ys1 s
2/ 4 2/
8 8
Al H H 1" ] ]
X<5 1 2 3 4 X X -1 OI 1 2 3 4 5 6 X
0] (i)
axr@"ﬁr 13.5

X & Y T w8 o fou gd agfess =) & oM o faee &t 9 9% o 919 hi
AEYTRA €| T WifeTsh! o el € Tk sfishel o famror o1 fagwa =1 A € g
21 3 YR gfewsh =R % godi | forawe ol GeRer § W1 S Gehdl 2
uftarer 7 AR AT X tE afed W T e wfad ged o, v, x, W
EIRETIE] p(x,), p(x,), ...,p(xn)éﬁ iy T 21

A & p=E (X), X %1 717 81 X 1 R var (X) a1 o2 g1 Fefa, 61 fm=
THR 9§ qRefia feran s €

O'x2 = Var(X)= Z (x;— /U)z p(x;)
i=1

A T o = E(X-p)’
R e o, = \Var (X)=JZ (%, —12)° p(x;)
i=1

%1 Aok WX X 1 A fa=ie (standard deviation) e&d 2|
ATgferdh oI T UERUT J@ T 1 o G
T 9 € R

Var(X) = Z (xi - “)2 p(xi)
i=1
= Z(xiz +p’ - 2px;) p(x;)
i=1

= Z ('xiz p(x)+ Z l-12 p('xi)_z 2px; p(x;)
i-1 i=1 i=1
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584 Tford
- lznl“(xf plx)+1’ iznl:p(x,-)—2uiznl‘,xip(xi)
- Zn“xfp(xi)wz—zu{azrﬁ ip (x,) =18 p= Zn‘,xiP(xi)}
p— P i
_ Z<x P -1

n ( n \\2
= Var(X) = 3 (x p(xi))—kai p(x))
i=1 i=1

el Var(X) = E(X*)-[E(X)] ., S&l E(X?) =Zn‘,x,-2 p(x;)
i=1
JEENUT 28 Ueh HYAd U™ ! thehd W W T&ATS 1 JEOT JMA hifed|

o Ther &1 gfaest gEfte @ S={1,2,3,4,5,6)

A o X, T8 T Yehe G 1 o4 Hidl 21 a9 X T q5iess =X 8 S 1,2, 3,
4,59 6 HE o Hehdl Bl
Y 7 P(1)=P(2)=P(3)=P(4)=P(5)=P(6)=%
Tafert X &1 giferdr ded

X 1 2 3 4 5 6

pol Ll L{ 1L |L]L
XI5 l16ls6|6|6]|s
CE E(X)= 2% P(x)
i=1
= 1><l+2><l+3><l+4><l+5><l+6><l=2
6 6 6 6 6 6 6
e g EX?) = I’ ool e el el 2
6 6 6 6 6 6 6

3. Var(X) = E (X?) — (E(X))*

_2_[21)2_91 441 35
6 36 12

T 6 \6
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SETETUT 29 RN ok 52 TNl i Th Hedl-oifd H T TeE § ¥ I Id SRR o
HRTETOHT 3 (A1 Tk ©17) kTl ST &1 SIe9iel o1 S o1 Wied, YEl o Wih-foeer
@ I

T WA ST foh S o9 ke § SRl %1 gen w X 9 e % 2l X Th
Tgfemeh T E W 0, 19 2HH o Fehall 2l

48!
®C, 2148-2)! 48x47 188
2c, 520 saxs1 221
21(52-2)!
4C148C1
52C2

T P(X = 0) = P(1E 9ISIME &) =

P(X = 1) = P(T& 938 3R TH 9E30E T2) =

| 4x48x2_ 32
T s0x51 221
4
, C, 4x3 1
3R P(X =2) = P (3 91_9IE) =55 —=

C, 52x51 221
;X BT iR s 2

X 0 1 2
boo | 188 [ 32 [ L
(X) 221 221 | 221

T e X= EX)= 2% P(%)
i=1

188 32 1 34
= OX—+IX—4+2X—=—+—
221 221 221 221

n
Trer & EOC) = YXE (%) = 02 xAdS 42y 32 L2 1 36
= 221 221 221 221
EC Var(X) = E(X?) - [E(X)]?
36 (34 6800
:E(E) T (221)°
TqfeTg o, = JVar(X) = 6800:0.37 (T

(221)
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586 T

[ wvaTaet 13.4 |

1. =Rt o Fefafad Wi e § ®F 9 T aefess =X o fog 96 T2
21 ST I HROT FWiegd faray)

i [ xTTo [1 [2

PX)| 04 | 0402

i) [ x [o [1 |2 | 3|4
Px)| 01| 05] 02 [-0.1] 03

i) [Y -1 To [1
P(Y)| 06| 01| 02

vy |z |3 |2 [1 [o [
P(z)| 03|02 | 04| 01005
. T HAN H 5 el 3R 2 FHieft 18 €1 q I Agesd Fered T 9 ety X et
el 1 W& i T w1 B X o Hfed HH A €2 9 X Agiese = €2
. AWM A X fadl Y g oIk uel 1 e ¥ of i e il €, 9 T
ek 1 6 9N S®Tel STl 21 X o Heifad ged 4 27

4. frfafed o Wifaehar seq F1d Sifad:

(i) T Toeer &1 3 3@l H fodl &1 §e&n &

(i) 9 fgaRi *I TH T TH 91 IV@H W T2 HT G& H

(i) TH faaer &t 9R 3BTl | fadi &1 G@n #

Th 991 < IR IV T herd bl T 1 Wifdehal s J1d hifsIT Sl
() ‘4 9 &€ A’ HI TH FheAdl HH T 2

(i) ‘UM W HEA 6 Y EF I Teh Wheldl Al Al B

6. 30 TSl o Tk Y, Fw 6 o T € 4 Sodl o1 Tw TG (wfaes) agesa
far T 2o o fehTen STl €1 ©Ue el o1 G&A1 1 WIiehdl | J1d i)
. T Toeen woEe Hdfed 781 € e fod 9ohe gF %1 G4 92 Yehe B Wi
e Bt A T R Al faeeht 1 9R S9Tel Sl © dl 92kt H@A 1wk
S 1 Sifsul

[ ]

W

9]

g
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10.
11.

12.

13.

14.

15.

qreshar 587

T Agfese W X T Wiidehdl seq A fEan e 2l

X 10([(1]2[3]4]5]|°6 7
PX)| O | k | 2k| 2k| 3k| k? |2k Tk*+k

EIEdIEL
() k (i) P(X<3) (i) P(X>6)  (iv) PO<X<3)
T IEfEws WX 1 ARl wer P(x) i YR 9@ ®, e ki wen @
k afg x=0
2kafg x=1
Pex)= 3k Afg x=2
0  31=en

(a) ko1 °M @ SIS

(b) P(X<2), P(X<2),P(X>2)d hifeq|

Teh red faaes &1 a1 2 R 9 fodi sl T &1 W A1 hifeg|

< UGl Rl GG SV TN A% X, Dkl k1 GEAT Sl Fd HLl €, Al X HI
ERINIEIGEETISIY

TUq ©: ¥F YUichl ¥ ¥ q HeAd agesan (fa ufewen ) o M 9 o X
<A wEemsti § 9 9et e &l e w81 E(X) 91 i)

M ShfST 3 ol 1 S T 9T Hensl & AN bl X 9 oFe foRan T R
X %1 WENU 3R A fa=er it

T wmel W 15 B § e &g 14, 17, 15, 14, 21, 17, 19, 20, 16, 18, 20,
17, 16, 19 3R 20 o9 &1 Tk S I T YR T T o J&F o o g4 51
1 HHEA TOE € SR g T B H1 A (X) i feran @ A WX
T WIehdl de 1A shifeld| X T TIEA, TER01 & A fagad 9t J1d hifed|
T 93 | 70% FEEl A foheEt w1 STHiee fran 3R 30% weEE 3 fady
a1l Toh WSET 1 AgEs A A1 T SR, A 3@ W | W w1 faxiy femen
@ X =0 fon mn, 59 fw afz 397 g &1 AR fFa & at X =1 foran
T E(X) @R var (X) T SIS

frafafea & 9 g o 9t s I

16.

T8 9, fgeh fH wershl W1 R @9 W 2 3R T Helsw W 5 forer T R,
FI IBTOH W YT @A H WA B

8
(A) 1 (B) 2 ©) 5 (D) 3
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17. AM AT qrer a1 TF Tt 9 agesd 3 7 Pt S €1 9 ofifere X gerht
1 WG Yehe Il g1 a9 E(X) T M €

37 5 1 2
(A) 71 (B) I ©) el (D) I

13.7 SR WeuT 3R fgue s (Bernoulli Trails and Binomial Distribution)

13.7.1 sl gdieror
3R TN 1 Fepfd fgufomdt gt 21 Serewoned S v faden us fod’ @1 w ‘g2’
Tl €, fordlt wom =1 SR ‘BT A1 R @ Geha €, T 31 U o ‘Fiehet g1 @
71 ‘Y e €, weh Fof ‘B TR @ el eW wehR w1 Teerfadl o U e @
foh wre aRomH & @ U 1 e’ SN S 1 STl el Sl © 1 S0l &
fou, we Toeoch i S W faa’ 3 &1 Gl A1 ST o ‘U2’ SH i STwed
HE S|

Yo 9, Sd 9 Ueh (Heh1 I9Terd © A1 Ueh Uil Sl & I1 i 31 JaIT hid
€, q9 T4 39 T T (trial) Hed € AR T ook 9 fifST, 9N IR STl We
al qherl Y e 4 Bl 3R T @ Yeh o IR dedd: < g Stefd Weherdn A1
ST fohdt Tk wieror 1 ufoms fRdt S wdeor % oo @ s g 2 5
TR o Y T § Fherdl (31 SEEedl) 1 WiFRa 7=’ Bl ¢ 39 YhR o
T TheT, feh et 31 GRUMH B 7 ST U Sherdl’ o STl e ©,
A T el B
TS 8 U TR AN o TeIUl ki ST wieon hed € A 9 frefafad o
() e st gen fAfvea (affaa) e =fey
(i) T WA g aIfen
(i) T TV o qeAq: I & UROMH T AT, THeAA A TTH
(iv) et afom &t wifaear e Tder o 99H @A a1fet

I o TAIU Wk I 1 50 R S, 50 S when i feofq €, e
TAF TII0T kT AROTH ARl (A of W9 @ Yehe giA1) A Taweran (fawd g
Tehe BF1) § 3R Wl 50 IBTell | Woherdl 1 ARl (p) T q9H 1 fE<e e
TR 3870l a3 YA BId 21 9 I = © SR 9ok ©: hoidhl W ®: 9@ |

@6%%{@@%aﬁp=%wﬁaﬁtq=1p=% STEHEAd 1 HIehdl 2|
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Taehdl 589

IETETUT 30 7 AT 3R 9 hielt 2] aTel Teh Ferel § § I B: 1 FHehTelt 7| Faree
fep g feprer o adieror sArel wleror € =1 T At g FeRet % 9% 1] W
(i) wfeentya fean o 2|

(i) wfazenfaa = fe=n T 20

&

(i) e i wen uRkfvg (Ffyed) 21 54 7% @1 Feer & o8 saw 9 @ :

uﬁwﬁqﬁﬁwwﬁaﬁw(mﬁwﬁ?ﬁw)ﬁmp:%
2 0 for @l ©: wheol o g9 § o1d: el 1 Yl o |l FHehTer S
e B

(i) <& T i fae gfaeerd= o feren T @ Ted T | 9w (AU e

e &1 FRerT) 1 Wi % %,{Hﬁﬁwﬁ‘% 2 3R 39 o T g4t

THETON | el w1 WIehdl THM 8l ®, 37d: 98 Ten sk qhe T8 8

13.7.2 7%"73" e (Binomial Distribution)

T faaeh & S8eH o 99 R foear sifee fogd g&ie ademr 1 aftony awerd
(WA o fad) =1 STEwed (F2) B ol Y% THE § Sherdl SR STHwErd i HE:
S 3R F HM e

FHeT IS foh &0 ©: T H§ Tk Iherdl o fafq—= aliehl ! G S | Sogs
g e ©: fafe= qlek & S| T A9 geieg e e e

SFFFFF, FSFFFF, FFSFFF, FFFSFF, FFFFSF, FFFFFS
. . 6!

T FR, q FECA SR AR SEwAd 7oy FHEE H € Wl ¢ 5 el
FHHEl 1 Gl IAE R A HE BA FHAT, 0, 1, 2, ..., n THANS R AR
A BT e 3R GHA O Al S B Hehdl €1 STl Ten o § Woherdist whi
G 1 Wikl T1d w6 & e Tw g 1 i fea men @, fed o 8 o
ol WA SR Hwe IROTH 1 G S W = S Hehdl €1 39 $999d o foy, di
A e § o Agieseh A 1 o @ e Yeieh qhert § Seherdl SR STEwerd
1 ARad HHT:  p AU g &1 39 FAR (TQeT) 1 giagst @it st o

S = {SSS, SSF, SFS, FSS, SFF, FSF, FFS, FFF} &

Hherdisl w1 G U Fgiess =X X ® 3R 0, 1,2, 1 3 0F o Fehdl 81 Hherarsi
HT H&A 1 Uifaehar sed frefafad geR 9 g fwa T 2
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P(X = 0) = P(®E hardl 1)
= P({FFF}) = P(F) P(F) P(F)
=qg.q9.9=¢ (Fiifer Tdiern T )
P(X = 1) = P(Th T
= P({SFF, FSF, FFS})
= P({SFF}) + P({FSF}) + P({FFS})
= P(S) P(F) P(F) + P(F) P(S) P(F) + P(F) P(F) P(S)
=p99+ qp.q*q.qp=3qp°
P(X =2) = P (I Iheramd)
= P({SSF, SFS, FSS})
= P({SSF}) + P({SFS}) + P({FSS})
= P(S) P(S) P(F) + P(S) P(F) P(S) + P(F) P(S) P(S)
=ppq.+ pqp + qpp = 3qp’
AR P(X = 3) = P(d erand) = P ({SSS})
=P(S) . P(S) . P(S) = p*
d: X 1 Wkl e 2

X 0 1 2 3
PX)| ¢ | 3¢°p| 3qp° | p
g & (g + p) F fgus far fFefafeg @
q’ +3¢’p + 3qp® + p’

e HIfST & 0, 1, 2, A 3 ARAMS HI WFHAT HAI: (g + p)* & TR HT
wee, TEdl, Al @R =gl v €

el € iR g+ p =1 8 forad 7 a1l Freperan @ o6 @t wiftemansdi &1 A 1 @
St fop amufard o
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